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1 �� /W��[p X R4;} 2n T2x��xX X wi��T
H0(X, Q), . . . , H2n(X, Q),��TR Q iXuT�oP�B�< Poincaré�( (Hi �(℄ H2n−i), Lefschetz /�~G�yy�i��TX�(/�w�B!� — `S4Gj� C̆ech i���oQ[7 — j���/�w�B!��>Qy�wT (`U2�< Eilenberg-Steenrod G^h). l X �,/ex�z�yX de Rham i��T Hi

dR(X). ���� C i�oP��j�+/>QÆwT�IR^�X 3 Hi
dR(X) ≃ Hi(X, Q)⊗Q C (V��l X �

Kähler x�z� de Rham i��TDX Hodge '/�I�8FpA�w�g . . . ).

2 T�nk /W��[qqKyg��d k iw n T%4GnQg�℄ X . 
 X V k iw4��}��B�%4GnQ>!�X6
 k = C, x℄iw~ X(C) HE4; 2n T2x��
1 r+Y_Y��r,Gr?�Zx�&�
%��:x~r��_X!7W	>5��>M�t
x — /v�	 “�d ”b “&� ”rr;ÆjxA5+r���:x “GE ”(Æ�:x�& — F1) . . . �"	r_BS5<�&�xZx;�1+�rx>>Ygx4)DE�

— Grothendieck, �Æ�b-)��M,� — i1
2 C!� “Motive”	0Tq�TN�*s�elT=��-x~s"�x�
�elrBsx{k�n$w5<�: (r=MxK[b��\t% “Motive”��FF “�: ”), aZ
�;
�:gzz�Wm�)*?-��:x0Æ%ux6��>m$��:x6�~rrs1j� — F1
3 T ≃ (���AI�z� M ⊗Z Q S MQ.— i1

1



2

Weil N℄g�℄iC&qXud$w~w;�wCA ([We]) ^�,8Q/�w
“Weil5{ ”,2>QpXudi!Hw/w;�ayOw,h�!H�Bw℄wJ/�"wNh�6)��,�q~w;�"nLV4;yOw C iwg�℄w Betti �*Q �b`��℄ p gd Fp iwS:R g wHw X 2~w;� |X(Fp)| �</y��

||X(Fp)| − p− 1| ≤ 2gp
1
2 , g = XwS:,

Weil f+ C i��AH
w Betti �!J?W�% Fp iDXy�T�ay�X�wAH
iw~�WR� (,wf+� Dolbeault 
}). pVd3'5{LVDXl℄�"wg�℄wi��^} (` Q h���Rw Betti �� Poincaré �(�^�
Lefschetz /�~�^� . . .) FQ��}i��`^�#Jqw��( Q wh�i��^}+/`q�jqVlw!�%$!�>
��q'~h�q�;6� 0 wd (/� Q) $w℄wi��^}�='�q 60 %g� Grothendieck �Bp Étale i��a8;i���+
��(g�!��Bw de Rham i��ld6�R 0 zDX℄w�"��℄9x$E^�X0�wi��^}�q Q i�Sp??w+�<K���;#� ℓ yX`k�Bw+��

|ℓr m
n | = 1/ℓr, m, n ∈ Z B/�ℓ	S��;+��� Q ER4;
oP��#2L�tl�^�uqd Q2, Q3, Q5, . . ., R.��;/�℄ k w6�w#� ℓ, Étale i��>Qi��T 4

H0(X, Qℓ), . . . , H
2n(X, Qℓ)��� Qℓ iXuT�oP�+B�< Poincaré�(�Lefschetz /�~G��yy�uKyX de Rham T Hi

dR(X), 2R k iXuT�oP���Bq6� p 6= 0 z�X8;i��T�2R�;6� 0 d (
h�q k $w Witt �oxw'�d) iwXuT�oP����i��^}/L!y��IR.�>QLO/�wdiw�oP��j�.�1/�/yNhw�b`�V4;�xRn α : X → X [oQwRn αi : Hi(X)→ Hi(X)w� (trace) ��4;ai��^}`NwX^� 5. IV�=(��'�"n`q6g��Bwi��T Hi(X, Q) �uX Hi
et(X, Qℓ) ≃ Hi(X, Q)⊗Q Qℓ yy�j�}P+%`V�

3 ��vJR*T�W Q-��[�R|��Xg��Bw Q− i�� (
Yg�℄q Q− �oP�w[7) <[oQ
Grothendieck *�Bw��/�wi��
X"0o	p X �6� 0 wg��d k iw%4GnQ℄�l^�J�4;<b k → C z�^�
uq4;,x� X(C), ��

Hi
et(X, Qℓ) ≃ Hi(X(C), Q)⊗Qℓ

Hi
dR(X)⊗k C ≃ Hi(X(C), Q)⊗Q C.{Fv ��;<b k →֒ C R}q=;i��Ti�B4; Q− -H�V��/�w<bL<>QLO/�w Q− -H�

4 � p (Æ k x7�) 2Y Étale jA�U Hi(X, Qp), k3�#H�	
a�m E 	B5HIkIx{�
H1(E, Qp) = 0.— i1

5 �;�r&s7�xF��W.~xÆ��0T Deligne[Del] O^ Weil 6|x.V� — i1



3R ��4~�0�IR X LVXu;�}��BY�3XXu;h��L`q
k w7d k0 iw�� X0 �u k � k0 w`u Galois U| — v Γ = Gal(k/k0). IV��w#v�Bp Γ q Hi

et(X, Qℓ) iw4;AS�`U k q C w/�w k0 <b>Q Hi
et(X, Qℓ) $wy�7P� Hi(X(C), Q), x Γ q Hi

et(X, Qℓ) iwAS#M�
Hi(X, Q). j��`u Galois T*R/L��� Hi(X, Q) L����X6L[oQ Γw4;XuhTq Hi

et(X, Qℓ) iwAS�V���4
�/�w 6.�^L��!Jq Qℓ− i��i>Q Q− -Hwg��Bwi��#.� Γ [oQXuhTAS�IV/L!`q�X_0o	HjHw E 
�S:� 1 BX��~ (T-Hwrg) wHw�q C i� E(C) �H℄ C N℄4;: Λ wh (IV�YJ/w(
J.�4;x
). 6){� E(C) �4;T� E w9�1
RV�< αΛ = Λ w,� α �BwRn z + Λ 7→ αz + Λ. VV>�� End(E) �! 1 � 2 w Z− �+B End(E)Q y℄ Q �R Q w4; 2 XUd
K. i��T H1(X(C), Q) � 2 T Q- �oP��IVq}�(E�2R 1 T K- �oP��l6� p 6= 0 z�yX}f(L!��
 End(E)Q L!� Q i 4 XSg� (%&{d). �(Sg�!AS℄2iw=�w Q- �oP�� 4 Tw�IV/`q4(Q−i��^}<[oQ Grothendieck*�Bw*X��/�wi��^}�j^�\`
=�((���p�2"n`q�4�}�
 Grothendieckw|
��9^}�q�25}:�^��//�4kg�j (algebraic cycle).

4 T�r"�\%p X �d k i n T%4GnQ℄� X iw#j (prime cycle) 
R X w4;�7℄ Z B2/!
Em;��7℄w+�2_T� (codimemsion) � n − dim Z. `U
Z1 a Z2 ��#j�x

codim(Z1 ∩ Z2) ≤ codim(Z1) + codim(Z2),ly�Edz^� Z1 a Z2 ��y& (properly intersect).

X w_T�R r wg�jT Cr(X) 
�V_T� r w#jwEw9V Abel T�m;g�j γ1 a γ2 CR�y&�� γ1 w�;#ja γ2 w�;#j��y&�q�(ERk2&� γ1 · γ2 �X�Bw — 2R_T� codimZ1 + codimZ2 wj�b`�
P1

P2 P3

P

γ1

γ2

γ1

γ2

γ1 · γ2 = P1 + P2 + P3 γ1 · γ2 = 2PVV�^�uqp3'X�BwRn
Cr(X)× Cs(X)−− > Cr+s(X).

6 \{|!� Tate 6|!x	�m k0 	 Q xYvxFV}{� Galois Ur Aut(Hi
et(X, Qℓ)) %x�rgeI�j�h�kxar�xm�� — i1



4 Ruqq	;
eiX�BwRn�^��/!J9�g�j�X wm;j γ0 a
γ1 CRX^y� (rationally equivalent) w 7 ��`q X × P1 iw4;g�j γ �u
γ0 � γ q 0 iwoT�� γ1 � γ q 1 iwoT��>Qp4;y�Nh�^�v
Cr

rat(X) '�yOwhT�L<
��&� (intersection product)�Bp4;�L�Rn 8

Cr
rat(X)× Cs

rat(X)→ Cr+s
rat (X). (1)p C∗

rat(X) =
⊕dim X

r=0 Cr
rat(X). VR4; Q− g��CR X w Chow x�X^y��!Jqy�\i>QRn (1) w=jwg�jwy�Nh��=[w�(y�Nh���y� (numerical equivalence): m;g�j γ a γ′ CR��y����*XwX.T� (complementary dimension) wg�j δ ��X γ · δ = γ′ · δ. g�jw��y�\HEx C∗

num =
⊕dim X

r=0 Cr
num(X), 2R Chow xwhx�b`�nQ-
 P2 iw_T� 1w#j
�V/Ll6X�}� P (X0, X1, X2)�BwHw�')Vm;�}��Bw#j�X^y�wlB3l�m;�}�Xy�X��LT C1

rat(P
2) ≃ Z B< P2 $[��w*qw\R��

P1 × P1 $_T�R 1 w#j
RV4;N℄�4�*_ (X0, X1) a (Y0, Y1) *RL'6Xw/Ll�}� P (X0, X1; Y0, Y1) �BwHw�VjwX^y�\V4�X�*G��LT C1
rat(P

1 × P1) ≃ Z×Z B< {0}× P1 a P1 × {0} w\R���( ∆P1a {0} × P1 + P1 × {0} X^y��Yqq7� ∼ y℄ rat � num.q(��*Xw^�*5�Kwi��^}�*Xj\Rn
cl : C∗

rat(X)Q → H∗(X)
def

=
⊕2 dim X

r=0
Hr(X)2#X���B#&�RR�� (cup product).^'^�3���$[7wi��^}5�K�
Vg�℄w�xRn f : Y → X L�B�1 Hi(f) : Hi(X)→ Hi(Y ). V����4;Ddw>!�IR4
W 4;g�℄qu4;g�℄��w�xRn�fmw�g��^�O0o! “��Rn ”, ��AR�{ �� “�O ”(correspondence).Y X q Y w r X�OT�BR

Corrr(X, Y ) = Cdim X+r(X × Y ).b`��xRn f : Y → X wD (gragh)Γf �℄ Cdim X(Y × X), 23� Γt
f �℄

Cdim X(X × Y ) = Corr0(X, Y ). {Fv �Y Y q X w4;�xRn�Bp4;Y
X q Y w 0 X�O 9.Y X q Y w4; 0 X�O γ �B4;�1 H∗(X)→ H∗(Y ), 


x 7→ q∗(p
∗x ∪ cl(γ)).�` p a q �CQRn

X
p
←− X × Y

q
−→ Y.

7 �	A|z�xh�℄�� — i1
8 7*|�\An<h�k γ1 b γ2 �(*Y_z�^�z'xh�k γ′

1
b γ′

2
, ,C γ′

1
· γ′

2
xY_z�℄07Z^ γ′

1
b γ′

2
x$w� — i1

9 �a$�"�	0�:x�k	r��{k0v0����JS0b Grothendieck =�e4('mxB��K5�� — i1



5V Γt
f >Qwi��wRnaV f >Qw�4�w�^�8S�_�

Corrr
∼(X, Y ) = Corrr(X, Y )/∼, Corrr∼(X, Y )Q = Corrr

∼(X, Y )⊗Z Q.

5 |�W℄&
Grothendieck10 w{���O0`q4; i��^}2J�℄V�9HEw Q−�OM(k).

• IV�M(k) O0�4;�XuT Q− �oP��O VecQ 4-w�O (j+/LOy"). 6)�
– Hom O0� Q− �oP� (D�℄XuT);

– M(k) O0�4; Abel �O�
– 4��M(k) O0�4; Q iw Tannaka �O ( k
).

• O0`q4; i��^}
X  hX : (%4GnQ℄)→M(k).6)��

– �;g�℄ X O0�B4;�9 hX , �;Y X q Y wrX�OO0�B4;�1 hX → hY (6){�4;�xRn Y → X O0�B4;�1 hX → hY ).

– �;℄wi��^} 11 O0!Q4?W X  hX '/�Os^�L�i{#M∼(k) �BR�-w�O�� k i�;%4GnQ℄ X X��
hX , �1nV

Hom(hX, hY ) = Corr0∼(X, Y )Q�B�1nweE
R�OweE�*<��4;�O�V���`q6�pw/<�b`�4; Q− �oP� V w9�1 e, 
�< e2 = e, x2L#V�oP�'/E2
0 a 1 w6�P�

V = Ker(e)⊕ eV,
 (W, f) Ru4;�-w��xq Hom
Q - x�(V, W ) $X�

Hom
Q - x�(eV, fW ) ≃ f ◦Hom

Q - x�(V, W ) ◦ e.�-w-}q[� Abel�O$?Ed�IV�̀ U^�{X M∼(k)ER Abel�O�^��mO0��y1nw�1=�q
End(hX)

def

= Corr0∼(X, X)Q
def

= Cdim X
∼ (X ×X)Q$�)s

10 _DS k jx “�: ”x	�� k jh�4�x ℓ-adic jA�U5.x�f�kQ℄S3b ℓ aO�,Wh�k_~pR�/EYx “
 ”.I��sD�S “Q”.I�wZ�Px�~	7R�W�P_�r�F&�F�x�&�k	�_s{z0�t1adM�C�<W�:IFx Abel �P�
— Grothendieck ? Serre x�� 1964 & 8 n 16 _� — i1

11 T23�
!A	 Weil jA�_~� — i1



6 qq^��BM∼(k) R�-w�O�2��R�g� h(X, e), 2$ X `i� e Rx Corr0∼(X, X)Q $w�yg��1nxV
Hom(h(X, e), h(Y, f)) = f ◦ Corr0∼(X, Y )Q ◦ e

(Corr0∼(X, Y )Q w7
) �B����/'~w��`�N℄X^y�y�N℄��y�wX	�9�O�6Y℄ ∼ w#vw�^�#2�R Meff
∼ (k). :
�Bw�9�OLJA�V h(X, ∆X) R��HEwO7�O�b`�i
w5}'� Corr0rat(P

1, P1) = Z⊕ Z B e0
def

= (1, 0) a e2
def

= (0, 1) ')V
{0} × P1 a P1 × {0} *g'�yO℄'/ ∆P1 ∼ e0 + e2, ^�Lu'/

h(P1, ∆P1) = h0P1 ⊕ h2P1 (2)�` hiP1 = h(P1, ei) (�q Meff
rat(k) $aq Meff

num(k) $�Ed). ^�� 1 = h0P1,
L = h2P1.Y�(�Bi%�X	�9�O�=XSw 12, j�4
{Y�AD�℄4;q2$�;���`q�(w�O���>?W# L J#}q��s
M∼(k) w��qqRfg� h(X, e, m), 2$ X a e `:�� m ∈ Z. 1n�BR

Hom(h(X, e, m), h(Y, f, n)) = f ◦ Corrn−m
∼ (X, Y )Q ◦ e.�� k i�9�O�:
�Bw�9�OLJA�V h(X, e, 0) R��HEwO7�O�XzC Mrat(k) R Chow �9�O��C Mnum(k) R Grothendieck(���) �9�O�

6 M∼(k) j X  hX W
-`NM∼(k) U$,�.
• 1n
e� Q− �oP��
 ∼ R num x2RXuTw (j�2,E�4
/�XuTw).

• �9w�a`q�LM∼(k) ����O�b`
h(X, e, m)⊕ h(Y, f, m) = h(X ⊔ Y, e⊕ f, m).

• �9 M w9�1x$w4;�yg f !# M '/R f w`a�w�a�L
M∼(k) �4;U Abel �O�b`�
 M = h(X, e, m), x

M = h(X, e− efe, m)⊕ h(X, efe, m).

• Mnum(k) � Abel �OBRÆi�O�j�M∼(k) 4
/� Abel �O��Xq k �Xudwg�U|wE��!L!� Abel �O 13.

• M∼(k) iX℄w|o�-H��BR
h(X, e, m)⊗ h(Y, f, n) = h(X × Y, e× f, m + n).� hX = h(X, ∆X , 0); x hX ⊗ hY = h(X × Y ), L� X  hX Künneth G�Ed�

12 
a�r4?EY Z(�0	 Q) i�xYvejxY
�:�P{� Niranjan Ramachandran b_�rqW�P%x Ext x,�b Zeta \�x7����x5<U�xOi�k	mZ�)Y
�:�PX�r�:x
<�P{��<OiQ�yq� — i1
13 5<,�x6|Æ,�m k 	Yvexh�V}{�:W\8Mrat(k) → Mnum(k) 	5<�Pz��

— i1



7

• i�-}�X	�9�O?Ed�j�qM∼(k) $���`q�(���X6��;�9 M H`q�(�9 M∨ a “+�Rn ” ev: M∨ ⊗M → I +B�<�( �"�b`�l X i?zX
h(X, e, m)∨ = h(X, et, dimX −m).O0=�w��6Q Mrat(k) /� Abel �O�j6V�%?*/w�O�6)��.� Mnum(k) �YpA�w�g�

X  hX �a��Zpst
lV�[7 X  hX # X RR2 Chow �9�X �"w���54��℄wi��^}
RL?WMrat(k) 4�'/w^}�V��℄ Mnum(k) P`q6℄9�4;��y�℄rw�O#>Q�9�wrRn�j�4
{^�+/�s2�)qi��i1�BrRn�R�4;℄wi��^}!?W Mnum(k) 4�'/�2��<k�5{�K� D `U4;g�j��y�℄r�x2i��\1�r�{Fv �
 cl(γ) 6= 0, x γ /}��y�℄r�-e Poincaré�(�^�L*�R�`U`qi��\ γ′ �< cl(γ) ∪ γ′ 6= 0, x`q4;g�j γ′′ �< γ · γ′′ 6= 0.IV�V5{�4;N℄g�jw`q�
+�/�w��^�k`!�!J
�g�jw`q��AD;{ �l^�0N4;i��\�g�w�
�g�j\�^�k`E<!>QD;
����4;./℄9��m�%��
ag��
$w./℄9�q6�Rrz�5{ D � Abel ℄��w�5{ D LV Hodge 5{FQ���u hX I�
PU
l^��p5{ D Edz�℄wi��^} H R}!?W X  hX '/���X6`qY Mnum(k) q H w�diw�oP��Ow[7 ω �X�
ω(hX) = H∗(X)

def

=
⊕2 dim X

i=0
Hi(X).pVO0`q hX w4;'/�2!JB4[oQ�;℄wi��^}*DXwH∗ (X)'/��℄ P1, V (2) ����w�k�5{�V Grothendieck 8Qw�K� C qx End(hX) = Cdim X

num (X × X) $��( ∆X L��{'/E�yg�a�
∆X = π0 + · · ·+ π2 dim X . (3)V'��G�4;'/

hX = h0X ⊕ h1X ⊕ · · · ⊕ h2 dim XX, (4)�` hiX = h(X, πi, 0), V'/O0X�-w�"�
��;�<5{ D w℄wi��^}'/ (4) >Q`k'/�
H∗(X) = H0(X)⊕H1(X)⊕ · · · ⊕H2 dim X(X).V5{1�N℄g�jw`q�w
+�IV�fT�w��℄Xudiw%4GnQ℄ (Vz�( FrobeniusRnw�}�LS℄'/�9) a6�rw Abel ℄ (V�B� Abel ℄DX&{T-H�Rn m : X → X , m ∈ Z, LS℄'/ hX) ���w��`5{ C ��w�xL2}�9wN (weight). b`��9 hiX wNR i, �

h(X, πi, m) wNR i − 2m. �9CR�U_w (pure) ��2DXi4wN (single

weight). �;�9��U_�9w�a��X
�p5{ C a5{ D, Grothendieck w�{7!u<}q�



8 d2 6.1 Murre[Mu] y95:'/ (3) 
�q Cdim X
rat (X ×X) $1�`qw�;
�,w5{y�℄ Beilinson a Bloch N℄ Chow Tiw4;XKwzjw`q�5{��u� Tannaka `N (Tannakian category) ?*Y#nT���4;B�T (L!�`uTw)14. �℄ Q iw#nT G, 2qXuT Q− �oP�iw'�wO;HE4;fX|o�a�(w Abel �O RepQ(G),�8O[7x�4;Y RepQ(G) q VecQ w�J|o�w&}[7 (faithful functor).

Q iw4;$�w Tannaka �O (neutral Tannakian category)T ��4; Abel �O�2fX|o�a�(+`qq VecQ w�J|o�w&}w�e[7��-4;[7 ω w|o�9�HHE4;#nT G, +B[7 ω w#JG�p�Owy�
T → RepQ(G). IV�4;$�w Tannaka �O
�4;�X�� “8O ” [7w#nTw'��OwN��� (�`�oP�� kn w�X���wN���4-).

Q iw4; Tannaka �O T(V �$�w) ��4; Abel �O�2fX|o�a�(+`qq�6�rwd (V � Q) iw�oP��OB�J|o�w&}w�e[7�^�y/G End(1) = Q Ed��-w[7w#J>Qp T q#nT+�Ow4;�Oy��
Mnum(k) � Tannaka `Nt
/�/� Tannaka �O�q4;fX|o�a�(w Abel �O T $�L<�B4;��w9�1w�w�2#�[
&}w�e[7 ω : T→ VecQ *�J�IV�℄�� M whyRn u, X

Tr(u|M) = Tr(ω(u)|ω(M)) = dimQ ω(M),VR�oP�wT��LR%.	���℄℄ X whyRn u, Tr(u|hX) 
R X w
Euler-Poincaré6� (Betti �w&ba). b`�
 X �S: g wHw�xX

Tr(u|hX) = dimH0 − dimH1 + dim H2 = 2− 2g,�L<�.w��
�/`q�ew&}|o[7 ω :Mnum(k)→ VecQ.R���4~�^�/u/$�|o�-Hw q�^��p5{ C Ed�x�;�9X'/ (4). `Ul ij R4�z�^�2$ “�� ” �H
hiX ⊗ hjX ≃ hjX ⊗ hiXw._�x Tr(u|h(X)) �$Ep X w Betti �wa�/�&ba��-Mnum(k) �ER4; Tannaka �O (
 k 6�Rrx2R$��j2,E�/V). IV�l k �Xudwg�U|z� Mnum(k) �%$�w Tannaka �O (j��V℄5{ D kV�
}�*<^�/�s&5wi���)L?W24�'/).

71� Weil L�
Zeta g�p X � Fp iw%4GnQ℄�M� Fp w4;g��� F. ��; m, F XQ4w

pm g7d Fpm . � X(Fpm) R X iC&q Fpm $w~w
e�VRXu
e�X w
Zeta [� Z(X, t) �BR

log Z(X, t) =
∑

m≥1
|X(Fpm)|

tm

m
.

14 BSA|!�5<$oU	ejx5<$oU4� (W!	Yv�x). �<�.xU�	��"K~rS� GLn x8Ux$oh�U4�x$	v� — i1



9b`�p X = P0 = i~�x�[�w m X |X(Fpm)| = 1, L
log Z(X, t) =

∑
m≥1

tm

m
= log

1

1− t
;IV

Z(X, t) =
1

1− t
.AR}�;b7�p X = P1. x |X(Fpm)| = 1 + pm, L

log Z(X, t) =
∑

(1 + pm)
tm

m
= log

1

(1 − t)(1− pt)
;IV

Z(X, t) =
1

(1 − t)(1− pt)
.

Weil UYm�Ue5
40 %g� Weil 
��℄ Fp iS: g wHw X , X�

Z(X, t) =
P1(t)

(1− t)(1 − pt)
, P1(t) ∈ Z[t], (5a)

P1(t) = (1− a1t) · · · (1 − a2gt) 2$|ai| = p
1
2 . (5b)6){�� �X

|X(Fp)| = 1 + p−
∑2g

i=1
ai.L

||X(Fp)| − p− 1| = |
∑2g

i=1
ai| ≤ 2gp

1
2 .

Weil N℄��-}w
��"iSqHww Jacobi ℄��℄ C iS: g wHw
X , X(C) 
RS: g w Riemann H
�L X(C) iwOUP'HE4; g T,�oP� Ω1(X), +B��T H1(X(C), Z) �! 2g w9V Z− �� H1(X(C), Z) w4;g# γ �Bp Ω1(X) w�(�oP� Ω1(X)∨ $w4;g# ω 7→

∫
γ ω. Y Abel a

Jacobi wzg�;9�sVRn# H1(X(C), Z) }qR Ω1(X)∨ $w4;: Λ, Lh
J(X) = Ω1(X)∨/Λ�,x
—#v Ω1(X)w4;�
L�B4;�H J(X) ≈ Cg/Λ.

J(X) w9�1� Ω1(X)∨ w# Λ RR9qww�9�1�VV� End(J(X)) �XuwE Z−��*< End(J(X))Q �4;Xu!w Qg��X w[
�t (polarization)�B End(J(X))Q w4;�e (involution) α 7→ α†, V℄�[�%r α � Tr(αα†) > 0,L2R���,x
 J(X) �4;g�℄� 40 %g�q Weil )>��℄9wzj�k/�`
�B/�℄ C wdiwHww Jacobi ℄��}i��;%gwg��
�Tk/
e℄�}CA�IV�Rp�,� (5a,5b) 
�!�℄�}w�T�,/u/�m*
g��
w�T�Vlq[�di�z Jacobi ℄w^}��℄ Fp iw[�℄ X , `q4;�xRn π : X → X (CR Frobenius Rn), 2q~iwASR (a0 : . . . : an) 7→ (ap
0 : . . . : ap

n), +BDX�"� πm q X(F) iASw/�~9R X(Fpm) $wg#� Weil 
�p/�~G����,u<
���℄ Fp iwHw X , Z(X, t) = P1(t)/(1− t)(1− pt), 2$ P1(t) y℄ π q J(X) iASw6��}��+B,�sV�}�DX	h���tw#v�Bp End(J(X))Q iw4;�e� Weil 
�2R���VV,!JFQ/y� |ai| < p
1
2 .

Weil K�UM
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Weil N℄Hwa2,℄w-U8�pk�5{��℄ Fp iw n T%4GnQ℄
X , X

Z(X, t) =
P1(t) · · · P2n−1(t)

(1− t)P2(t) · · ·P2n−2(t)(1 − pnt)
, Pi(t) ∈ Z[t], (6a)

Pi(t) = (1− ai1t) · · · (1− aibi
t) �`|aij | = pi/2; (6b)4��`U X W9℄ Q iw℄ X̃ w� p lt�x bi (Pi wX�) O�,x� X̃(C)w Betti ��H4K� (standard conjecture) i Weil K�q Grothendieck �B,w Étale i��Twzi�,aeA��
�p4;/�~�^���,�u<
� Z(X, t) L'R�� (6a), 2$ Pi y℄ Frobenius Rn π q

Hi
et(X, Qℓ) iASw6��}��V��k/!
��}� Pi wh�q Z $���!
�q Qℓ $�+B/!)S2�!}6Y℄ ℓ.

1968 %� Grothendieck 8Qpm;5{�')�CR Lefschetz &55{a Hodge&55{�`U��5{!u<
}�xY��L<?WS℄w�9^}<gHww
Jacobi W# Weil N℄HwE�w Weil 5{w
�Uzq[�Twg�℄wE��i�w5{ C � Lefschetz &55{wd���`i*��V5{i+�w5{ D#�X6`q4;℄w�9^}�y#�X6 (6a) �Ed+B Pi(t) � π ASq�9
hiX iw6��}��6)�� Pi(t) wh�q Q $�/6Y℄ ℓ, �iw5}4�}
�2h�q Z $�

Hodge &55{�4;�
w
+�2�X6�;�9w9�1g�DX4; �� w�e��`���w�xV Weil w5}!�
!
� (6b).q6�rwE��Hodge &55{LS/e!�
��jq%r6�wE��3�fmw℄�2Ed�V��2?LV Hodge 5{a Tate 5{Fu [Mi].

Deligne[Del] Sp4;%??�w��EE{LEpWeil 5{w
��j2
�/S&55{�IV� Grothendieck wv ([Gr] p.198):&55{w
�i�4G�/℄9 [%r6�wE�] �^W "n�g��
$=2.w[d��16V�R�
8 |�W Zeta h�

Q �UQU Zeta g��p X � Qi%4GnQ℄�̂ �m#�B X w�}�L'��2DX	h��Vl#��!H�#� p, 
u Fp iw4;nQ℄ Xp. `U Xp ^V�%4Gw�xC p � “℄w ”. SXu;<K�*Xw#���℄w�^��B X w Zeta [�R 15

ζ(X, s) =
∏^xp

Z(Xp, p
−s).b`�l X = P0 = i~z�

ζ(X, s) =
∏

p

1

1− p−s
,

15 zP1�Z�P^ “w ”$�b~�xJ8�=l_$o{Yv�<J8� — i1



11�� Riemann Zeta [� ζ(s); l X = P1 z�
ζ(X, s) =

∏
p

1

(1− p−s)(1− p1−s)
= ζ(s)ζ(s − 1).Ky Q iwHjHw E. �℄w p, X

Z(Ep, t) =
(1− apt)(1 − āpt)

(1− t)(1 − pt)
, ap + āp ∈ Z, apāp = p, |ap| = p1/2

( 5a,5b). L
ζ(E, s) =

ζ(s)ζ(s − 1)

L(E, s)2$
L(E, s) =

∏
p

1

(1− app−s)(1− āpp−s)
.zÆU Zeta g��mKy Fp iw�9�^�/!S4;�9 M wC&qd Fpm $w~W�B Fpiw�9 M w Zeta [��IR����X�B�V��^��sM(Fp) � Tannaka�O�q[
 Tannaka �O$���w9�1DX6��}��`U i �4��x^��B Fp iNwR i wU_�9 M w Zeta [� Z(M, t) R M w Frobenius Rnw6��}��`U i �(�x�B Z(M, t) R2n���m�V6��}�wh�q

Q $�`U M �X	w�xh�q Z $��℄Xy�Nw�9 M1 a M2 X
Z(M1 ⊕M2, t) = Z(M1, t) · Z(M2, t), (7)SVG�
L#�BUzq*Xw�9���`
a℄w Zeta [�yhhw�
p X � Fp i n TSqnQ℄�`i*�� Grothendieck a,weA��
�p Z(X, t) = P1(t) · · ·P2n−1(t)/P0(t) · · ·P2n(t)2$ Pi(t) � X w FrobeniusRnASq Étalei��T Hi

et(XF, Qℓ) iw6��}�
(�`��[�#� ℓ 6= p; IV� Pi(t) L!6Y℄ ℓ). q�p� ℓ-adic Étale i��5{ D Ed�x`q[7 ω : M(Fp) → VecQℓ

�u ω(hiX) = Hi
et(XF, Qℓ). V[7�J6��}���'�X 16 Z(hiX, t) = Pi(X, t)(−1)i+1

. L�
Z(X, t) = Z(h0X, t) · · ·Z(h2nX, t).V (4) a (7), ^��sVy�Z"y℄ Z(hX, t), L Z(X, t) = Z(hX, t).

Q iw�9 M L<V4; Q iwnQSq℄ X , 4; X ×X iwg�j γ, a4;	� m *Or�SLXu�;<K��*Xw#� p, lt X a γ L>Q Fp iw�9 Mp, IV^�L<�B
ζ(M, s) =

∏^xp

Z(Mp, p
−s).b`�

ζ(h0(P1)) = ζ(s), ζ(h2(P1)) = ζ(s− 1).�HjHw E,

hE = h0E ⊕ h1E ⊕ h2E.

16 7*	� Pi(X, t) 	 Z i�x�~��307Z^ ℓ. �(�W6| C b D MGR (6a), �	e^
Deligne xDB� — i1



12L
ζ(hE, s) = ζ(h0E, s) · ζ(h1E, s) · ζ(h2E, s)

= ζ(s) · L(E, s)−1 · ζ(s− 1).0��q�X�p[
V�
�w5{wERk�^��Bp Q iw�9�O�+�V�O$w�;��+`4; Zeta [����4;,$o s w[��Y�5{.X!�4�w�"�`V<ww[�CR�9w L− [� (motivic L-function). u4!
�L<SLO/�w!��
Y����9�����A4
{�Y9�'�WHu[� L(s) — CR9� L− [��2�B/Sg��
�k
� Langlands 7t$w4;DX�o�Bw��hx�y�SK� (Big Modularity Conjecture) �;�9w L- [���9� L− [�w&b� (alternating product).p E � QiHjHw��� (�) 5{ w��ζ(h1E, s) ����w Mellin${�
Wiles (yY) �V5{w
�� Fermat d�^w
�$w./2-�
9 Birch-Swinnerton-Dyer L�j#��xW~bp E � Q iwHjHw�dlY 1960 %I�� Birch a Swinnerton-Dyer #�S4(t0w�%� (EDSAC 2) )> L(E, s) q s = 1 /5wER��%-U��p,�w/�5{�� L(E, 1)∗ R L(E, s) N℄ s − 1 w���zI�$w}4;%rh��x,�w5{
+

L(E, 1)∗ = {;�}} · {s	}}.2$s	}�5{� E w Tate-ShafarevichTw+��;9�s2 (`U�Xuw) R-!��dlaV�z�,�)>p
L3(E, s) =

∏
p

1

(1− a3
pp

−s)(1− ā3
pp

−s)q s = 2 /5wER�?W�%�,��q�
L3(E, 1)∗ = {;�}} · {s	-! }.2$s	w-!}L<fd�b` 2401. �>=�|��
`i*�� L(E, s)−1 = ζ(h1E, s). ^�L# Birch-Swinnerton-Dyer w5{J?�N℄ h1E w
+�V5{;�Uzq Q iw*X�9�L<
�`q�9M �u�

h1(E) ⊗ h1(E)⊗ h1(E) = 3h1(E, ∆E ,−1)⊕M<�
ζ(M, s) = L3(E, s)−1.IV��s	w-!}�5{��9 M w “Tate-Shafarevich T ”.

10l3(:{%� M(k) O0�CR U_ �9�O�2�O℄ k i%4GnQ℄�
Grothendieckyf+`q�e�9 (mixed motive)�O�2�O℄ k i*Xw ℄HEw�O�V�O/p�Æiw�j��;�e�9OX4;zj�2I7 (quotient)*RU_�9��:k`�e�9�Ow�R�B�u�i5{w�B1�X�j�4��%�;9Hup4�f(t�O<AR�e�9�OwoQ�Owj#�O�lVy�q��j#�O�4i�B4; t- -H<�2$�R�e�9�O9q�
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