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Abstract

The category of motives over the algebraic closure of a finite field is known to be a
semisimple Q-linear Tannakian category, but unless one assumes the Tate conjecture
there is little further one can say about it. However, once this conjecture is assumed, it is
possible to give an almost entirely satisfactory description of the category together with
its standard fibre functors. In particular it is possible to list properties of the category
that characterize it up to equivalence and to prove (without assuming any conjectures)
that there does exist a category with these properties. The Hodge conjecture implies
that there is a functor from the category of CM-motives over Q to the category of
motives over . We construct such a functor.
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Introduction

After sketching the construction of the category of motives over a finite field or its algebraic
closure in §1, we develop the basic properties of the categories in §2 (under the assumption
of the Tate conjecture). In particular we classify the simple objects up to isomorphism and
compute their endomorphism algebras. We show that the category of motives over [F has
exactly two polarizations.

In §3, we list properties of the category of motives over [ together with the structure
provided by the Frobenius automorphisms sufficient to characterize it uniquely up to equiv-
alence, and we show (without any assumptions) that there does exist a category with the

Partially supported by the National Science Foundation. Not supported by the ICS, CIA, NRO, DSRP,
NSA, DIA, USAF, Army, ONI, TIARA, INR, DOE, FBI, or any other intelligence agency of the United States
government.

This is the author’s manuscript for

Milne, J.S., Motives over finite fields, In: Motives (Eds. U. Jannsen, S. Kleiman, J.-P. Serre),
Proc. Symp. Pure Math., AMS, 55, 1994, Part 1, pp. 401-459.
except that the TgX has been updated, some corrections and a few minor editorial changes made, and some

footnotes added. Significant changes to the original article have been noted in footnotes. The numbering is
unchanged.



CONTENTS 2

properties. We also prove a similar result for the category together with its standard fibre
functors.

There is one other category of motives for which there is a similarly explicit description,
namely, the category of CM-motives over Q. Conjecturally reduction modulo p defines a
tensor functor from this Tannakian category to that of motives over the . We construct such
a reduction functor (assuming the Tate conjecture).

Beyond its intrinsic interest, the study of motives over finite fields gives a beautiful
illustration of the power of the Tannakian formalism in a nonelementary (i.e., nonneutral)
case. Also the theory of motives over I provides the philosophical underpinning for the
conjecture of Langlands and Rapoport describing the points on the reduction of a Shimura
variety to characteristic p, which is the starting point of Langlands’s program to realize the
zeta functions of such varieties as automorphic L-series.

SOME PHILOSOPHY

Since we shall be describing a category with varying degrees of definiteness, we discuss
what this means.

Consider first an object X of a category. When we say that X (possibly plus additional
data) is determined by a property P we may mean one of several things:

(a) The object X (plus data) is uniquely determined by P, i.e., X is the only object (plus
data) satisfying P.

(b) The object X (plus data) is uniquely determined by P up to a unique isomorphism, i.e.,
if Y (plus data) is a second object satisfying P, then there is a unique isomorphism
between X and Y (respecting the data) and any morphism from one to the other
(respecting the data) is an isomorphism.

(¢c) The object X (plus data) is uniquely determined by P up to isomorphism, i.e., if
Y (plus data) also satisfies P, then there exists an isomorphism between X and Y
respecting the data, and any morphism from one to the other (respecting the data) is
an isomorphism.

For example, the algebraic closure of a field is determined in the sense (c), whereas an
object plus the data of a morphism is determined by a universal property in the sense (b).
For all intents and purposes, (b) is as good as (a)—for example, it allows us to speak of a
specific element of X —but (c) is much weaker.

Similarly, when we say that a category C (plus data) is determined by a property P we
may mean one of several things:

(a) The category C (plus data) is uniquely determined by P.

(b) The category C (plus data) is uniquely determined by P up to a unique equivalence
(respecting the data).

(c) The category C (plus data) is uniquely determined by P up to an equivalence (re-
specting the data) which itself is uniquely determined up to a unique isomorphism
(respecting the data).

(d) The category C (plus data) is uniquely determined by P up to an equivalence (re-
specting the data) which is uniquely determined up to isomorphism (respecting the
data).

(e) The category C (plus data) is uniquely determined by P up to an equivalence (respect-
ing the data).
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For example, a Tannakian category is determined by its gerb of fibre functors in the
sense (b). For all intents and purposes, (c) is as good as (b) and (a)—for example it allows us
to speak of a specific object of C—but (d) is a little weaker than (c), and (e) is much weaker
than (d).
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Notation

Throughout, I is an algebraic closure of the field [F,, and F, is the subfield of F with ¢
elements. The letter £ denotes a prime of Q, possibly p or co. The symbol k* denotes an
algebraic closure of a field k. For Q, we take Q% to be the algebraic closure of Q in C.
Complex conjugation on C or any subfield is denoted by ¢ or by z — Z. We often use [*]
denote an equivalence class containing .

The ring of adeles over QQ is denoted by A; a subscript f on A indicates that the infinite
component has been omitted, and a superscript p indicates that the component at p has been
omitted.

For a prime w of a number field K, || - ||, denotes the normalized valuation at w.

An algebraic variety over a field k is a geometrically reduced scheme of finite-type (not
necessarily connected) over k. When V' is an algebraic variety over Iy, my denotes the
Frobenius automorphism of V' relative to I, : it acts as the identity map on the underlying
setof VV, and itacts as f +— 4 on Oy.

By a k-linear tensor category we mean a k-linear category T together with a k-bilinear
functor ®: T x T — T and sufficient constraints so that the tensor product of any (unordered)
set of objects of T is well defined up to a canonical isomorphism. This means that there is an
identity object, an associativity constraint, and a commutativity constraint satisfying certain
axioms.

For an abelian category T, X'(T) denotes the set of isomorphism classes of simple objects
in T, and K(T) denotes the Grothendieck group of T.

For a category T, Ind(T) denotes the category of direct systems of objects (Xy) in T
indexed by small directed sets with Hom defined by

Hom((Xg).(Yg)) = L%nl%n)lHom(Xa, Yg).

For a perfect field k of characteristic p # 0, W(k) is the ring of Witt vectors with
coefficients in k, and K (k) is the field of fractions of W (k). The Frobenius automorphism
x  x? of k and its liftings to W(k) and K (k) are denoted by o.

When K is a finite field extension of k, (G, ) g/ is the torus over k obtained from Gy,
over K by restriction of scalars. We write S for (G, )c/r. For any affine group scheme G
over a field k, X*(G) denotes the group of characters of G defined over some algebraic
closure of k.

When we say that a statement P (/) holds for all N >> 1, we mean that it holds for all
sufficiently divisible positive integers N, i.e., that there exists an Ny such that

N >0,N €N, Ng|N = P(N) is true.
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We use the following categories (see §1 for detailed definitions).

CVO(k): category of correspondences of degree 0.

Hdgq: category of polarizable rational Hodge structures.

Mot(k): category of motives over k.

Rep (G): category of representations of G on finite-dimensional vector spaces over k.

Voo: category of Z-graded complex vector spaces with a semilinear endomorphism F such
that F2 = (—1)" on an object of weight m.

V¢(F4): category of semisimple continuous representations of Gal(IF/FF;) on finite-dimensional
vector spaces over Q.

V¢ (F): category of germs of semisimple continuous representations of Gal(IF/F,) on finite-
dimensional vector spaces over Q.

Vp(k): category of F-isocrystals over k.

1 Construction of the Category of Motives over a Fi-
nite Field

Algebraic correspondences

Fix a field k. For a smooth projective variety V over k, we define Z" (V') (space of algebraic
cycles of codimension r on V') to be the Q-vector space with basis the closed irreducible
subvarieties of V' of codimension r, and we define A" (V) to be the quotient of Z" (V') by
the subspace of cycles numerically equivalent to zero. When all the irreducible components
of V have dimension d and W is a second smooth projective variety over k, the elements of
A% (V x W) are called algebraic correspondences from V to W of degree 0. For example,
the graph of a morphism from W to V' defines an algebraic correspondence from V' to W of
degree zero.

The category CV°(k) is constructed as follows: it has one object /1(V') for each smooth
projective variety V over k, and a morphism from 2(V) to h(W) in CV° (k) is an algebraic
correspondence of degree 0 from V' to W. Composition of morphisms is defined by:

AdimU(U x V) x AdimV(V xW)— AdimU(U x W)
(@,b)r>boa = (puxw)s(Pxy (@) Pl (b))

See Saavedra 1972, p. 385. It is an additive Q-linear category, and V ~> h(V) is a contravari-
ant functor from the category of smooth projective varieties over k to CV°(k). There is a
tensor structure on CV? (k) for which

h(V)Qh(W) = h(V x W)

and for which the commutativity and associativity constraints are defined by the obvious
isomorphisms
VxW >WxV, Ux(VxW)—UxV)xW.

On adding the images of projectors and inverting the Lefschetz motive, one obtains the false
category of motives M(k) over k (ibid. VI.4). This is a Q-linear tensor category with duals,
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but it cannot be Tannakian: in any tensor category with duals there is a notion of the rank' (or
dimension) of an object, which is intrinsic, and is therefore preserved by any tensor functor;
hence, when a fibre functor exists, the dimension of an object is a positive integer; but the
dimension of #(V') in M(k) is the Euler-Poincaré characteristic (A- A) of V', which is often
negative.

The category of motives over a finite field

In order to obtain a Tannakian category, we must define a gradation on M(k) and use it to
modify the commutativity constraint. For a general field it has not been proved that this
is possible, but for a finite field we can proceed as follows. Let V' be a smooth projective
variety of dimension d over a [Fy, and let 7y be the Frobenius morphism of V' over [F,.
It follows from the results of Grothendieck and Deligne on the Weil conjectures (Deligne
1974) that fori =0, 1,...,2d there is a well-defined polynomial P;(7T") € Q[T] which is the
characteristic polynomial of 7y acting on the étale cohomology group H'(V ® F,Qy) for
any £ # p, oo (or on the corresponding crystalline cohomology group (Katz and Messing
1974)). These polynomials are relatively prime because their roots have different absolute
values, and the graph of the map ]_[izio P; () is numerically equivalent to zero because it
is homologically equivalent to zero for all £ # p, co. The Chinese remainder theorem shows
that there are polynomials P’ (7) € Q[T] such that

1 mod P;(T)

i =
PAT) = Omod P;(T) for j #1i.

The graph of p’ e Pi(ny) is a well-defined projector in A2 (V x V),2 and
1=pO+4pl ot p?e.
There is a unique gradation on M(k) for which

hV)y=Er (). h(V)=Im(p"), alV.

We can now modify the commutativity constraint in M(IF,) as follows: write the given
commutativity constraint

Yxy X®Y S>Y®X,

as a direct sum,

l'ﬁx,y =@y, Y X QY >V QX'
and define
Uxy = @Dy

Now
rank (V) = ", rank i’ (V')

rather than Y (—1) rank i’ (V)).> Write Mot(IF,) for M(IF4) with this new commutativity
constraint. Its objects are the motives over .

n the notation of the proof of (1.1), the rank of X is evy o8 regarded as an element of k; equivalently, in
the notation introduced below, it is the trace of idy .

2 Added. Misprint fixed.

3 Added. Misprint fixed.
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PROPOSITION 1.1. The tensor category Mot(IF) is a semisimple Tannakian category over

Q.

PROOF. By construction, it is a pseudo-abelian tensor category, and End(1) = Q. As is
explained in Saavedra 1972, VI, 4.1.3.5, duals exist, i.e., for every object X of Mot(IFy),
there is an object XV and morphisms evy: X ® XY — 1 and §:1 — XY ® X such that

(evy ®idy) o (idy ®4) =idy, (idyv ®evy)o (6 ®idyv) =idyv.

In fact, for an irreducible smooth projective variety V of dimension d, h(V)Y = h(V)(d)
and evy(y) is deduced from

h(V)YRh(V)=h(V xV) ﬂ h(V) p—M> h24 (V) = Q(—d)

by tensoring with Q(d ). Because we have worked with numerical equivalence, Theorem 1
of Jannsen 1992 shows that Mot(IF,) is a semisimple abelian category. Finally, because of
our modification of the commutativity constraint, the rank of every object of Mot(FF,) is a
positive integer, and so (Deligne 1990, Theorem 7.1) shows that Mot(IF;) is Tannakian.

Let T be a Tannakian category over a field k. A fibre functor on T over a k-algebra R is
an exact k-linear tensor functor from T to the category of R-modules. It automatically takes
values in the category of projective R-modules of finite rank and is faithful (unless R = 0),
and for any X,Y € ob(T) the map

Hom(X,Y)® R — Hompg(w(X),w(Y))

is injective (Deligne 1990, 2.10, 2.13.)

Tate triples

Recall (Deligne and Milne 1982, 5.1), that to give a Z-gradation on a Tannakian category T
is the same as to give a homomorphism w: G, — Aut® (idt). A Tate triple over a field F is
a system (T, w, T') consisting of a Tannakian category T over F', a Z-gradation on T (called
the weight gradation), and an invertible object 7" (called the Tate object) of weight -2. For
an object X of T and an integer n, we set X(n) = X ® T®". A morphism of Tate triples

(Tr, w1, T1) — (T2, w2, T2)

is a morphism of tensor categories T; — T, preserving the gradations together with an
isomorphism n(77) — T>.

EXAMPLE 1.2. (a) The system (Mot(FF,),w,T') with w the gradation defined above and T
the dual of the Lefschetz motive, T = h%(PP1)V, is a Tate triple over Q.

(b) By a rational Hodge structure we mean a finite-dimensional vector space V' over Q
together with a homomorphism /:S — GL(V ® R) such that the corresponding weight map
wy, =y |Gy, is defined over Q. The category of rational Hodge structures together with

its natural weight gradation and Tate object Q(1) e 2miQ,z + zZ) is a Tate triple over Q.
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Extension of coefficients

Let (T, ®) be a tensor category over a field k, and let L be a field containing k. An L-module
in T is an object X of T together with an k-linear homomorphism L — End(X). A subobject
of X is said to generate (X,1) if it is not contained in any proper L-submodule of X .

Now assume T to be Tannakian, and consider the category Ind(T) of small filtered direct
systems of objects in T. Identify T with a full subcategory of Ind(T), and define T® L to be
the category whose objects are the L-modules in Ind(T) generated by objects in T.

PROPERTIES

(1.3.1) The category T® L has a natural tensor structure for which it is a Tannakian category
over L.

(1.3.2) There is a canonical tensor functor
Xw»XQRQLT—>TQL
having the property that
Hom(X,Y)® L =Hom(X ® L,Y ® L).

This functor is faithful, and when k has characteristic zero and T is semisimple, T ® L
is the pseudo-abelian envelope of its image.

(1.3.3) A fibre functor w of T over R extends uniquely to a fibre functor o ® L of T® L
over R ®j L such that (w ® L)(X) = w(X) ® L for X in T. Moreover, the groupoid
attached to (T® L, ® L) is obtained from that attached to (T,w) by base change.
(For the notion of the groupoid attached to a Tannakian category, see Breen 1992,
Deligne 1990, 1.12, or 3.24 below.)

(1.3.4) Suppose that L is a finite extension of k. An L-module (X,i) of T is generated as
an L-module by X itself, and so can be regarded as an object of T® L. In this way,
T ® L becomes identified with the category of L-modules in T (cf. Deligne 1979,
p-321).

(1.3.5) The extension of scalars of a Tate triple is a Tate triple.

There is no good reference for these statements, but some can be obtained by realizing T
as the category of representation of a groupoid, and applying Deligne 1989, 4.6iii. See also
Saavedra 1972, p. 201.

EXAMPLE 1.4. Let L be afield of characteristic zero, and replace Z” (V) in the construction
of the category of motives over F, with Z" (V') ® L. We then obtain a semisimple Tannakian
category Mot(FF,) . over L, called the category of motives over F, with coefficients in L.
The obvious tensor functor Mot(F;) — Mot(IF; ), extends canonically to an equivalence of
tensor categories Mot(F,;) ® L — Mot(IFy) ..

EXAMPLE 1.5. Let T be a Tannakian category over R. From T we obtain a Tannakian
category T ® C over C, together with a semi-linear tensor functor

Xw» X:TC—>T®C,

and a functorial isomorphism of tensor functors px: X — X such that 1 = x. Conversely,
every such triple (T’, X + X, ) arises from a Tannakian category T over R (the category T
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can be recovered from the triple as the category whose objects are the pairs (X,a: X — X)
such thataoa = uy).

From the point of view (1), we can also regard T ® C as the category of C-modules
(X,i)in T. Then (X,i) = (X,i ot) and Wx is the identity map. The functor X — X ® C
sends X to X @ X with a + bi € C acting as (Z _ab)

Polarizations

Let (T,w,T) be a Tate triple over a subfield k of R. A bilinear form on an object X of

weight n of T is a morphism
P:X®X —>T®,

It is said to be nondegenerate if the map X — XY (—n) it defines is an isomorphism. The
parity of a nondegenerate ¢ is the unique morphism &: X — X such that*

o(x,x") = p(x’,ex).
Let u € End(X); the transpose u' of u with respect to a nondegenerate ¢ is defined by
e(ux,x"x").

Then (uv)’ = viu?, a’ =afora ek, e’ =¢1, and if ¢ is in the centre of End(X), then

ult = u.

The evaluation map (see the proof of 1.1) allows us to define a trace map
Tr:End(X) = Hom(1,X ® XV)@ > Hom(1,ev) >> Hom(1,1) = k.

A nondegenerate bilinear form ¢ is said to be a Weil form if its parity ¢ is central and if for
all nonzero u € End(X), Tr(u -u’) > 0. Two Weil forms ¢ and v are said to be compatible
if ¢ @ is also a Weil form.

Suppose there is given for each homogeneous X in T an equivalence class (for the
relation of compatibility) I7(X) of Weil forms of parity wyx (—1) = (—1)"&) on X; we say
that I1 is a (graded) polarization on (T,w,T) if

(1.6.1) for all homogeneous X and Y of the same weight,

pell(X), velllY) — ¢dyelXaY);
(1.6.2) for all homogeneous X and Y,

pell(X), velllY) — ¢y ell(X®Y);

(1.6.3) the identity map T @ T — T®2 lies in I1(T).
The axioms have the consequence that
pell(X), X'cX = o X' eldX');

in particular, ¢| X’ is nondegenerate. A polarizable Tannakian category is semisimple. (See
Saavedra 1972, V.2.4.1.1.)

4Here, and elsewhere, we identify an object X with its functor of “points” Z ~> Hom(Z, X). The parity
can also be described as the automorphism of X that measures the difference between the two isomorphisms
X > XV(-n), x>e(x®"), x o(-Qx).
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Let I1j be a polarization on (T,w,T), and let z be an element of Aut®(idt) of order
2 that acts as the identity on T. If ¢ € I1p(X), then z¢ = ((x,y) = @(x,zy)) is also a
Weil form, and z - [Ty = {z¢ | ¢ € Iy} is a polarization on (T, w, T'). Every polarization on
(T,w, T) is of the form z - [Ty for a unique z (Deligne and Milne 1982, 5.15).

EXAMPLE 1.7. Let V& be the category of pairs (V, F) with V' a Z-graded vector space
over C and F a semi-linear automorphism of V' such that F2 acts as (—1)""* on the m'
graded piece of V. Then V has a natural tensor structure relative to which it is a nonneutral
Tannakian category over R. The pair T = (C, z — z), with C regarded as a homogeneous
vector space of weight -2, is a Tate object for Voo. For (V, F) homogeneous of degree m,
define a (—1)"-symmetric form on V to be a nondegenerate bilinear form ¢:V ® V —
T®~™ with parity (—1)™, i.e., such that ¢(x,y) = (—1)™@(y,x), and call such a form
positive-definite if (x, Fx) > 0, all x # 0. For any (V, F') homogeneous of weight m, let
I.an (V, F) be the set of all (—1)™-symmetric positive-definite forms on V. Then [y, is a
polarization on V. There is exactly one other polarization, namely, w(—1) - ITcay.

EXAMPLE 1.8. A polarization of a rational Hodge structure (V, k) of weight m is a mor-
phism ¢: V ® V — Q(—m) of rational Hodge structures such that (x, y) > 27i)" @ (x,h(i)y)
is a symmetric positive-definite form on V ® R. The category Hdg, of polarizable rational
Hodge structures together with the weight gradation and the Tate object Q(1) is a Tate triple
over QQ, and there is a polarization on Hdg, such that IT(V, /) comprises the polarizations
of (V, h) in the sense just defined.

CONJECTURE 1.9. The Tate triple (Mot(F;), w, T') has a polarization.

In fact, Grothendieck’s standard conjectures imply that Mot(IF; ) has a canonical polarization—
see Saavedra 1972, V1.4.4. Later (2.44) we shall see that the Tate conjecture implies that
Mot(F) has a polarization which is unique up to multiplication by w(-1).

PROPOSITION 1.10. Let IT be a polarization on Mot(IF4) ® R. There exists an exact faithful
tensor functor wso:Mot(F,;) ® R — Vo of Tate triples carrying I1 into I1¢,,; moreover, woo
is unique up to multiplication by w(-1).

PROOF. Apply Deligne and Milne 1982, 5.20.

The L-adic fibre functors

Let V be a smooth projective variety over a field k, and let £ be a prime number not equal to
the characteristic of k. For every r, there is a cycle map

c:Z" (V) = H?" (V k¥, Qqu(r)) (étale cohomology).

Unfortunately, we don’t know that this map factors through A" (V'), i.e., that if an algebraic
cycle is numerically equivalent to zero then its cohomology class is zero. This is equivalent
to the following existence statement for algebraic cycles: if there exists a cohomology class
¢ such that cl(Z) - ¢ # 0, then there exists an algebraic cycle Z’ such that Z - Z’ # 0.

PROPOSITION 1.11. Assume that for any smooth projective variety V over F, the cycle
maps Z" (V) — H?" (V ®F,Qq(r)) factor through A” (V). Then the functor

D, H"(VeF.Q

extends uniquely to a fibre functor w, on Mot(IF,) over Q.

def

Vv Hy(V) &
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PROOF. Standard properties of étale cohomology (see for example Milne 1980, VI.11.6)
show that Hy is a functor on CVO(Fq), and it is then obvious that it extends to Mot(IFy).
The Kiinneth formula implies that it is a tensor functor on Mot(F,). It is exact because it is
additive. (For more details, see Demazure 1969/70, §8.)

REMARK 1.12. If the hypothesis of (1.11) holds for all £ # p, then there is a fibre functor
w? over AI} such that w? ® A7 Q¢ = wy for all £.

The p-adic fibre functor

Let k be a perfect field of characteristic p # 0. For any smooth projective variety V over k,
we set

Hey (V) = H"(V/W(k)) ®wk) K (k)

where H” (V/W(k)) is the r*" crystalline cohomology group of V with respect to W(k)
(Berthelot 1974). Then Hc’rys(V) is a finite-dimensional vector space over K (k).

PROPOSITION 1.13. Assume that for any smooth projective variety V over F, the cycle
map Z" (V) — H2" (V) factors through A" (V). Then the functor

crys

def

Vs HcryS(V) = @Hcrryq(V)

extends uniquely to a fibre functor w, on Mot(IF,) over K (k).

PROOF. Standard properties of crystalline cohomology (Berthelot 1974; Milne 1986, 2.11;
Gillet and Messing 1987) show that Heys is a functor on cV0 (Fg), and the same argument
as in the proof of (1.11) shows that this functor then extends to a fibre functor on Mot(IF).

The Tate conjecture and consequences
We write {(V,s) for the zeta function of a variety V' over [Fy.

CONJECTURE 1.14. (Tate conjecture) For all smooth projective varieties V over I, and
r > 0, the dimension of A" (V') is equal to the order of the pole of {(V,s) ats =r.

PROPOSITION 1.15. Assume the Tate conjecture (1.14). For every smooth projective variety
V over F, and every { # p, o0, the cycle map Z" (V) — H?"(V ® F,Qq(r)) defines an
isomorphism

A" (V)®Qp — H¥ (V QF,Qu(r)) 4 E/Fa) - app r,

Moreover, wy acts semisimply on Hy (V).
PROOF. See Tate 1992, 2.9; Milne 1986, 8.6.

In particular, the Tate conjecture implies that an algebraic cycle on V' is numerically
equivalent to zero if and only if its class in Hy(V') is zero, and so we can apply (1.11).
Let V¢(F4) be the category of semisimple continuous representations of Gal(F/F,) on
finite-dimensional Qg-vector spaces. It is a Tannakian category over Q.

COROLLARY 1.16. Assume (1.14). For every £ # p,o0, the functor wy defines a fully
faithful tensor functor

Mot(Fy) ® Q¢ — V¢ (Fy).
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PROOF. Proposition 1.15 says that Hy is a fully faithful functor CV° (Fy) @Qp — Vi (Fy),
and it follows that its extension to Mot(IF;) ® Qg is also fully faithful.

Let k be a perfect field of characteristic p # 0. An F-isocrystal over k is a finite-
dimensional vector space M over K (k) together with a o-linear isomorphism F: M — M.
We shall drop the “F” and simply call them isocrystals over k. The isocrystals over k form
a Tannakian category over Q,, which we denote by V, (k).

PROPOSITION 1.17. Assume (1.14). The functor w, defines a fully faithful tensor functor
Mot(Fy) ® Qp — Vp (Fy).

PROOF. There is analogous statement to (1.15) for the crystalline cohomology, which can
be applied as in the proof of (1.16) to obtain the proposition.

The category of motives over ¥

Everything in this section holds mutatis mutandis with IF; replaced by F.

Let p; and p be continuous semisimple representations of open subgroups U; and U,
of Gal(IF/IF») on the same finite-dimensional QQ;-vector space V. We say that p; and p;
are related if they agree on an open subgroup of U; N U,. This is an equivalence relation,
and we call an equivalence class of representations a germ of an {-adic representation of
Gal(IF/IF ,). With the obvious structure, the germs of {-adic representations of Gal(IF/IF )
form a Tannakian category V,(F) over Q.

THEOREM 1.18. The category Mot(IF) of motives over I is a semisimple Tannakian cate-
gory over Q. Assume the Tate conjecture (1.14).

(a) The functor V ~ @, H" (V,Qy) (étale cohomology) extends to a fully faithful tensor
functor
we:Mot(F) @ Qp — V¢ (IF).

(b) The functor V ~ @, H"(V/W(F)) ® K(F) (crystalline cohomology) extends to a
fully faithful tensor functor

®p:Mot(F) ® Q, — V().

PROOF. Straightforward extension of previous results.

Notes

This section reviews standard material, most of which can be found already in Saavedra
1972.

2 Basic Properties of the Category of Motives over a
Finite Field

Throughout this section, we assume the Tate conjecture (1.14). Then Mot(IF,) and Mot(IF)
are semisimple Tannakian categories over (Q with the fibre functors wy, £ = 2,3,5,...,00,
described in §1.
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Characteristic polynomials

For a motive X and an integer r, consider the alternating map
a=)Y sgn(o)-0:X® — X®r

h(sum over the elements of the symmetric group on r letters). Then a/r! is a projector
in End(X®"), and we define /" X to be its image. For any fibre functor w, w(A” X) =

A" w(X), and so
r rank X
k X)= .
ran (/\ ) ( . )

In particular, rank(/\" X) = 1 if = rank(X). For an endomorphism « of X, we define
det(a) to be A\™ X o (regarded as an element of Q).

PROPOSITION 2.1. For any endomorphism « of a motive X, there is a unique polynomial
P, (t) € Q[t] such that
Py(n) =det(n—a), alln € Q.

Moreover, Py(t) is monic of degree equal to the rank of X, and it is equal to the characteristic
polynomial of « acting on w(X) for any fibre functor .

PROOF. If P(¢) and Q(¢) both have the property, then their difference has infinitely many
roots, and hence is zero. Thus there is at most one such polynomial Py (¢).

Let w be a fibre functor over a field K. The characteristic polynomial P(¢) of w(«)
acting on w(X) is a monic polynomial of degree r = rank X with coefficients in K such that
P(n) = det(n —a) for all n € K. Write P(t) = Y _c;t', ¢; € K. Choose r distinct elements
n; of Q, and note that (¢;)1<; <, is the unique solution of the system of linear equations

co+cin; +c2n§+...+cr_1n;_l+n;- =det(n; —a), j=12,....r

with coefficients in Q. Therefore each ¢; € Q.
Alternatively, and more directly, we can simply set

eri = (=1 Tr (@] ' X ) = (—l)iTr(?—!0®ia).

We call P,(t) the characteristic polynomial of «, and sometimes write it Py (X,1?).

The Frobenius endomorphism

Recall that for any variety V' over [Fy, my denotes the Frobenius endomorphism of V' relative
to F;. These morphisms commute with all morphisms of varieties over Fy, and, more
generally, with algebraic correspondences of degree zero (see Kleiman 1972, p. 80). It
follows that, for each motive X, there is a 7x € End(X) such that

(a) if X =h(V), then rxy = h(my);

b) nxgy =nx Qny; w1 =idy; ny oo = o o wy for all morphisms ¢: X — Y.

Condition (b) says that the my’s form an endomorphism of the identity functor of

Mot(F,;) regarded as a tensor functor, i.e., (x) € End®(id), which implies that each my
is an automorphism (Deligne and Milne 1982, 1.13). Note that 77 acts on H?(P',Qy) as

multiplication by ¢, and therefore it acts on the Tate motive as multiplication by ¢~!.
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PROPOSITION 2.2. For a motive X over Fy, Q[rx] C End(X) is a product of fields, and

if X is homogeneous of weight m, then for every homomorphism p:Q[nx] — C, |prx| =
/2
qm'=.

PROOF. Because my acts semisimply on wy(X) (see 1.15, 1.16), Q[rx] ® Qg is a product
of fields, and this implies that the same is true of Q[rx]. If X =A™ (V) for V a smooth
projective variety over [y, the second assertion is part of the Weil conjectures (Deligne
1974), and the general case follows easily from this special case.

REMARK 2.3. If X is effective, then (by definition)
XY =)

for some motive Y and smooth projective variety V. The eigenvalues of 7y are algebraic
integers, and therefore the same is true of wx . If X is an arbitrary motive over Fy, then X (n)
is effective for some n, and so ¢" 7wy is an algebraic integer for some n.

Classification of the isomorphism classes of simple motives

By a central division (respectively simple) algebra over a field K, we mean a division
(respectively simple) algebra having centre K and of finite dimension over K.

PROPOSITION 2.4. Let X be a simple motive over Fy. Then Q[rx] is a field, and End(X)
is a central division algebra over Q[ x].

PROOF. Because X is simple, any nonzero endomorphism ¢ of X is an isomorphism, which
shows that End(X) is a division algebra and that Q[rx] is a subfield. The Tate conjecture
(1.14) implies that End(X) ® Qy is the centralizing ring of Q[ x] ® Qg in End(w, (X)), and
because Q[rx] ® Qg is semisimple the double centralizer theorem (Bourbaki, 1958, 5.4,
Corollary 2, p. 50) then implies that Q[ x] ® Qg is the centre of End(X) ® Q. It follows
that Q[ x] is the centre of End(X).

DEFINITION 2.5. An algebraic number 7 is said to be a Weil g-number of weight m if

(a) for every embedding p: Q[r] < C, |p()| = ¢™/?;

(b) for some n, ¢" 7 is an algebraic integer.

The set of Weil g-numbers in Q¥ is denoted by W(q). It is a subgroup of Q¥* stable
under the action of I' & Gal(Q*/Q). We can associate with an arbitrary Weil g-number
7 the orbit [] € I'\W(q) consisting of the set of conjugates of 7 in Q¥, i.e., of the set of
images of 7 under the embeddings Q[7] — Q.

Condition (2.5a) implies that 7 — 7’ = ¢ /7 defines an involution « > «’ of Q[r]
such that p(a’) = tp(«) for all embeddings p: Q[r] — C. Hence, if 7 is a Weil g-number,
then Q[x] is either a CM-field or a totally real field according as w # 7’ or m = 7.

From (2.2, 2.3, 2.4) we know that, for a simple motive X of weight m over IFy, mx is a
Weil g-number of weight m. Recall that X (Mot(IF,)) is the set of isomorphism classes of
simple objects in Mot(FF).

PROPOSITION 2.6. The map X +— [rx] defines a bijection

S(Mot(Fy)) - I\W(q).
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PROOF. Let X and X’ be simple motives over F; whose Weil numbers 7 and 7’ are conju-
gate. Then Hom(wy (X), wg(X’))T # 0, and so the Tate conjecture implies Hom(X, X”) # 0.
Hence X and X’ are isomorphic.

Let 7 be a Weil g-number in Q%; we have to prove that [rr] arises from a motive. For
some n > 0, g” 7 will be an algebraic integer. If X is a simple motive with [rx] = [¢" 7],
then X (n) will be a simple motive with [ x(,)] = []. Therefore we can assume that 7 is
an algebraic integer. Let m be its weight. If m = 0, then = is a root of unity and it arises
from an Artin motive. Otherwise Honda’s theorem (Tate 1968/69, Thm 1) shows that there
is a simple abelian variety A over Fym such that [ 4] = [r]. Consider the abelian variety
Ax over F,; obtained from A by restriction of scalars. Then P(h!(Ax),1) = P(h1(A),t™),
and so 7 occurs as a root of P(h'(A4)®™,t). For some simple factor X of h1(4)®™,
will be conjugate to my.

REMARK 2.7. The proof shows that, under the assumption of the Tate conjecture, the
Tannakian category Mot(IF;) is generated (as a Tannakian category) by the motives of
abelian varieties and Artin motives.

Isotypic motives

An object in an abelian category is isotypic if it is isomorphic to a direct sum of copies of
a single simple object. Proposition 2.4 shows that the endomorphism ring of an isotypic
motive X over F, is a matrix algebra over a central division algebra over the field Q[7 x],
i.e., it is a central simple algebra over Q[ x].

Let E be a central simple algebra of degree e? over a field F of finite degree f over Q,
and let K be an extension of Q that splits E, i.e., such that £ ®q K is a product of matrix
algebras over K. Write Hom(F,K) = {01,...,07}. Then E ®g K = E1 x--- X E y where

E2EQ E,o; K is a matrix algebra of degree e? over K. Up to isomorphism, there are

exactly f nonisomorphic simple representations V1,..., Vs of E over K, each of dimension
e over K, and their sum V = @V} is called the reduced representation of E.

PROPOSITION 2.8. Let X be an isotypic motive over Fy, and let E = End(X).
(a) The rank of X is [E:Q[rx]]"/2 - [Q[rx]:Q].
(b) For any fibre functor w over a field K that splits E, the representation of E on w(X)
is isomorphic to the reduced representation.
(c) Fora € E,
Po(X,1) = Nmgjz1/0(ca(?)).

where cq (t) is the reduced characteristic polynomial of « in E/Q[nx]. In particular,
Pr(X,t) =my(t)¢ where my(t) is the minimum polynomial of 7 in the extension

Q[r]/Q and e = [E:Q[x]]"/2.

PROOF. (a) The number [E: Q[rx]]'/2-[Q[r]: Q] is the degree over Q of a maximal commu-
tative étale subalgebra of E. It is therefore also the degree over Q@ of a maximal commutative
étale subalgebra of £ ® Qg, £ # p,00. But E ® Qg is the centralizer in End(w; (X)) of
the semisimple endomorphism wy (7r), and so this degree is the dimension of wy(X) as a
Qg-vector space, which equals the rank of X.

(b) Suppose the representation of E on w(X) is isomorphic to &m;V;, m; > 0. For
any o € Q[rr], the characteristic polynomial of o on V; is (t —o;@)¢, and so Py(t) =
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ngigf(t —o;a)¢™i, where f = [Q[x]:Q]. Because Py () has coefficients in Q, the m;’s
must be equal, and because Py (¢) has degree ef, each m; = 1. (Alternatively, let L be
a maximal commutative étale subalgebra of E. For any fibre functor w over a field K,
L ®q K acts faithfully on w(X), and [L ®q K: K] = dimg w(X), and so w(X) is a free
L ®g K-module of rank 1. When K splits E, this implies that w(X) is isomorphic to the
reduced representation.)

(c) Choose a fibre functor as in (b) and note that the two polynomials become equal in
K[t]. On taking @ = 7y, we find that

Pﬂx(X’t) = Nm@[ﬂx]/@(t_n)e = (mﬂx(t))e'

The isocrystal of a motive

We first recall the Dieudonné-Manin classification of isocrystals (i.e., F'-isocrystals) over an

algebraically closed field k. For each pair of relatively prime integers (r,s) with r > 1,
Nys = Qp[T]/(T" —p*). Fx = multiplication by T,

is an isocrystal over I, and we define

Mr,s:K(k)®Q‘Nr,S7 Fy=0Q®Fy.

It is an isocrystal over k of rank r. (In general, the rank of an isocrystal (M, F') as an element
of the Tannakian category V (k) is the dimension of M as a vector space over K(k).)

THEOREM 2.9. Let k be an algebraically closed field of characteristic p # 0. The category
V (k) is semisimple. For each pair of relatively prime integers (r,s) withr > 1, the isocrystal
M, s is simple, and every simple isocrystal over k is isomorphic to M, s for exactly one pair

(r,s).
PROOF. See Demazure 1972, IV.

Write My, for M, 5. Every isocrystal M over k can be written uniquely as a direct sum
M=M)"®-dMy)", A<rir<..<Ap r=L

The numbers A; are called the slopes of M, and r; is the multiplicity of A;.
For an isocrystal M over F,n, we let wmpy = F". Itis a K(F pn)-linear endomorphism
of M. When k is not algebraically closed, the category V, (k) need not be semisimple.

PROPOSITION 2.10. The following conditions on an isocrystal (M, F') over [F, are equiva-
lent:

(a) (M, F) is semisimple, i.e., it is a direct sum of simple isocrystals over IFy;

(b) End(M, F) is semisimple;

(c) mpm is a semisimple endomorphism of M regarded as a vector space over K (Fy).
When these conditions hold, the centre of End(M, F) is Qp[mps].
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PROOF. (a) = (b): If M is simple, then End(M, F) is a division algebra; if M is isotypic,
then End(M, F) is a matrix algebra over a division algebra; if M is semisimple, then
End(M, F) is a product of matrix algebras over division algebras.

(b) = (c): Because Qp[mps] is contained in the centre of End(M, F), it is a product of
fields.

(c) = (b,a): Condition (c) implies that the centralizing ring C of K(F)[ ] in the ring
of endomorphisms of M (regarded as a K (IF;)-vector space) is a semisimple K (IF,)-algebra.
The map

End(M, F) ®q K(Fy) — C

is injective, and on counting dimensions, we see that it is an isomorphism. Therefore
End(M, F) must also be semisimple.

The category of all isocrystals over [F, satisfying (c) is therefore a QQ,-linear abelian
category such that the endomorphism ring of every object is a semisimple ring of finite-
dimension over Q. It is well-known that this implies that all the objects of the category are
semisimple (see Jannsen 1992, Lemma 2).

Finally, because s is a semisimple endomorphism of M, the centre of the ring C
defined above is K (Fy)[mar]. But C =End(M, F) ®q, K(F,), and it follows that the centre
of End(M, F) is Qp[mp].

REMARK 2.11. The map M +> [mps] defines a bijection from the set of isomorphism
classes of simple isocrystals over F, to the set of orbits of Gal((@;l /Qp) acting on Qi}x
(Kottwitz 1992, 11.2, 11.4).

Let (M, F) be an isocrystal over a perfect field k. For any perfect field K’ D k,

def

(Mk/,Fk/) = (K(k,)®M,U®F)

is an isocrystal over k’. The slopes (and multiplicities) of M are defined to be the slopes
(and multiplicities) of Mja.

Let ord, denote the p-adic valuation Q3 — Z on Q) or its extension to any field
algebraic over Q.

PROPOSITION 2.12. Let M be an isocrystal over F; of rank d, and let {ay,...,ag} be the
family of eigenvalues of mpy. Then the family of slopes of M is

{ordp(ar)/ordy(q),...,ordp(ag)/ ordy(q)}.
PROOF. See Demazure 1972, p. 90.

THEOREM 2.13. Let X be a motive over Fy. Then w,(X) is a semisimple isocrystal over
F4 of rank equal to rank X . The characteristic polynomial of wx on X is equal to the charac-
teristic polynomial of 7, ,(x) on wp(X). If{ax,...,aq} is the family of roots of Py (X,1),
then the family of slopes of w(X) is {ord,(a1)/ordy(q),...,ordp(ag)/ordy(q)}.

PROOF. The Tate conjecture implies that End(w, (X ), F') = End(X) ® Q, (see 1.17), and
so it, and w,(X), are semisimple. It is clear from the definition of the action of F on the
crystalline cohomology of a variety (Berthelot 1974) that the Frobenius endomorphism 7 x
of a motive X induces the Frobenius endomorphism T, (X) of wp(X),i.e. that

Tw,(X) = @p(Tx),

and so they have the same characteristic polynomial. The final statement follows from
(2.12).
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The endomorphism algebra of a simple motive

Let K be a nonarchimedean local field, and consider a central division algebra D over
K. Choose a maximal subfield L of D that is unramified over K. The Skolem-Noether
theorem (Bourbaki 1958, §10) shows that every automorphism of L is induced by an inner
automorphism of D. In particular, there is a y € D such that yxy~! = Frob(x) forall x € L,
where Frob is the geometric Frobenius element in Gal(L/K) (it acts as x — x4 ~' on the
residue field). The valuation ord: L™ — Z extends uniquely to a valuation ord: D* — Q,
and the invariant of D is defined by the rule:

invg (D) = ord(y) € Q/Z.

The Wedderburn theorems imply that a central simple algebra £ over K is isomorphic to a
matrix algebra over a division algebra D over K, uniquely determined up to isomorphism,
and the invariant of E is defined to be that of D.
In the proof of the next proposition, we shall need to use the following fact. Let K’ be a
field
KCK cD

and let D’ be the centralizing ring of K’ in D. The double centralizer theorem shows that
D’ is a central division algebra over K’. When K’ is unramified over K, then we can choose
the field L in the definition of invg (D) to contain it, and then it is clear that

invg: D' = [K’:K]-invg D.

This formula holds even when K’ is ramified over K.

def

PROPOSITION 2.14. Let (M, F) be a simple isocrystal over Fy. Then E = End(M, F) is a
central division algebra over Q[ ps] with invariant

ord, (mpr) ) )
TTordy(q) [Qplmm]:Qpl:

moreover
rank M = [E:Qp[mar]]"/? - [Qpl7ar]: Qp).

PROOF. Because M is simple, Qp[mps] is a field, and so the term “ord, (;pr)” is well-
defined, and is equal to ord, () for any conjugate 7 of py.

Let A = ord,(mpr)/ ord,(q). Then Mp is isomorphic to a direct sum of copies of M},
and so End(Mp, F) is a matrix algebra over a End(M, F'). But (see Demazure 1972, p. 80),
End(M,, F') is a central division algebra over Q, with invariant > .

When we extend the action of w3 on M to Mrp = K(F) ® M by linearity, so that
Ff = mpr 00" where n = ordy g, then End(M, F') becomes the centralizing ring of Q[ /]
in End(MF, Fr). Hence,

v, (), ] End(M, F) = [Qp[pm]: Qp]-invg, End(Mr, Fr) = [Qp[7m]:Qp]- (=4),

which proves the first statement.
Recall from the proof of (2.10) that

E®q K(F,) ~C

SWe are using a different sign convention for the invariant from Demazure.
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where C is the centralizing ring of K(IFy)[mps] in End(M). The second statement in the
proposition can be proved by noting that the right hand side is equal to the degree over Q,,
of a maximal commutative étale subalgebra of £, and that this and the left hand side are
both equal to the degree over K(F,) of a maximal commutative étale subalgebra of C.

For a central division algebra D over an archimedean local field K, invg (D) is defined
to be 0 or % (mod 1) according as D is split or nonsplit. For a central division algebra over a
number field K and a prime v of K, we set

invy (D) = il’lVKv (D ®k Ky).

THEOREM 2.15. Let K be an algebraic number field.

(a) Two central division algebras D and D’ over K are isomorphic if and only if
invy (D) = invy(D’) for all primes v of K.

(b) An element (i) € @, Q/Z (sum over all primes of K) is the family of invariants of
a central division algebra over K if and only if ), i, =0, 2i, = 0 if v is real, and
iy = 0 if v is complex.

1/2

(c) For a central division algebra over a number field K, [D: K]/~ is the least common

denominator of the numbers invy (D).

PROOF. This is a restatement of fundamental results in class field theory. For a discussion
of the results, with references, see Reiner 1975, Chapter 8, or Pierce 1982, Chapter 18.

Since End(X) is a central division algebra over the field Q[ x] when X is simple, to
describe its isomorphism class, we only have to give its invariants at the primes of Q[ x].

THEOREM 2.16. Let X be a simple motive over Fy, and let E = End(X). For any prime v
of Q[rx], |mx |l = ¢"™ > E). Explicitly, this says that

1/2 if v is real and X has odd weight;

ordy (7 x) , o
—W'[Q[ﬂx]v-(@p] ifv|p;

0 otherwise.

invy(E) =

PROOF. If v|¢ with £ # p,o0, then wy(X) is a free module over Qp ® Q[ x] of rank
e = [E:Q[rx]]'/? (see the proof of 2.8), and so E ® Q is the ring of e x e matrices over
Q[rrx] ® Q. Hence in this case the inv, (E) = 0.

If v|p, then the statement follows from (2.13) and (2.14).

If v is real, then it corresponds to an embedding Q[ x] — R, and we can regard 7y
as real number such that n}z( =q™. If m is even, then X = Q(%) or becomes isomorphic
to it over F > (depending on whether rx = q% or —q% ). In either case, X has rank
1, and so inv,(E) = 0. Hence we can assume that m is odd. If ¢ is a square in Q, then
Q[7x] = Q, and invy(E) = 1/2 because inv, (E) = 1/2 and the sum of the invariants is 0
(mod 1). Suppose ¢ is not a square in Q, and let X’ be the base change of X to F,2. Then
Ty = n}z{ = ¢™, and so, according to the case just considered, End(X”) is a central simple
algebra over Q with invariant 1/2 at co. Because End(X) is the centralizer in End(X’) of
Ql[rrx], we see that it has invariant 1/2 at each of the two infinite primes of Q[,/q].
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The tensor structure on Mot(IF,)

Because Mot(IF,) is semisimple, the Grothendieck group K(Mot(IF,)) of Mot(IFy) is the free
abelian group on the set of isomorphism classes of simple objects in Mot(IF). The tensor
structure on Mot(IFy) defines a multiplication on K(Mot(IF,)), which we now determine.

Let W be a set with an action of a group I", and let Z[I"\ W] be the free abelian group
generated by I"\W. Assume that every orbit is finite, and that W has a group structure
compatible with the action of I, i.e., such that

gww) = (gw)(gw'), gel, w,w eW.

Then we can define a multiplication on Z[I"\ W] as follows: for orbits 0 = {wy,..., wn}
and o' = {w7],...,wy,}, write {w; w;- |1<i<m, 1< <n} asadisjoint union of orbits
with multiplicities, | [ r;0;, and define
0-0' =Y rjo;.

With this structure Z[I"\ W] becomes a commutative ring (with 1 if the identity element of
W is fixed by I'). For example, to see that the associative law holds, note that if o = {w1,...},
o' ={w},...},and 0" = {wf,...}, then both 0(0”) and (00" are obtained by decomposing
the family {w; w’;wy’} into a disjoint union of orbits with multiplicities.

For m € W(q), let d(ir) be the least common denominator of the numbers i, (;7) where
7 llv = ¢, v a prime of Q[r]. Note that d(n’) = d(r) if 7’ is conjugate to 7.

Define

y: K(Mot(Fy)) — Z[I"\W(q)]

to be the Z-linear map that sends the isomorphism class of a simple object X to d(wx)-[7x].

PROPOSITION 2.17. The map y is an injective homomorphism of rings with image the set
of elements ) _n[y) -] such that d(r)|n) for all [x].

PROOF. For any object X of a semisimple Tannakian category over a field k, End(X) is a
finitely generated semisimple k-algebra, and

X isisotypic <= End(X) is simple <= the centre of End X is a field.

Let C be the centre of End(X). Then C is a product of fields, and X decomposes into a
product of isotypic components according as C decomposes into a product of fields: if

C=Cix--xCr, 1=(e1,...,er),

then
X=X1®"'®Xra Xl:Im(el)7

with the X; the isotypic components of X .

Choose a fibre functor @ for Mot(IF,) over some large field K containing Q. For a
motive X over Fy, the centre of End(X) is Q[m x], and the factors of Q[ x] can be identified
with the orbits of I" acting on Hom(Q[rx], Q). But this last set can be identified with
the set of eigenvalues of wx acting on w(X), and so the isotypic components of X are in
natural one-to-one correspondence with the orbits of I acting on this set of eigenvalues.
Moreover (2.8b) shows that, if m[,] is the multiplicity with which an orbit [7] occurs in
the family of eigenvalues, then y(X) = ) m, - []. With this description of y, it is clear
that y takes products to products, because the family of eigenvalues of my g x’ acting on
o(X ® X') = w(X) ® w(X’) is the family of products w7’ with 7 and eigenvalue of wx
and 7’ an eigenvalue of wy.

The remaining statements are obvious.
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Motives over F

Let R be a ring, and consider the set of pairs (a,n) where a € R and n > 1. We say that
two pairs (a,n) and (a’,n’) are equivalent if a"N =gV for some N > 1. An equivalence
class of such pairs will be called a germ of an element of R.

Suppose R is a Q-algebra of finite dimension, and let & be a germ of an element of R
represented by (a,n). For N >> 1, the algebra Q[a” ] is independent of the choice of (a,n)
and N. We denote it by Q[c].

Let X be a motive over . For any model X}, of X over a field [F ,» we obtain a Frobenius
element wy, € End(X,) C End(X). The germ of an element of End(X) represented by
(x,,n) is independent of the choice of X, and will be called the Frobenius endomorphism
mx of X.

When n|n’, there is a homomorphism

s gn w(p") — W(p”/),

and we define W(p*>) = 1113 W(p™). Thus an element of W(p°) is represented by a pair
(7r,n) with m € W(p™), and (7, n) and (7', n’) represent the same element of W(p°) if and
only if "N = 7/"N for some N > 1. The Galois group I = Gal(Q/Q) acts on W(p®),
and we write [7] for the orbit of an element 7.

To a simple motive X over I, we can attach an orbit [rx] € I"\W(p°) as follows: for
any representative (7r,n) of wy, [rx] is the image of [] € T\W(p™) in I\W(p°).

THEOREM 2.18. The map X +— [rx] defines a bijection
X (Mot(F)) — F'\W(p=).
PROOF. This follows easily from (2.6).

THEOREM 2.19. Let X be a simple motive over .

(a) The endomorphism ring End(X) of X is a central division algebra over Q[mx].

(b) If my is represented by (;r,n), then the invariant of End(X) at a prime v of Q[ x] is
determined by the rule:

7l = (p"ymo EeCO),
(¢) The rank of X is [End(X):Q[rx]]*/2-[Q[rx]:Q].

PROOF. The motive X, together with all its endomorphisms, will be defined over some field
[F4, and so this theorem follows from (2.4), (2.8), and (2.16).

Suppose 7y is represented by (ir,n). Define d () to be the least common denominator
of the numbers iy (1), where |7, ||, = (p™)7 (™).

COROLLARY 2.20. The map
[X] d(7x) - [7x]: £ (Mot(F)) — Z[I\W(p™)]
extends by linearity to a homomorphism of rings
K(Mot(F)) — Z[I\W(p™)].

PROOF. The proof is the same as that of (2.17).
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The category Mot(F,) ® Q!

Let L be a subfield of Q. As noted in (1.4), we can obtain Mot(IF,) ® L by replacing
Z" (V) with Z" (V) ® L in the definition of Mot(F,). Just as before, there is a bijection

Y(Mot(F)® L) — 't \W(q), Iy =Gal(Q"/L).

Moreover, if X is a simple object of Mot(IF,) ® L, then £ = End(X) is a central division
algebra over L[ry] with rank [E: L[wx]]"/2-[L[wx]: L] whose invariant at a prime v of
L[nx] is determined by the formula || x ||, = g™ ). There is a canonical homomorphism
of rings

K(Mot(Fg) ® L) — Z[I'L\W(q)].

On applying these remarks in the case L = Q%, we obtain the following result.

PROPOSITION 2.21. The simple objects of Mot(IF;) ® Q% are all of rank 1, and the map
X — my is a bijection
X (Mot(Fg)) — W(g)

with the property that txgx’ = Tx - Tx’.

Recall (Gabriel and Demazure 1970, p.472) that with any abelian group ', there is
associated an affine group scheme D(X') over k such that, for any k-algebra R,

D(Z)(R) = Hom(X, R®).

In fact D(X') = Spec A with A = k[X], and the group structure on D(X') is defined by the
following co-algebra structure on A:

A(c)=0®0, eo=1, inv(o) =0 !, oceX.
Note that X can be recovered from D(X') because X = X *(D). The group schemes of the
form D(X') are said to be diagonalizable.

PROPOSITION 2.22. The Tannakian category Mot(F,) ® Q* is neutral, and the group as-
sociated with any fibre functor over Q¥ is the diagonalizable group scheme P(q) with

X*(P(q) = W(q).

PROOF. We first recall a general result on Tannakian categories.

LEMMA 2.23. Let T be a semisimple Tannakian category over a field k of characteristic
zero. If every simple object of T has rank 1, then for any fibre functor w of T over k,
Aut® (w) = D(X) where X is the set of isomorphism classes of simple objects in T with the
group structure given by tensor product.

PROOF. Let G = Aut®(w). Then G is a pro-reductive affine group scheme over k whose
simple representations are all of dimension 1. This implies that G is diagonalizable and that
the simple representations correspond to the characters of G. Therefore X *(G) = X(T),
and G = D(X(T)).
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Because Mot(IFy) is Tannakian, it has fibre functor over some field £2, which we may
assume to be algebraically closed and to contain Q. Then Mot(F,) ® £2 is neutral, and
(2.23) and the analogue of (2.21) for £2 show that the affine group scheme associated with any
fibre functor is P (g). This implies that the band of Mot(F,) ® Q¥ is represented by the affine
group scheme P (g) over Q. The obstruction to the existence of a fibre functor over Q is a
class in H2(Q%, P(q)) (cohomology with respect to the fpqc topology) (see Saavedra 1972,
II1.3.2). In contrast to the more common cohomology groups, those with respect to the fpqc
topology commute with projective limits, and so H2(Q%, P) = lim H?(Q%, P’) where the
limit is over the algebraic quotients of P. But for an algebraic group, the cohomology groups
with respect to the fpqc and fppf topologies agree (ibid. I11.3.1), and so H?(Q¥, P) = 0.

REMARK 2.24. For each element 7w € W(q), choose a simple motive X () over F; with
Weil number 7. Let w be a fibre functor, and choose a nonzero element e, € w(X (7)) for
each 7. Then

(fz) = 2 frlen): D rewq Hom(X (), X) — o(X)

is an isomorphism for all motives X .

Let T be a Tannakian category over a field k, and let w be a fibre functor over some
extension field L. Then Aut® (w) is an affine group scheme over L. In general, it only has the
structure of a band over k, but when it is commutative, it is independent of the fibre functor,
and it is defined over k. (For an intrinsic way of looking at the group, see the subsection on
the fundamental group below.)

An affine group scheme over a field k is said to be of multiplicative type if it becomes
diagonalizable over k2. For fields k of characteristic zero, the correspondence between
diagonalizable groups and abstract abelian groups extends to a correspondence between
group schemes of multiplicative type and discrete I"-modules, I = Gal(k®/ k).

COROLLARY 2.25. The category Mot(Fy) has a fibre functor w over Q¥; for any such w,
Aut® (w) is the group scheme of multiplicative type P(q) over Q such that X*(P(q)) =
W(q) (as a I'-module).

PROOF. If w is a fibre functor for Mot(F;) ® Q%, then the composite

Mot(F,) — Mot(Fy) ® Q" = Vecgs

is a fibre functor for Mot(FF;). Clearly the associated affine group scheme is a group of
multiplicative type P with character group W(q), and one verifies directly that the action of
Gal(Q¥/Q) on P agrees with its natural action on W(q).

REMARK 2.26. The same arguments show that Mot(FF) has a fibre functor over Q%, and that
the associated affine group scheme is the pro-torus P(p°) with X*(P(p®°)) = W(p°).

The group schemes P(q) and P(p™)

By definition P(g) and P(p°°) are the affine group schemes of multiplicative type over Q
such that

X*(P(q) =W(q), X*(P(p™))=W(p™).
Deleted
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PROPOSITION 2.27. Let F be the maximal totally real subfield of L.

(a) If p is a square in L, then WL (q) = WOL (9)& q%z; if further q is a square in Q, then
PL(g) = P{(q) xGnm.
(b) Letq = p", forn >> 1; there is an exact sequence

0— WOL(q)/torsion 2 @Zw i @Zv —0
wlp vlp

where the sums are over the primes of L and F respectively dividing p, and o and
are defined as follows:

a(r) = Y n(w)-w if | |ly = ¢"™;
BQon(w)-w) =3 n(w)- (w|F).
PROOF. (a) For any integer m and w| p,
la® llw = g 1HC1%,

and the hypothesis on L implies that [L:Q,] is even. Obviously therefore q% e Wk,
and an element 7 of WL (g) of weight m can be written 7 = (n/q%) -q% with (n/q%) €
WOL (q). If ¢ is an even power of p, then Gal(Q%/Q) acts trivially on q%Z, and the corre-
sponding group scheme is Gy,.

(b) The only serious difficulty is in showing that @ maps onto the kernel of 8. For this
one has to be able to construct Weil numbers. We explain how to do this in (4.14).

Define
L, ooy _ 1: L, n L/ ooy _1; L/ n
W= (p™) =LmW=(p"), Wy (p) = lim Wy~ (p")

and let PL(p*°) and POL (p°°) be the groups of multiplicative type over QQ with character
groups WL (p>) and WOL (p®°). Sometimes we drop the p*° from the notation. For any
N > 1, there is a commutative diagram:

WOL(Q) —— GawhvZ

l/m—nrN H

WOL(qN) L} @w“)Z.
Therefore, on passing to the limit in (2.27), we obtain the following result.

COROLLARY 2.28. (a) If p is a square in L, WL (p>®) = W (p™®) @ Z and PL(p>®) =
PE(p™®) x Gy
(b) There is an exact sequence

0— W (p™) > P zZw -~ PzZv —0.
wlp vlp

In particular, we see that PL(p™) is an algebraic group.



2 BASIC PROPERTIES OF THE CATEGORY OF MOTIVES 24

REMARK 2.29. The group W(p®°) is torsion-free, and the subgroup Wy (p°°) is divisible:
a Weil p"-number 7 of weight zero is also a Weil p" -number of weight zero, and (77,nN)
represents the N/ root of the class of (7,7) in Wy (p®). Thus Wo(p®) is a Q-vector space.

Fix a CM-field L  Q Galois over Q. Let POL " (p™) be the torus with character group
n—! WOL (p®°) C W(p®°). For all n and N there is a commutative diagram

L.nN ~
Py "N (p®) —== PE(p™)

! v
L, ~
Py (p®) —=—= P (p®™)
corresponding to

_ N)~!
(nN)~ W (p) L Wil ()

] v

—1
"W (p®) <2 W (p™)

and so the projective system (POL " (p®))n is the universal covering torus® of POL (p®).

The fundamental group of Mot(IF)

Let T be a Tannakian category. Then Ind(T) also has a tensor structure, and we define
a commutative ring in Ind(T) to be an object A of Ind(T) together with a commutative
associative product A ® A — A admitting an identity 1 — A. In order to be able to use our
geometric intuition, we define the category of affine schemes in T to be the opposite of the
category of commutative rings in Ind(T), and we write Sp(A) for the affine scheme in T
corresponding to A. (For more details, see Deligne 1989, §5.)

For example, if T is the category of finite-dimensional vector spaces over k, then a
commutative ring in Ind(T) is just a commutative k-algebra in the usual sense, and the
category of affine schemes in T can be identified with the category of affine schemes over k.

Since tensor products exist in the category of commutative rings in Ind(T), fibre products
exist in the category of affine schemes in T. Therefore, we can define an affine group
scheme in T to be a group in the category of affine schemes in T. An action of an affine
group scheme G = Sp(A4) in T on an object X of T is a morphism X — X ® A satisfying
the usual axioms for a comodule (Waterhouse 1979, 3.2).

THEOREM 2.30. Let T be a Tannakian category over a field k. There exists an affine group
scheme m (T) in T together with an action of 7 (T) on every object X of T such that, for every
fibre functor w over a k-algebra R, the actions of the affine group scheme w(x(T)) on the
R-modules w(X) identifies w(x (T)) with Aut% (w). The affine group scheme n (T) and the
actions of it on the objects of T are uniquely determined by this condition.

PROOF. See Deligne 1990, 8.13, 8.14.

EXAMPLE 2.31. Let T = Repy (G) with G = Spec A. Then & (T) = G. The action of x (T)
on the objects of T extends to objects of Ind(T), and, for T = Reppy (G), the action of G on
A is induced by the action of G on itself by inner automorphisms. (Ibid. 8.14.)

SFor a torus T, the projective system (75, Tnn i Ty) with T,, = T for all n is called the universal covering
torus of T. It has character group X *(T) ® Q.
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REMARK 2.32. An exact tensor functor n: Ty — T, of Tannakian categories over a field k
defines a morphism 7 (T2) — n(x(Ty)) of affine group schemes in T,. For each object X of
T1, n(m(T1)) acts on n(X), and this action is compatible via & (T2) — n(x(T1)) with the
natural action of 7 (T2) on n(X). (Ibid. 8.15.)

THEOREM 2.33. Let Ty and T, (% 0) be Tannakian categories over a field k, and let
n:T1 — T, be an exact tensor functor. Then n defines a tensor equivalence of T with the
category of pairs (Y, p) consisting of an object Y of T, and an action p of n(x(T1)) on Y
compatible with the action of (T5).

PROOF. See Deligne 1990, 8.17.

REMARK 2.34. When T is a Tannakian category over k and 7 is a fibre functor over k,
then (2.33) becomes the fundamental classification theorem for neutral Tannakian categories
(Breen 1992, §1; Deligne and Milne 1982, 2.11).

COROLLARY 2.35. Letn:T; — T, be an exact tensor functor of Tannakian categories over
afield k. If w(T,) — n(x(Ty)) is an isomorphism, then 1:T1 — T, is an equivalence of
tensor categories.

PROOF. Immediate consequence of the theorem.

COROLLARY 2.36. Let T be a Tannakian category over k. An object X in T is isomorphic
to a direct sum of copies of 1 if and only if m(T) acts trivially on it.

PROOF. Take Ty in (2.33) to be the category (=~ Vecy) of multiples of 1 in T, and note that
x(Vecy) = 1.

REMARK 2.37. It follows from (2.36) that we can identify Vec; with the subcategory of
T of objects on which 7 (T) acts trivially. If = (T) = Sp(A4) is commutative, then the action
of m(T) on A is trivial, and so x(T) is an affine group scheme in the Tannakian category
Vecy C T, i.e., it is an affine group scheme over k in the usual sense.

PROPOSITION 2.38. Let (1) (~ Vecg) be the subcategory of Mot(IF;) on which &t (Mot(IFy))
acts trivially. Then m(Mot(IF,)) is the affine group scheme in (1) of multiplicative type
having character group W(q). Similarly, = (Mot(F)) is the affine group scheme in the
subcategory (1) of Mot(IF) of multiplicative type having character group W(p®°).

PROOF. The affine group scheme & (Mot(F,)) in Mot(IF,) is commutative because its image
under one (hence every) fibre functor is commutative. The remaining statements follow from
(2.25) and (2.26).

In (3.4) we make the result more precise by describing the action of & on each motive.

The decomposition of Mot(IF) into a tensor product

We first recall from Deligne 1990, §5, the notion of the tensor product of two Tannakian
categories. We say that a k-bilinear functor is left (or right) exact if it is left (or right) exact
in each variable.
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THEOREM 2.39. LetT; and T, be Tannakian categories over a field k which, for simplicity,
we take to be of characteristic zero. There exists a category T1 & T, together with a right
exact k -bilinear functor

RTixT,—>T1®T,

such that, for every abelian k -linear category C, the functor ® defines an equivalence from
the category of right exact k-linear functors T1 ® To — C to the category of right exact
k-bilinear functors T1 x T, — C.

PROOF. See Deligne 1990, 5.13.7

PROPERTIES

(2.40.1) The pair (T; ® T2, ®) is uniquely determined up to an equivalence which itself is
unique up to a unique isomorphism (Deligne 1990, p. 143).

(2.40.2) The functor ® is exact in each variable (ibid. 5.13).
(2.40.3) For objects X1,Y; of Ty and X»,,Y> of T»,

Hom(X1, Y1) ®; Hom(X2,Y2) — Hom(X; ® X2, Y ® Ya).
(2.40.4) There is a unique tensor structure on T; ® T, such that
RX1®Y,X2®Y2)=X10Y1®X2Q7,,

Xl,Yl S Ob(Tl), Xz, Y2 (S Ob(Tz).

(The ® on the left is the functor ®:T; x T, — T; ® T»). Relative to this tensor
structure, T; ® T, is a Tannakian category (ibid. 5.17, 6.9).

(2.40.5) The functor
injl:T1=T1®Veck—>T1®T2, X1~ X1®1,

identifies T with a full subcategory of T; ® T, stable under passage to subquotients.
A similar statement holds for T,, and

®(X1,X2) = (X1® 1) ®(1® X3).
The canonical map
7 (T1 ®T2) — injy (7(T1)) X inj, (7 (T2))

is an isomorphism. If T{ and T, are both semisimple, then so also is T; ® T, and every
object of T1 ® T is a direct factor of an object of the form X; ® X», X; € ob(Ty),
X, € ob(T,). Ibid. p. 183.

Let Mot (FF) be the subcategory of Mot(IF) of motives of weight zero, and let E be the
strictly full Tannakian subcategory of Mot(IF') generated by a supersingular elliptic curve A
over [F. Since any two such curves are isogenous, E is independent of the choice of A. Note
that E is graded and contains the Tate object.

7 Added. For a study of tensor products of categories, see Lopez Franco, J. Algebra 396 (2013), 207-219.
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THEOREM 2.41. The functor
(X,Y) » X ® Y:Moty(F) x E — Mot(F)
defines an equivalence of tensor categories
n:Moto (F) ® E — Mot (IF).
PROOF. According to (2.35), it suffices to check that the homomorphism
7 (Mot(IF)) — n(x(Moty(F) ® E))
induced by 7 is an isomorphism. But, by (2.40.5),
7 (Moto(F) ® E) = (Mot (F)) x m (E),
and the homomorphism can be identified with the isomorphism
P(p™) = Po(p™) x G
of (2.28a).

Thus the study of Mot(IF) breaks down into the study of Mot (IF) and E.

The polarization on Mot(F) @ R

For any CM-field L C Q% Galois over Q and any n > 1, let Moté " (F) be the subcategory of
Mot(FF) containing those motives X such that 7y € n~! WOL (p®°). The fundamental group

of MotOL’" (F) is POL T (p™>) (see 2.29 for this notation).
PROPOSITION 2.42. For any CM-field L C Q Galois over Q, Moté’" (F) ® R is neutral.

PROOF. As we explained in the proof of (2.22), the obstruction to the existence of a fibre
functor is an element of H?(R, POL’" (p°)). But POL’" (p®°)r is an anisotropic torus over

R, and hence is isomorphic to U4, d = dim POL " (p™), where U is the kernel of
1-U— (Gm)C/ReGm — 1.
Clearly H2(R,U) = H'(R,G,,) = 0, and so H2(R, PL" (p™)) = 0.

We shall need the notion of a polarization of a nongraded Tannakian category. Let T
be a Tannakian category over R, and let Z be the centre of 7 (T). We can regard Z as a
commutative affine group scheme over R in the usual sense (cf. 2.38), and Z(R) = Aut® (idr).
Let € € Z(R) and suppose there is given for each object X of T an equivalence class (for the
relation of compatibility) I7(X) of Weil forms of parity €. We say that IT is a polarization
on T if

(2.43.1) forall X and Y

pell(X), vell(Y) = ¢dyell(X®Y);
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(2.43.2) forall X and Y
pell(X), velllY) = ¢y ell(X®Y).
THEOREM 2.44. There are exactly two graded polarizations on Mot(F) ® R.

PROOF. A graded polarization on Mot(F) ® R restricts to a graded polarization on E and
a polarization of parity 1 on Moty (FF) ® R, and so the theorem follows from the next two
lemmas.

LEMMA 2.45. There are exactly two graded polarizations on E @ R.

PROOF. The fundamental group of E is G,,. Therefore E ® R is determined up to a tensor
equivalence inducing the identity map on G,, by its cohomology class in H?(R,G,) =
Br(R) = 27'Z/7Z. This class can not be zero, because E does not have a fibre functor over
R. Therefore E ® R is G,-equivalent to Vs, which, as we observed in (1.7), has exactly
two graded polarizations.

LEMMA 2.46. There exists a unique polarization on Moty (F) ® R with parity 1.

PROOF. We first recall the classification of polarizations on neutral Tannakian categories
over R (Deligne and Milne 1982, pp. 179-183). Let G be an algebraic group over R with
centre Z, and let C € G(R). A G-invariant bilinear form {:V x V' — R is said to be a
C-polarization if

(x.y) = ¥ (x,Cy)

is a positive-definite symmetric form on V. When every object of Repr(G) has a C-
polarization, then C is called a Hodge element. There is then a polarization I1¢ of Repp(G)
with parity C? for which the positive forms are exactly the C-polarizations. Every polar-
ization of Repg(G) is of the form IT¢ for some Hodge element. If C and C’ are Hodge
elements, then there exists a ¢ € G(R) and a unique z € Z(R) such that C’~!; moreover
I¢r = zII¢, and so I1¢: = ¢ if and only if C and C’ are conjugate in G(R). An element
C € G(R) such that C? € Z(R) is a Hodge element if and only if ad C is a Cartan involution.

Fix a CM-field L, and consider the subcategory MotOL " (F) of Mot(F) described above.
The polarizations of parity 1 of Moté " (F) ® R are in one-to-one correspondence with the

elements C of POL (R) of order 2. Consider one such polarization IT¢c. If I1¢ extends to a

polarization of Moté’zn (F) ® R, say to IT¢, where C’ is an element of order 2 in POL 2n (R),

then C’ maps to C under the canonical map (2.29) POL 2% (R) — POL (R). But it is clear
from the commutative diagram in (2.29) that this map kills all elements of order 2. Therefore
C =1, and we have proved the uniqueness.

Because (POL ")r is compact, id o is a Cartan involution, and so the element C = 1

defines a polarization on Moté " (F). For varying n and L, these polarizations are compatible,
and so they define a polarization on | , MotOL’” (F) = Mot (IF).

REMARK 2.47. We have shown that the Tate conjecture implies that Mot(IF) ® R is polariz-
able. Grothendieck’s standard conjectures imply more, namely, that there is a polarization
on Mot(IF) whose Weil forms for the motive 4 (V') of an algebraic variety V' have a specific
algebraic construction (Saavedra 1972, V1.4.4). In particular, it implies that there is a po-
larization 7T on Mot(IF) such that for every abelian variety A the Weil form defined by a
polarization on A (in the usual sense of algebraic geometry) lies in IT(h!(A)).
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Alternative approach

In the above we have made use of Deligne’s results on the Weil conjectures. Grothendieck
originally envisaged that these results would be obtained as a consequence of his standard
conjectures (Grothendieck 1969). The standard conjectures imply directly that Mot(IFy) is a
polarizable (hence semisimple) Tannakian category. Using only that, we have the following
result.

PROPOSITION 2.48. Let X be a motive of weight m over F,, and let « — o' be the
involution of End(X) defined by a Weil form ¢. The following statements hold for m = mx:

(a) m-7' = q™; hence Q[r] is stable under the involution o — a';

(b) Q[r] C End(X) is a product of fields;

(¢) for every homomorphism p:Q[r] — C, p(x') = 1(p7), and |pr| = g™/2.

PROOF. (a) By definition, ¢ is a morphism X ® X — T®") Tt is invariant under 7, and
)

p(rx,my) =n(p(x.y)) = q"o(x.y) = p(x.4™ ).

But ¢(wx,my) = ¢(x,n'y), and because ¢ is nondegenerate, this implies that 7’ -7 = g
Therefore Q] is stable under @ — ', and we obtain (a).

(b) Let R be a commutative subalgebra of End(X) stable under « — o, and let r be
a nonzero element of R. Then s = rr! # 0 because Tr(rr’) > 0. As s' =, Tr(s?) =
Tr(ss?) > 0, and so s% # 0. Similarly s* # 0, and so on, which implies that s is not nilpotent,
and so neither is . Thus R is a finite-dimensional commutative Q-algebra without nonzero
nilpotents, and the only such algebras are products of fields.

(c) In an abuse of notation, we set R[z] = R ®g Q[r]. As in (b), this is a product
of fields stable under & — o. This involution permutes the maximal ideals of R[] and,
correspondingly, the factors of R[r]. If the permutation were not the identity, then o — o’
would not be a positive involution. Therefore each factor of R[x] is stable under the
involution. The only involution of R is the identity map (= complex conjugation), and the
only positive involution of C is complex conjugation. Therefore we obtain the first statement
of (c¢), and the second then follows from (a).

m

This (conjectural) proof of the Riemann hypothesis for motives is very close to Weil’s
original proof for abelian varieties (Weil 1940).

Mixed motives over a finite field

THEOREM 2.49. Every mixed motive over a finite field is a direct sum of pure motives.

PROOF. If the category of mixed motives over a finite field does not exist, then there is
nothing to prove. Otherwise, according to any reasonable definition, a mixed motive X over
[F4 will have an increasing weight filtration,

CWiaa XWX c---

such that W; X/ W;_1 X is a pure motive of weight i. Let x be the Frobenius endomorphism
of X. The same argument as in §1 shows that there is a polynomial P;(X) with rational
coefficients such that P;(wry)-X = W; X/W;_1X,andso X =P, W, X/ W;_1 X.
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REMARK 2.50. As S. Lichtenbaum pointed out to me, the theorem is not expected to be
true for the category of mixed motives over a finite field with coefficients in Z (a Z-linear
Tannakian category). In fact, it is expected that Ext! (Z,Z(1)) ~ k* in the category of mixed
motives over a field k.

Notes

The results (2.41), (2.46), and (2.49) were explained to me by Deligne (who credits them to
Grothendieck). For the rest, this section represents my attempt to extend the Weil-Tate-Honda
theory of abelian varieties over finite fields to motives.

3 Characterizations of the Category of Motives over
[F and its Fibre Functors

Characterization of P(q) and P(p®)

Let P = P(q),andlet ' = Gal((@al/@)_ Then
P(Q) = Hom(X*(P).Q")" = Hom(W(q). Q"""

The inclusion map W(q) < Q** commutes with the action of I"—that is how we define
the Galois action on W(g)—and hence corresponds to an element f € P(Q), which we call
the Frobenius element. 1t is characterized by the following condition: if y is the character
of P corresponding to the Weil g-number 7, then y(f) = 7.

PROPOSITION 3.1. Let P = P(q). Let T be an algebraic group over Q of multiplicative
type and a an element of T (Q) such that y(a) € W(q) for all y € X*(T). Then there is a
unique homomorphism «: P — T carrying f toa.

PROOF. If « exists, then for every character y of 7', we must have

(xoa)(f) = x(a).
Define « to be the homomorphism corresponding to the map on characters

X*(T)—W(q). x> x(a).

Obviously, the pair (P(g), f) is uniquely determined by the condition in the proposition
up to a unique isomorphism.

For each L Galois over Q, there is similarly a canonical element '~ € PL(p") having
the following universal property: for any algebraic group 7" of multiplicative type over Q and
a € T(Q) such that y(a) € WL(p") for all y € X*(T), there is a unique homomorphism
a: PL(p") — T such that a(f L) = a.

There is a similar, but more complicated, characterization of P(p°°), but first we
compare P(p*°) with P(q).
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PROPOSITION 3.2. Let L C Q¥ be a CM-field Galois over Q, and let m be the number of
roots of 1 in L. Forn >> 1, there is an exact sequence

Lisq
0= PL(p®) = PL(p") 12N 2/m7Z — 0

identifying P (p®®) with the identity component of PL(p™). For every n, there is an exact
sequence

1 ~
P(r™®) — P(") 1257 0.
PROOF. It follows from (2.27b) that, for n >> 1, the map
Wk (p™) /torsion — WE(p>)

is bijective. Since the torsion subgroup of WL (p")is u(L), the group of roots of 1 in L,
this gives an exact sequence

0— u(l)— WL(p”) — WL(p°°) — 0.

This is the sequence of character groups of the first sequence in the proposition. Because
X*(PL(p™>)) is the quotient of X*(PL(p™)) by its torsion subgroup, PL(p*>) is the
identity component of PL(p™). The second exact sequence can be derived in the same way
as the first.

Consider fL e PL(p™)(Q). Then (fL)™ € PL(p*®)(Q) if m is the number of roots
of 1 in L, and we write f,5 for this element. In this way we obtain a family ( £,F),>>1 of
elements of PL(p®)(Q) with the property that ( fnL)N = fnLN forall N > 1.

If L’ O L, then fnL/ — fnL under PL/(p°°)(Q) — PL(p®)(Q) whenever fnL/ is

defined. Unfortunately, as L grows, the smallest n for which fnL is defined tends to infinity.
def

Thus for no n do we get an element (£,); € P(p™®)(Q) = lilllPL(p"")(Q).

This suggests the following definition: let M be an affine group scheme over a field
k, and write it as a projective limit, M = 1<i_r11M L of its quotients of finite-type; suppose
that for each L and n >> 1 (depending on L) there is given an element fnL e ML(k);
if for each L < L’ and n|n’, the element ( fnL)”// " is the image of fny under the map
ML (k) = ML (k), then we call the family ( fnL) a germ of an element of M (k). Note that,
for any homomorphism o: M — G from M into an algebraic group G, there is a well-defined
element a( /) € G(k), n >> 1, since we can set «( f,) = a(fnL) for any choice of L such
that o factors through M L.

PROPOSITION 3.3. There is a unique germ of an element f = (fnL) in P(p®°)(Q) having
the following property: for every algebraic group T over Q of multiplicative type and element
a € T(Q) such that y(a) € W(p") for all y € X*(T), there is a unique homomorphism
a: P — T such thata( f,n) = a” for some N > 1.

PROOF. Straightforward from the above discussion.

Applications

We apply the above results and Theorem 2.33 to obtain descriptions of Mot(IFy), Mot(F;) ®

Q¢, and Mot(FF) ® Q.
Recall (2.38) that w (Mot(IF;)) = P(q), and that it acts on each object X of Mot(IFy).
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LEMMA 3.4. The element f of P(q)(Q) acts on a motive X over F; as wy ; the germ of
an element f of P(p°°)(Q) acts on a motive X overF as .

PROOF. The first statement follows directly from the various definitions, and the second
follows directly from the first.

PROPOSITION 3.5. Letq = p". The natural functor
Mot(Fy4) — Mot(FF)

identifies Mot(IF,;) with the category of pairs (X, ) consisting of a motive X over IF and an
endomorphism s of X such that (;r,n) represents wx .

PROOF. According to (2.33), the functor identifies Mot(IF;) with the category of pairs (X, p)
in which X is a motive over [F and p is an action of P(g) on X compatible with the action of
P(p®). It follows from (3.1) that to give an action of P(g) on X commuting with the action
of the endomorphisms of X is to give an element 7 € (G)g[ry]/q Such that y () € W(q)
for all characters y. The action of P(q) on X defined by 7 is compatible with the action of
P if and only if (;r,n) represents my, .

Since the proposition determines Mot(IFy) in terms of Mot(IF), we shall concentrate on
characterizing Mot(IF).

PROPOSITION 3.6. The choice of a functor

as in (1.10) identifies Mot(F,) ® R with the category of pairs (V, ) consisting of an object
V of Vo and a semisimple endomorphism i of V' whose eigenvalues on the part of V of
weight m are Weil q-numbers of weight m. Similarly, the choice of a functor

Woo: MOt(F) ® R — Voo

identifies Mot(IF) ® R with the category of pairs (V,(r,)) where (7,) is a germ of an
endomorphism of V satistying an analogous condition.

PROOF. The fundamental group of Vo is Gy, and the map G, — P(g)gr induced by wso
is the weight map w (corresponding to the map on characters 7 — wt(;r)). According to
(2.33), wso identifies Mot(IF;) ® R with the category of pairs (V, p) in which V' is an object
of Voo and p is an action of P on V' compatible with the action of G,,. To give such a p is
the same as to give an endomorphism 7 as in the statement of the proposition.

Let Frob,, denote the geometric Frobenius element x > x?~ of Gal(F/F ).

PROPOSITION 3.7. Letq = p". For{ # p, o0, the functor
we:Mot(Fy) ® Q¢ — V¢ (Fy)

identifies Mot(IF;) ® Q, with the full subcategory of V¢(IF;) consisting of semisimple
representations (V, p) of Gal(F/F ,n) such that the eigenvalues of p(Frob,) are Weil q-
numbers. The functor

wg:Mot(F) ® Q¢ — V¢ (F)

identifies Mot(F) ® Q, with the full subcategory of V¢ (IF') consisting of germs of semisimple
representations (V,[p]) such that, for any p € [p] and any n for which it is defined, p(Froby,)
has eigenvalues that are Weil p™ -numbers.
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PROOF. The functor wy is fully faithful, and so (2.33) shows that it identifies Mot(IF;) ® Q,
with the full subcategory of V,(IF,) of objects for which the action of w (V(IF)) factors
through 7 (Mot(IF4) ® Q). The fundamental group of V,(IFy) is the group of multiplicative
type with character group U, the group of units in the ring of integers in Qzl, and the map
on fundamental groups corresponds to the inclusion W(g) < U defined by some choice
of an embedding Q¥ — @21. The first statement is now clear, and the second is proved
similarly.

PROPOSITION 3.8. The functor
Wp: MOt(Fq) X Qp — Vp(Fq)»

identifies Mot(IFy) ® Q, with the full subcategory of objects (M, Far) inV ,(IF4) such that
7y acts semisimply on M with eigenvalues that are Weil g-numbers. The functor

Wp: MOt(]F) ® Qp — Vp(Fq),

identifies Mot(IF) ® Q,, with the full subcategory of objects (M, Fpr) inV ,(F) such that, for
some model (M, Fprr) of (M, Far) over a finite field F g, 7py+ acts semisimply on M with
eigenvalues that are Weil ¢ -numbers.

PROOF. The proof is similar to that of (3.7).

The cohomology of P

Choose a prime wg of Q¥ lying over p, and use the same symbol to denote its restriction
to any subfield. Let L C Q% be a CM-field Galois over Q, and let D(wg) C Gal(L/Q) be
the decomposition group of wg. Define E = LP®0) and let F be the maximal totally real
subfield of E. Thus either ¢ ¢ D(wq) and E is a CM-field with F as its maximal totally real
subfield, or t € D(wgp) and E and F are equal and totally real.

PROPOSITION 3.9. There is an exact sequence
0~ (Gm)r/q = Gm)E/g — Py (p%) = 0.

PrROOF. To verify that a sequence of tori is exact, it suffices to check that the corresponding
sequence of character groups is exact. But on applying X * to the sequence in the corollary,
we obtain the sequence in (2.28b).

PROPOSITION 3.10. There are exact sequences:
0— F*— E*— H°Q.PL(p™) — 0,
0— HY(Q, PE(p®>)) — Br(F) — Br(E) - HX(Q, PE(p™)) — 0.

PROOF. Except for the zero at the right of the second sequence, the statement follows
directly from the preceding proposition and Hilbert’s Theorem 90, but a theorem of Tate
shows that H3(F,Gp) = @, o H>(Fy.Gpm). and H3(R,Gp) = H'(R.G,) = 0 (see
Milne 1986, 1.4.10).
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For an affine group scheme G over a field K, we define
H"(K,G) = l(iLnHr(K, G (Galois cohomology)

where the limit is over the quotients G’ of G of finite type over K. When K is a number
field, we set

Ker" (K,G) = Ker (H’(K, G)— Hv H'" (K, G)) (product over all primes of K).

PROPOSITION 3.11. Let L C Q¥ be a CM-field Galois over Q. Then:
() Ker'(Q. Py (p™)) = 0;
(b) H'(Q, Po(p™)) =0=H'(Q, P(p*™));
(c) H*(Q, POL (p°)) =, D H?*(Qy, POL (p°°)) (sum over all primes of QQ);
(d) Ker?>(Q, PL(p™)) =0 when L contains JD-

PROOF. ¥We drop “p®” from the notation.
(a) Let L be a CM-subfield of Q¥, finite and Galois over Q. Then

HY(Q,P§) =Br(E/F)

where E is the fixed field of the decomposition group D(wg) and F is the largest real
subfield of E. This implie‘vs (a). B
(b) For a torus 7', let T be the universal covering of T, i.e., T is a the projective system

(Ty, Tyun N Tn) w~ith T, = T for all integers n > 1. For any additive covariant functor to
abelian groups, H(T) = Hom(Q, H(T)); in particular H(T) = 0 if H(T) is torsion. Thus

H' (@, PE) = Hom(Q. Br(E/F)) =0,

The map Py — POL factors through the map POL — POL, and so the map H!(Q, Py) —
H'(Q, POL) is zero. This shows that H!(Q, Py) = 0, and a similar argument shows that
H'(Q,P)=0.

(c) Consider the exact commutative diagram,

0 0

~ ~N

0 — Br(E/F) — Br(F) — Br(E) —— H?*(Q,Pf) — 0

~ ~ ~N l/

0 — @,Br(Ew/Fy) — @,Br(Fy) — @, Br(Eyw) — @, H*(Qp, PE) — 0

~ 5 ~
0 y 1z y Q/ s Q/ > 0
0 0 0

8The original proof of 3.11 was garbled.
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in which the two middle columns are given by class field theory, and the top two rows
are the cohomology sequences of the sequence in (3.9). A diagram chase shows that
H*(Q, Py) — ®cH>(Qq, Py).

(d)If /P € L, then PL = PL & G,,, and

Ker?(Q, PL) = Ker?(Q, P{) ® Ker?(Q,Gy) = 0.

Characterization of Mot(IF)

As we noted in §2, the Frobenius endomorphisms of motives over [F; form a tensor endomor-
phism of the identity functor, i.e., ¥ oy = 7y o« for any morphism «: X — Y, 71 = id,
and Ty gy = mx ® my. In order to handle the Frobenius endomorphisms of motives over F,
we define (for any Tannakian category T) a germ of a tensor endomorphism of idr to be a
family wx of germs of endomorphisms satisfying the same three conditions. For example,
the Frobenius endomorphisms of the motives over [F form a germ of a tensor endomorphism
of idMo’[(]F) .

Consider a Tannakian category T over Q and a germ 7 of a tensor endomorphism of idy
such that:

(3.12.1) For all objects X, End X is a semisimple algebra with centre Q[ x] (hence T is a
semisimple category).

(3.12.2) For all simple objects X and representatives (r,n) for wy, 7 is a Weil p”-number.
Moreover, the invariants of £ = End(X) (as a central division algebra over Q[rx])

are given by the rule, _
Izl = (p")™ ),

and

(Sl

rank X = [E:Q[rx]]> - [Q[zx]:Q].

(3.12.3) The map X +— [mx] defines a bijection X(T) — I'\W(p°).

For example, the pair (Mot(IF), (wx)) satisfies these conditions, and the next theorem
shows that they determine it up to equivalence.

THEOREM 3.13. Let (T,7) and (T, ") be two pairs satisfying the conditions (3.12).

(a) There is a tensor equivalence S:T — T’ such that, for all objects X of T, S(wyx) =
TS(X)-

(b) If S and S, are two such tensor equivalences, then there is an isomorphism «: S; —
S, of tensor functors; if &’ is a second such isomorphism, then there is an a € Q*
such that o’ = w(a) -« (i.e., such that &' ax if X is pure of weight m).

PROOF. The proof will occupy the rest of this subsection.

Let T be a semisimple Tannakian category over a field K of characteristic zero, and
consider T® L where L D K is a field. Let X be a simple object of T, and let C be the
centre of End(X). Then C is a field, and X ® ¢ L decomposes into a sum of isotypic objects
according as C ® g L decomposes into a product of fields (see the proof of 2.17). In more
detail, if

CRkL=Cyx:---xCp,
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then
End(X ® L) = l_[End(X) ®c C;

and End(X) ®¢ C; is a central simple algebra over C;.

LEMMA 3.14. In the above situation, there is a well-defined map
YTL)— X(T)

sending the isomorphism class [Y] of a simple object Y of T® L to [X] if Y is a factor
X ® L. The map is surjective, and, when L is Galois over K, its fibres are the orbits of
Gal(L/K) actingon X(T® L).

PROOF. From (1.3) we know that T® L is a semisimple Tannakian category over L and
every object of T® L is a factor of an object of the form X ® L, X € ob(T). Let Y be a
simple object of T® L. Clearly it is a factor of X ® L for some simple X. If it is also a
factor of X’ ® L with X’ simple, then

Hom(X,X)® L=Hom(X ® L,X'® L) #0,

and so X ~ X’. Thus the map is well-defined. It is obviously surjective.

Assume L is a Galois extension of K. The fibres of the map are invariant under the
action of Gal(L/K), and hence are the unions of orbits. Let X be a simple object of T, and
let C be the centre of End(X). The elements of the fibre over [X] are indexed by the set
of factors of C ® ¢ L, which equals Homg (C, L), and Gal(L/K) acts transitively on this
set.

When we apply the lemma to a pair (T, ) as in (3.12) and L = Q%, we see that there is
a canonical map
Z(T®QY) - ().

and for a simple X in T, the fibre over [X] is Homg(Q[rx],Q"). But this set can be
identified with [rx], and so there is a canonical map X (T ® Q%) — W(p*) making the
following diagram commute:

TTR®QY) ——— W(p™)

| |

(M) ——— M\W(p™).

Now, the same arguments as in the proof of (2.22) show that there is a unique isomorphism
P — 7 (T) such that f acts on X as 7wy, all X. Here P = P(p°°).

Let (T’, ") be a second pair satisfying (3.12). A tensor equivalence S:T — T’ maps 7 to
7’ if and only it induces the identity map on P. Therefore, there exists such an S if and only
if T and T’ define the same class’ in H?(Q, P). Thus we have to show that the conditions
(3.12) determine this class.

Let X be a simple object of T. The action of P on X defines a homomorphism P —
(Gm)q[ry]/0- Which is uniquely determined by the fact that it sends f to wx.

9We are using that the gerb of fibre functors determines a Tannakian category up to a unique equivalence
(Saavedra 1972, T11.3.2.3.2), that gerbs with band B are classified up to B-equivalence by H?(k, B) (this is how
HZ2(k, B) is defined in (Giraud 1971)), and that when B is the band defined by a smooth affine commutative
group scheme P, H?(k, B) equals the group H?(k, P) defined above (Saavedra 1972, IIL.3.1).
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LEMMA 3.15. The map

H*(Q, P) — H*(Q,(Gm)glry1/0) = Br(Qrx)),

sends the class of T in H?(Q, P) to the class of End X in Br(Q[rx]).
PROOF. This can be proved by the same argument as (Saavedra 1972, V1.3.5.3).

Thus we have to prove the following statement:

(*) An element ¢ of H2(Q, P) is zero if its image in H?(Q, (Gm)q[x]/Q) is zero for all

e W(p™>).
The group P = Py X Gy, and the projection P — (,, can be identified with the map
P — (Gm)q[x]/q Where 7 is represented by ( p% ,n) for any even n (see 2.28). Therefore
the component of ¢ in H?(Q,G,,) is zero. Henceforth, we regard ¢ as an element of
H?(Q, Py).

Let ¢ be the image of ¢ in HZ(Q,POL). Because Ker?(Q, POL) =0 (see 3.11), it
suffices to show that the image of ¢Z in H2(Qy, POL) is zero for all £. This is automatic for
¢ = oo because H?(R, POL) = 0 (see the proof of 2.42).

Thus consider an £ # oo, and let D({) be the decomposition group of some prime of
Q% lying over £. Let 7w € WOL (p®°). A standard duality theorem (Milne 1986, 1.2.4) shows
that the map

H?(Qq. PE) — H*(Qq. (Gm)gn)/0)

is obtained from the map
X*(PE)PO < X*(Gm)gtay0) P

by applying the functor Hom(-, Q/Z).
Thus we have to prove the following statement:
(**) Every element of WOL (p*°)P® s the image of an element of X * ((Gm)o[x /Q)D ©
for some 7 € WOL (p*).
We note that 1
X*((Gm)gpmy) = Z1om k2D

and that the map
al
7Hom(Q[x],Q%) _ WOL (p*)

is y = yx(m).

Let 7 € W (p™) be represented by (7/,n), =’ € W (p™). By definition, Q[r] =
Q[n'N] for all N >> 1. If 7 is fixed by D(£), then the elements of D(£) multiply 7’ by
roots of 1, and so 7’/ is fixed by D(£) for all N >> 1. Hence Q[] (as a subfield of Q¥) is
fixed by D(£), and if we denote the given inclusion Q[7] < Q% by 0y, then 7 is the image
of the element y = 0g € (ZH"m(Q[” ]’Qal))D ® which proves (**),

Thus we have a tensor equivalence S1: T — T’ sending 7 to 7’. If S, is second such
equivalence, then Hom® (S, S») is a torsor for Aur®(S1) = P. But H'(Q, P) = 0, and so
the torsor is trivial. Therefore, there exists a tensor isomorphism «: S1 — S». A second such
isomorphism «’ is of the form o’ = o o 8 where f is a tensor automorphism of Sy. But this
is an element of P(Q). The next lemma implies that Py(Q) = 0, and so P(Q) = Q*.

LEMMA 3.16. For any torus T over Q, T(Q) = 0.
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PROOF. An element of T(Q) is a family (ax)n>1, an € T(Q), such that a, = (ams)™. In
particular, a, is infinitely divisible. If T = (Gp) /g, then T(Q) = L*, and (| L™ = 1.
Every torus T’ can be embedded in a product of tori of the form (Gn,)z /g, and so again

NT@Q™=1.

REMARK 3.17. (a) We shall prove in (3.32) below, that, without assuming any conjectures,
there does exist a pair (T, ) satisfying (3.12).

(b) The same proof shows that the pair (Mot (IF), ) is characterized by the conditions
(3.12) (with 7 required to be a Weil p”-number of weight 0 in (3.12.2)) up to a tensor
equivalence which itself is uniquely determined up to unique isomorphism.

(c) The category Mot(IF) has a canonical Tate object 7 and a canonical isomorphism
class of objects

{h1(A) | A a supersingular elliptic curve over F}.

There is a unique polarization IT on Mot(IF) such that, whenever A is a supersingular elliptic
curve, IT(h'(A)) is the set of Weil forms defined by a polarization of A. For a € Q*, w(a)
acts on T as a2, and w(—1) maps IT to a different polarization. Consequently, the system
(Mot(F), 7, T, {h' (A)}, IT) is uniquely determined up to a tensor equivalence (preserving 7,
T, {h'(A)}, and IT) which itself is uniquely determined up to a unique isomorphism.

Characterization of Mot(IF) and its fibre functors

We now characterize Mot(F) together with its standard fibre functors. Consider a triple
(T, ,w) where

(3.18.1) Tis a semisimple Tannakian category over QQ for which there exists a tensor functor
Woo: T = Vo preserving weights;

(3.18.2) m is a germ of an endomorphism of idt for which there exists an isomorphism
y: P — x(T) sending f to m;

(3.18.3) w = (w?,wp) with w? a fibre functor over A? and wp an exact tensor functor
T — Vp(F) such that, for each object X of T, wp(fx) = 70, (x)-

The system (Mot(F), 7, w) satisfies these conditions, and the next theorem shows that
they determine it up to equivalence.

THEOREM 3.19. Suppose (T, 7, w) and (T', 7/, w’) are two triples satisfying (3.18). There
exists an equivalence of tensor categories S:T — T’ carrying 7 into " and isomorphisms
s = (s?,sp) of fibre functors on T

sP:w? > wPoS

. /
Spiwp —> w,08.

PROOF. By assumption,
x(T)=P =n(T),

and an equivalence S:T — T of tensor categories will map f to f” if and only if it induces
the identity map on P. There exists such an S if and only if T and T’ have the same
cohomology class in H2(Q, P). Because Ker?(Q, P) = 0, it suffices to check this locally.
By assumption, there is a functor weo: T ® R — V& such that the map (Vo) — 7 (T) is the
weight map w: G,, — P. Therefore the class of T® R in H2(R, P) is the image of the class
of Voo in H2(R,G,,) under the map defined by w. Similarly, the functor w p:T— V,(F)
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determines the class of T® Q, in H?(Q), P). Finally, the assumption that there is a fibre
functor over Q for all £ # p, oo, implies that the class of T in H?(Qg, P) is zero. Hence S
exists.

Because H1(Q, P) = 0, the functor S is unique up to isomorphism.

Choose one S. Then wj and a);, o S are both fibre functors on T, and Hom® (w » wjv 0S)
is a torsor for P over Q,. Since H (o) p,P) =0, we see that there is an isomorphism
Spiwp —> a);, o §. The proof that s? exists is similar.

For the subcategory Mot (IF) of motives of weight zero, we can be a little more precise.

THEOREM 3.20. Let (T,7,w) and (T', 7/, w’) be two triples satisfying the conditions (3.18)
with P replaced by Py. There exists an equivalence of tensor categories S:T — T’ carrying
m into v” and isomorphisms s = (s?,s,) of fibre functors on T

sP:w? > wPoS
. /
Spiwp —>a)poS.

Any two such pairs (S1,s1) and (S»,s2) are isomorphic, i.e., there is an isomorphism of
tensor functors «: S1 — S such that the following diagram commutes for all objects X of T:

0(X) =—— w(X)

b I

' (51(X)) LEN 4 (s,(x)).

PROOF. The same proof as for (3.19) shows that there exists a pair (S, s).

Consider two pairs (S1,s1) and (S2,s2). We know from (3.13) that there is an isomor-
phism «:S; — S5 of tensor functors. Both w’(«) o1 and s, are isomorphisms of fibre
functors w — @’ 0 S,, and hence they differ by an automorphism of w, i.e., by an element of
Po(A #). Thus it remains to prove that Po(A y) = 1. This is achieved by the next lemma.

LEMMA 3.21. Let T be a torus over Q such that T (R) is compact. Then T(Af) =1.

PROOF. Because T'(R) is compact, T'(Q) is discrete in 7'(A ¢ ), and the quotient T'(A r)/ T'(Q)

is compact. Therefore, ignoring finite groups, the quotient is isomorphic to T(Z), and
NT@Z)N =1.

For the much simpler category E we have only the following result. Consider pairs (T, w)
where

(3.22.1) T is polarizable Tate triple over Q having no fibre functor over R for which the
weight map is an isomorphism w: G — 7 (T);

(3.22.2) w = (w?,wp) with w? a fibre functor over AI} and w, an exact tensor functor
T — V,(F) such that if X has weight m, then w,(X) has slope m /2.

For example, (E, w) is such a pair.
PROPOSITION 3.23. Suppose we have two pairs (T,w) and (T', ") satisfying (3.22). Then

there exists an equivalence of Tate triples S:T — T’ and an isomorphism s:w — @' o S of
tensor functors.
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PROOF. Straightforward.

Unfortunately, two such pairs (S7,s1) and (53, s2) need not be isomorphic, because we
can replace s with its product by an element of a € A%, and the resulting pair will not be
isomorphic to the original pair unless a € Q*.

The groupoid attached to Mot(IF')

We shall need the notion of a groupoid scheme (see Deligne 1989, §10; Deligne 1990, §3;
Milne 1992, Appendix A; Breen 1992).

Let So = Speck, where k is a field of characteristic zero, and let S = Speck®. An
S/ So-groupoid is a scheme & over Sy together with two So-morphisms s,¢:® — S and a
law of composition (morphism of S X, S-schemes)

0:®Xs5:6—>6

such that, for all schemes T over Sy, (S(T),®(T), (¢,s),0) is a groupoid in sets, i.e., S(T)
is the set of objects and &(7') the set of morphisms for a category whose morphisms are all
isomorphisms (¢ and s map a morphism to its target and source respectively, and o gives the
composition). A groupoid is said to be affine if it is an affine scheme, and it is said to be
transitive if the map (¢,5): ® — S x5, S makes & into a faithfully flat S x g, S-scheme. We
refer to (Deligne 1990, 1.6), for the notion of a representation of a groupoid over S. The
collection of such representations forms a Tannakian category Rep(S: &) over k.

Henceforth, all groupoids will be affine and transitive.

The kernel of an S /Sy-groupoid is

GE=6AEA*6, A:S - Sxg,S (diagonal morphism).

Under our assumptions, it is a faithfully flat affine group scheme over S.

Let T be a Tannakian category over k, and let w be a fibre functor over k. Write
Aut®(w) for the functor sending an S xg, S-scheme (b,a):T — S xg, S to the set of
isomorphisms of tensor functors a*w — b*w.

THEOREM 3.24. Let T be a Tannakian category over k, and let w be a fibre functor of T
over k*; then Aur® (w) is represented by an S/ So-groupoid, and w defines an equivalence of
tensor categories T — Rep(S: ®). Conversely, let & be an S /Sg-groupoid, and let @ be the
forgetful fibre functor of Rep(S: &); then the natural map & — Aut® (w) is an isomorphism.

PROOF. See Deligne 1990, 1.12.

REMARK 3.25. (a) Let & be the groupoid attached to (T,w). Then G £ %4 is an affine
group scheme over S with a canonical “descent datum up to inner automorphisms”, i.e., it
represents a band (see Milne 1992, p. 223). In fact it represents the band of the gerb of fibre
functors of T. In the case that the band is commutative, the descent datum defines an affine
group scheme over k, which can be identified with 7 (T).

(b) Assume & has a section over S X, S. Then the map

6(S) L2 (5 x5, 8)(S) = Gal(k™/ k)

is surjective and the law of composition on & defines a group structure on &(.S) for which
following sequence is exact:

1 - G(S) = &(S) — Gal(k¥/ k) — 1.
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EXAMPLE 3.26. The C/R-groupoid &, associated with V4, and the forgetful fibre functor
has kernel G, and the associated exact sequence

1 > C* = B4 (C) — Gal(C/R) — 1
identifies B4, (C) with the real Weil group.

EXAMPLE 3.27. Let G be a group scheme over k. The neutral S /Sy-groupoid defined by
G is
def

®G =G XSo (S XS0 S).

The associated exact sequence is
1 - G(k™) - G(k™) xGal(k™/ k) — Gal(k¥/ k) — 1.

Let T be a Tannakian category over k with a fibre functor w over k, and let G = Aur® (w);
then the groupoid attached to T and w ® k¥ is B¢.

EXAMPLE 3.28. The ng /Qp-groupoid &, attached to V, (IF) has kernel G, the universal
covering group of G,. If M is an isocrystal over F of slope A, then G acts on M through
the character A € Q = X*(G).

Choose for each prime £ a commutative diagram:

Qal < . @2]

|

Q——Q
For { = 00, Q¢ = R and Q;}l = C. On pulling back a Q¥ /Q-groupoid 3 by the map
Spec(Qf ®q, Q}) - Spec(Q* ® Q")

we obtain a Q"l}l /Qg-groupoid P (£).

Write z for the weight homomorphism Q5§o = Gy — P(p®)r (corresponding to the
map W(p®°) — Z sending 7 to its weight).

Write z, for the homomorphism (’51A, =G — P(p*™)q, corresponding to the map 7 —
ord, () /n: W(p*>°) — Q, where (7,,n) represents 7 and ord, is the extension of the
p-adic valuation on Q corresponding to the chosen embedding of Q¥ into Q‘g.

For £ # p, 00, write &, for the trivial Q;}l /Qg-groupoid Spec(@%l ®q, Q;}l), and z, for
the unique homomorphism &4 = 1 — P( ),

THEOREM 3.29. Let M(w) be the Q¥ /Q-groupoid defined by a fibre functor @ of Mot(F)
over QY. Then

(a) the kernel of M(w) is P(p°);

(b) for each prime £ of Q (including p and co), there is a homomorphism (p: &y —
M(w) (L), well defined up to isomorphism, whose restriction to the kernel is z;.

If M(w') is the groupoid attached to a second fibre functor over Q%, then the choice of
an isomorphism @ ~ o’ determines an isomorphism o:9M(w) — M(w’) whose restriction
to the kernel is the identity map; moreover «(£) oy ~ ¢ 2, and changing the isomorphism
between the fibre functors replaces o with an isomorphic isomorphism.
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PROOF. That M(w)? = P(p) follows from (3.25a) and (2.38). The homomorphism
o2&y — M(w)({) is induced by the choice of an isomorphism @ ®ga Q;l — wy Qq, Qzl.
The rest of the proof is a a straightforward application of the theory of Tannakian categories,
using what has already been proved.

REMARK 3.30. A fibre functor  of Mot(F) over Q% defines by composition a fibre functor
o’ of Mot(F,) over Q. The groupoid M (w’) attached to Mot(F,) and o’ is obtained from
M(w) by pushing out with respect to P(p*°) — P(q) (see Deligne 1989, 10.8, for the
“push-out” of a groupoid).

Existence results
Now drop the assumption of the Tate conjecture (1.14).

THEOREM 3.31. There exists a system (3, ({;)) consisting of a Q" /Q-groupoid 3 such
that 34 = P (p>°) and a family of morphisms £y: ¢ — B () such that QA =zp. IF (P, (5)))
is second such system, then there is an isomorphism «:3 — %’ such that «® = id and
;2 ~ « o {y; moreover, « is uniquely determined up to isomorphism.

PROOF. Let ¢, be the cohomology class of the groupoid &, in H%(Qy, Gy). I claim that
there is a unique class ¢ € H?(Q, P) mapping to zy(cy) for all £. Since P = Py ® Gy, it
suffices to prove this for each factor. But

H?(@Q. Po) = P, H? (@, Po)

and so this is obvious on the first factor. On the other hand, zy(cy) = 0 (in H2(Qy,G,,)) for
£ # p,00, and
invy(zp(cp)) =1/2 =inveo(Zoo(Coo)),

and so it is also obvious for the second factor. Choose a groupoid 3 corresponding to c.

If (P, (£;)) is a second pair, then the existence of the maps ¢, implies that the cohomol-
ogy class of 3’ is the same as that of *3 locally, and hence (see 3.11d) globally. Therefore,
there is an isomorphism «:3 — R’ that is the identity map on the kernel. The scheme
Hom®(a o0&y, ¢ 7) is a torsor for Pg,. Now (3.11b) shows that the torsor is trivial, and so

otoQ %é‘é

COROLLARY 3.32. There exists a Tate triple (T,w, T'), a germ of a tensor endomorphism
m of T, and a pair ® = (w?,wp) such that the system (T, 7, w) satisfies the conditions (??).

PROOF. Take T = Rep(S:8). The weight homomorphism G,, — P defines a weight
filtration on T. The action of f defines 7, and the homorphisms ¢, define w.

Notes

The form of the statement of Theorem 3.13 was suggested by a general remark of Grothen-
dieck on the classification of Tannakian categories. Theorems 3.19 and 3.20 were explained
to me by Deligne (who credits them to Grothendieck), and Theorem 3.31 is proved in
Langlands and Rapoport, 1987.1°

10The proof of Langlands and Rapoport is completed in Milne 2003.
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4 The Reduction of CM-Motives to Characteristic p

Hodge structures of CM-type

The Mumford-Tate group MT(H ) of a polarizable rational Hodge structure H = (V,h) is
the algebraic group attached to the forgetful fibre functor on the Tannakian subcategory of
Hdgg generated by H and Q(1). It can also be described as the largest algebraic subgroup
of GL(V) x G, fixing the Hodge tensors of V, or the smallest algebraic subgroup G of
GL(V) x Gy, such that G¢ contains the image of

z> (up(2),2): Gy — GL(V Q@ C) X Gy

Here uy: Gy — GL(V ® C) is the homomorphism such that pp(z) acts on V"> as multipli-
cation by z7". The Mumford-Tate group is connected and reductive.

A polarizable rational Hodge structure (V, &) is said to be of CM-type if its Mumford-
Tate group is commutative, and hence is a torus 7. We regard z — (4 (2), z) as a cocharacter
pwofT.

PROPOSITION 4.1. A pair (T, 1) arises as above from a rational Hodge structure of CM-
type if and only if

(a) the weight —u —tu of w is defined over Q;
(b) w is defined over a CM-field; and

(c) m generates T, i.e., there does not exist a proper subtorus T of T such that Té contains
the image of |.

PROOF. See Deligne 1982, pp. 42—47.
For a CM-field L C C, let S be the quotient of (G,,) 1, /@ having character group
X*(STy = (A € ZH"@O | A (1) + A(17) = constant}.
Define ! to be the cocharacter of S such that
(A, kY = A(zo), all X e X*(Sh),

where 7¢ is the given embedding of L into C. If L C L’ C C, the norm map defines a
homomorphism S L_, gL carrying [,LL/tO wk. We define

T L 1 L
S—l(lnS , Mcan—LlnM .

The pair (S, fican) is called the Serre group. If Q™ denotes the union of all CM-subfields
of Q¥, then X *(S) can be identified with the set of all locally constant functions

1:Gal(Q™™/Q) — Z

such that A(t) + A(tt) = —m for some integer m (called the weight of 1).

PROPOSITION 4.2. The rational Hodge structures of CM-type form a Tannakian subcat-
egory Hdngm of Hdgq. The affine group scheme attached to the forgetful fibre functor is
S.
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PROOF. Since Aur® (Wforget) = limMT(H ) where H ranges over the Hodge structures of
. Nowl
CM-type, this follows from (4.1) and the next lemma.

LEMMA 4.3. Let (T, i) be a pair satisfying the conditions (a) and (b) of (4.1). Then there is
a unique homomorphism p,.: S — T (defined over Q) such that (p;,)Q © ftcan = |; moreover

(S ean) = (T’ )
where the limit is over all pairs (T, ) satisfying (4.1a,b,c).
PROOF. When restated in terms of character groups, the lemma becomes obvious.

REMARK 4.4. Let T be a torus over a field k of characteristic zero. If k is algebraically
closed, then each character y of T defines a one-dimensional representation V() of T over
k, and every irreducible representation is isomorphic to V() for exactly one y; consequently

T (Repy(T)) = X*(T).

More generally, Repy (T') is a semisimple Tannakian category over k, and Repy (T) ® k' =
Repya (T'). Therefore (3.14) shows that there is a bijection

I\X*(T) — X (Repi(T)). I = Gal(k¥/ k),

under which a simple representation V of T over k corresponds to the set of characters
occurring in V ®j k&,

Motives of CM-type

For an abelian variety (or motive) A over C, the Mumford-Tate group of A is defined to be
Mumford-Tate group of Hp(A) < H (A4,Q).

A simple abelian variety A over an algebraically closed field k is said to be of CM-type
if End(4) ® Q is a field of degree 2dim A over Q, and a general abelian variety over k is
said to be of CM-type if its simple (isogeny) factors are. An abelian variety over an arbitrary

field k is of CM-type'! if it becomes of CM-type over k.

PROPOSITION 4.5. An abelian variety over C is of CM-type if and only if the rational
Hodge structure Hp (A) is of CM-type.

PROOF. See, for example, Deligne 1982, 5.1.
PROPOSITION 4.6. The category Hdg@m is generated by
{Hp(A) | A an abelian variety of CM-type over C}.

PROOF. We have to show that Repg(S) is generated by the representations of S on
{Hp(A)}. For this, it suffices to show that X *(S) is generated by the set of characters
arising from abelian varieties of CM-type over C.

Let L C Q™ be Galois over Q. A CM-type @ for L is a function @: Hom(L,C) — {0, 1}
such that @ +:® = id. An abelian variety 4 over C together with a homomorphism

11Some authors say “potentially of CM-type”.
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L — End(A4) ® Q is said to be of CM-type (L,®) if Hp(A) is a one-dimensional vector
space over L and the representation of L on the tangent space to A at 0 is equivalent to
> @(¢)p. An abelian variety of CM-type (L, ®) always exists, and for such a variety A, @,
when regarded as a character of S, occurs in the representation of S on Hp(A4) ® Q.

Thus it suffices to show that, for any CM-field L Galois over Q, X *(SL) is generated
by CM-types. Choose a set of representatives R = {¢1,...,¢g} for Hom(L,C)/{1,}, and
let @; be the CM-type with support {¢1,....¢0;1.L¢;.¢j+1....,¢g}. Forany A € X*(S),
A— Z}gzl A(tp;)®@; takes the value O on any element of (R, and hence is a multiple of the
CM-type @ having support R.

For a smooth projective variety V' over a field k of characteristic zero and integer r,
Deligne has defined a space A7 (V') of absolute Hodge cycles of codimension r on V
(Deligne 1982, p.36). When k = C, there are maps

AT (V)< Z7 (V) > AL (V) C Al (V)

where A% (V) is the space of Hodge cycles of codimension r. The Hodge conjecture asserts
that the map Z" (V') — A%, (V) is surjective, which implies that it has the same kernel as
Z" (V) — A"(V), and hence induces isomorphisms

AT(V) S AT (V) S AL (V).

Fix a field k of characteristic zero. Analogously to CV®(k) we can define a category
having one object ~(V') for each smooth projective variety V' over k, and having the absolute
Hodge cycles as morphisms, i.e.,

Hom(h(V),h(W)) = ASmV (v x W).

On adding the images of projectors and inverting the Lefschetz motive, we obtain a (Q-linear
tensor category. In this case, the Kiinneth components of the diagonal are automatically
morphisms, and so we can define a gradation on the category and use it to modify the
commutativity constraint. In this way we obtain the category Mot, g (k) of motives over k
for absolute Hodge cycles (see Deligne and Milne 1982, §6).

Define CM(k) to be the Tannakian subcategory of Mot, g (k) generated by the objects
h1(A) for A an abelian variety of CM-type over k, the Tate motive, and the objects /4 (V') for
V a finite scheme over k. We refer to the objects of CM(k) as CM-motives over k.

PROPOSITION 4.7. For any algebraically closed field k C C, the functor
X ~ Hp(Xc):CM(k) — Hdg?:@m
is an equivalence of Tannakian categories.

PROOF. Assume first that kK = C. The main theorem of Deligne 1982 shows that for abelian

varieties A and B over C,
ALy (AxB) = Ay (Ax B),

and therefore
Hom(h1(A),h1(B)) = Hom(Hp(A), Hp(B)).

That X ~» Hpg(X) is fully faithful is now obvious, and (4.6) shows that it is essentially
surjective.
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Now consider an arbitrary algebraically closed field k C C. For any smooth projective
varieties V' and W over k,

(ibid. 2.9a) and so the functor
X » Xc:Motyg (k) — Mot, g (C)

is fully faithful. Hence its restriction to CM(k) is also fully faithful, and because every
abelian variety of CM-type over C has a model'? over k, it is also essentially surjective.

COROLLARY 4.8. For any algebraically closed field k C C, the affine group scheme at-
tached to the fibre functor Hg on CM(k) is S. Hence

zZ(CM(k)) = S

and
Y(CM(k)) = X (Repg(S)) = I\ X*(S).

PROOF. Immediate consequence of (4.7), (4.2), and (4.4).

REMARK 4.9. In fact, for any algebraically closed field k of characteristic 0, CM(k) is a
neutral Tannakian category over (Q, and the affine group scheme attached to any fibre functor
o over Q is canonically isomorphic to S. In more detail, each object of CM(k) has a (de
Rham) filtration, and there is a unique isomorphism «: S — 7w (CM(k)) such that & o ptcan
splits the de Rham filtration on each X.

Discussion of the problem of reducing CM-motives

For the rest of this section, we fix a prime wq of Q% lying over p, and define Q;l to be the
algebraic closure of @, in the completion of Q% at wgy. We take [ to be the residue field of
Q.

Let A be an abelian variety over Q¥ of CM-type. Then A will be defined over a number
field K, and it follows easily from Néron’s criterion for good reduction that, after we pass
to a finite extension L of K, A will acquire good reduction at wq (see Serre and Tate 1968,
Theorem 6). We therefore obtain an abelian variety A(wq) over the residue field k(wg) of
wo in L, and, by extension of scalars, we obtain an abelian variety A(p) over F.

LEMMA 4.10. The abelian variety A(p) is well-defined by A (up to a canonical isomor-
phism).

PROOF. Consider two models (A1,¢1) and (A2, ¢2) of A over number fields K and K>.
There will be a number field L containing both K; and K> and such that
(a) Ap and A3 both acquire good reduction over L at wy;
(b) the map ¢ = @20 (pl_l :(A1)ga —> (A2)qa is defined over L.
Now the reduction of ¢ is an isomorphism A1 (p) — A2(p).

12 An abelian variety 4 over C of CM-type will have a specialization over k that is of the same CM-type as A,
and hence becomes isogenous to A over C
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In this way, we obtain a functor A »> A(p) from the category of abelian varieties of
CM-type over Q% to the category of abelian varieties over F.

Consider a CM-motive X over Q. After replacing X with X (m) for some m, there will
exist a CM-motive Y and abelian varieties A; of CM-type such that

XY = ®ih1(Ai),

ie., X = (Qhi1(4;),q) for some projector g. If g is algebraic, then we can define X(p) to
be (R h1(A4i(p)),q(p)). Consequently, if the Hodge conjecture holds for abelian varieties
of CM-type, then there is a functor

R = (X » X(p)):CM(Q") — Mot(F)

such that, for any abelian variety 4 of CM-type over Q¥, h(A)(p) = h(A(p)). In particular,
we will obtain the following:

(a) amap X (CM(QY)) - ¥ (Mot(F));
(b) a map x(Mot(F)) — = (CM);
(c) for all £, a functor wg o R(£): CM(Q™) ® Qp — Vy;

Recall that, under the assumption of the Tate conjecture, we showed that X' (Mot(IF)) =
C\W(p®) and = (Mot(F)) = P(p°). We shall construct a canonical homomorphism
y: P(p®>°) — S, a canonical map I'\ X *(S) — I'\W(p®), and canonical functors

£1:Repg, (S) = CM(Q™) ® Q¢ — Vy.
Then we show that if (T, 7, w) is a triple satisfying the conditions (3.18), there is a functor
R:CM(Q*) - T
such that 7 (R) = y and wy o R({) =~ &,.

The map on isomorphism classes

LEMMA 4.11. Let L be a CM-field that is Galois over Q, and let wg be a prime of L lying
over p. Let h be such that p&o is principal, let r = (U:U ") where U is the group of units
in L and U™ is the subgroup of totally real units, and let f be the residue class degree
f(wo/p). Let a be a generator of pﬁ)o. For any n divisible by 2hrf and y € X*(S1),

x(a="/") is independent of the choice of a, and lies in WL (p™).
PROOF. Straightforward.
Thus we have a well-defined map
x> (0 = x@"y:x*(8E) - wiph).
For a fixed L, these maps define a homomorphism
X7 GO X (ST = W(p™),
and when we let L vary over the CM-subfields of Q%, they define a homomorphism
x = w(0): X*(S) = W(p™).

This map is invariant under the action of I" = Gal(Q/Q), and so we have proved the
following result.
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PROPOSITION 4.12. (a) There is a canonical homomorphism
y:P(p>*°) — S.
(b) There is a canonical homomorphism

x> [ ()]
—_—

DEM@") = I\X*(S) - F\W(p>) = I'\ X (Mot(F)).

PROPOSITION 4.13. The homomorphism in (4.12) is compatible with the reduction of
abelian varieties of CM-type, i.e., if y is the character of S associated with a simple abelian
variety of CM-type A over Q, then [ ()] is the Frobenius element of A(p).

PROOF. This is a restatement of the theorem of Shimura and Taniyama (1961, p. 110,
Theorem 1).

REMARK 4.14. Let X*(SL)o be the subset of X *(SL) of elements of weight 0. For any n
divisible by hrf, the composite

x*shy > W (q)/torsion 2 @Zw,
wlp
where « is as in (2.27b), is
)&I—)Z( > A(o))w.
oTwWo=w

The image of this map is equal to the kernel of 8, which completes the proof of (2.27b). This
remark also proves that the map X *(S) — W(p°) is surjective. In conjunction with the
Hodge and Tate conjectures, this implies that the reduction functor

CM(Q™) — Mot(F)

is surjective: every motive over [ lifts to a motive of CM-type.

The functor CM(Q*) @ R — V4

Let (V, p) be a real representation of S. Then w(p) & Wean © p defines a gradation on V ® C.
Let F be the map
vie p(u() " HTV @C - VRC.

Clearly F is semilinear, and F? is multiplication by (i )u(i) = w(—1). Therefore it acts
as (—1)™ on the m*" graded piece, and so (V(p) ® C,«) is an object of V.

PROPOSITION 4.15. The above construction defines a tensor functor £s: Repr(S) = Vo.

PROOF. Straightforward.



4 THE REDUCTION OF CM-MOTIVES TO CHARACTERISTIC p 49

The functor CM(Q™) ® Q; — V(F), £ # p,o0

Let X be a CM-motive over Q¥. Then X will have a model over a finite extension L of Q,
and, after replacing L with a finite extension, we may assume that the action of Gal(Q /L)
on wy(X) is unramified at wg. Therefore, we obtain a representation of D(wg)/I(wp) =
Gal(F/F4) on we(X).

PROPOSITION 4.16. The germ of a representation of Gal(IF/IF ) on wy(X) given by the
above construction is independent of the choices involved. In this way we obtain a canonical
functor

£0:CM(Q™) ® Q¢ — V¢ (F).
PROOF. Straightforward.

REMARK 4.17. It is possible to give a direct construction (i.e., without mentioning CM-
motives) of &. The construction uses the Taniyama group and a result of Grothendieck
(Serre and Tate 1968, p.515).

The functor CM(Q¥) ® Q, = V,(F)

Let (V, p) be arepresentation of S over Q. Then p will factor through S L for some L C Q™.
Choose a generator a for the maximal ideal in L,,,, and let b = Nme0 / k(ut@)) e

SL(K) where K is the maximal unramified extension of Q p contained in L,,,. Define
M=V ®K(E), F(x)=(1Q0)(bx).
PROPOSITION 4.18. The above construction defines a tensor functor
£p:Repg (S) — Vp(F).
PROOF. Straightforward.

REMARK 4.19. The functor £, defines a homomorphism G — § on the fundamental groups.
The corresponding map on the character groups is

X*(sH->Q. A —[Lu:Qp7' > o)

oeD(wgp)

where D(wgo) C Gal(L/Q) is the decomposition group.

The cohomology of S

It is convenient at this point to compute the cohomology of S.

LEMMA 4.20. Let L be a CM-field, with largest totally real subfield F'. There is a canonical
exact sequence
1= (Gm)r/g = (Gm)L/gxGm — SE — 1.



4 THE REDUCTION OF CM-MOTIVES TO CHARACTERISTIC p 50

PROOF. It suffices to check that the corresponding sequence of character groups is exact,
but this follows from the fact that the map

ZHom(L,(C) ¥ 7, —> ZHom(F,(C)

Y A@rm|— Y AMo)T|F-m Yoo«

t€Hom(L,C) t€Hom(L,C) t€Hom(F,C)

is surjective with kernel X *(SL).

PROPOSITION 4.21. For any CM-field L,

H'(Q.8") S P H Q.85
l

H?*(Q.8%) — P H*(@Q¢. 51).
L

PROOF. Consider the following exact commutative diagram:

0 0

! l

H'(Q$') ——— ?HI(QLSL)

! l

0 —— Br(F) > PBr(Fy)) ———— Q/Z ——— 0
0—— Br(L);Br(Q) — @BBr(Ly) x@PBr(Qp) —— Q/ZxQ/Z —— 0
w ¢

! l

H*@Q,8') ——— ?HZ(QZ,SL)

| |

0 0

The columns are the cohomology sequences over Q and @y of the exact sequence in
(4.20), and the two middle rows come from class field theory. The vertical map at right is
that making the following diagram commute:

H*(F,.C) — &, Q/z

l(res,cores) l

(inv,inv)

H?(L,C)x H*(Q,C) —/ Q/ZxQ/Z.

Here C is the idele class group and inv is the invariant map of class field theory. Let
m = [F:Q)]. Tt is known that the restriction map

H?*@Q,C)— H?*(F,C)
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induces multiplication by m on Q/Z. Because
coresores = m

we see that cores must induce the identity map on Q/Z. Therefore the map at right is
injective, and now the snake lemma completes the proof.

The functor CM(Q*) — Mot(IF)

THEOREM 4.22. Let (T,7,w) be a triple satisfying the conditions of (3.18). Then there
exists a tensor functor
R:CM(Q™) - T

such that

(a) the homomorphism P — S defined by R on the fundamental groups is equal to the
map y in (4.12a).
(b) for all £, the composite

R
CM@") ® Qy > T®Qy =5V,

is isomorphic to the functor &;.

Any other tensor functor with these properties is isomorphic to R.

PROOF. We first should note that the two conditions are compatible, i.e., the map
Zy Y
Gg — PQE — SQZ

is equal to that induced by &; on the fundamental groups. Only the prime £ = p presents
difficulties, but this case follows easily from the formula in (4.19).

There exists a tensor functor satisfying (a) if and only if the class of T in H?(Q, P)
maps to zero in H?(Q, S). After (4.21), it suffices to check this in the local cohomology
groups H2(Qy, S).

Consider

H?(Qq. Go) = H*(Q¢, P) — HA(Q. S).

The existence of the functors w; shows that the class of T in H?(Qy, P) is the image of the
class of Vg in H?(Qy, Gy). But the existence of the functors &, show that this class maps to
zero in H2(Qy, S).

Hence there exists a functor R:CM(Q¥) — T satisfying (a). Then wy o R({) and &,
are both tensor functors CM(Q¥) ® Q; — Vy, and Hom® (w; o R(£),£&;) is a torsor for S
over Qy. According to (4.21), the cohomology classes of these torsors arise from a unique
element of H'(Q, S), which we use to modify R. Then R satisfies (b), and is uniquely
determined up to isomorphism. 3

REMARK 4.23. Consider a pair (R, (r7)) where R is a tensor functor CM(Q) — T and r,
is an isomorphism wy o R(£) — &;. If (R’, (ré)) is a second such pair, then the theorem tells
us there exists an isomorphism «: R — R’, but it may not be possible to choose « to be carry
rginto ry.

13The proof of Theorem 4.22 is incomplete—it only proves the statements with P and S replaced by PX and
SK for K sufficiently large. See Milne 2003.
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Notes

This section gives a geometric re-interpretation of the cocycle calculations in Langlands and
Rapoport 1987, pp 118-152.
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