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1 DEFINITIONS 2

This article reviews the theory of abelian varieties emphasizing those points of particular
interest to arithmetic geometers. In the main it follows Mumford’s book (Mumford 1970)
except that most of the results are stated relative to an arbitrary base field, some additional
results are proved, and étale cohomology is included. Many proofs have had to be omitted or
only sketched. The reader is assumed to be familiar with (Hartshorne 1977, Chaps. 11, III)
and (for a few sections that can be skipped) some étale cohomology. The last section of my
article, Jacobian Varieties, contains bibliographic notes for both articles.

Conventions

The algebraic closure of a field k is denoted by k and its separable closure by k. For a
scheme V' over k and a k-algebra R, Vg denotes V Xgpec(k) Spec(R), and V(R) denotes
Mory (Spec(R), V). By a scheme over k, we shall always mean a scheme of finite type over
k.

A variety V over k is a separated scheme of finite type over k such that V7 is integral, i.e.,
reduced and irreducible. In particular, we require a variety to be geometrically connected.
It is nonsingular if Vi is regular. Note that, with these definitions, if V' is a variety (and
is nonsingular), then Vi is integral (and regular) for all fields K D k, and a product of
(nonsingular) varieties is a (nonsingular) variety; moreover, V (ks) is nonempty. A k-rational
point of V is often identified with a closed point v of V' such that k(v) = k.

All statements are relative to a fixed ground field: if V and W are varieties over k, then
a sheaf of divisor on V, or a morphism V' — W is automatically meant to be defined over k
(not over some “universal domain” as in the pre-scheme days).

Divisor means Cartier divisor, except that, because most of our varieties are nonsingular,
we can usually think of them as Weil divisors. If 7: W — V is a map and D is a divisor on
V with local equation f near v, the 7* D (or 7! D) is the divisor on W with local equation
f om near w1 (v). The invertible sheaf defined by D is denoted by £(D).

The tangent space to V' at v is denoted by 75 (}'). Canonical isomorphisms are denoted by
~. The two projection maps p:V x W — V and q: V x W — W are always so denoted. The
kernel of multiplication by n, X — X, is denoted by X,. An equivalence class containing x
is often denoted by [x].

1 Definitions

A group variety over k is an algebraic variety V over k together with morphisms

m:V xV —V (multiplication)

inv:V — V  (inverse)

and an element ¢ € V (k) such that the structure on V (k) defined by m and inv is a group
with identity element ¢.

Such a quadruple (V,m,inv, ) is a group in the category of varieties over k, i.e., the
diagrams Shatz 1986, p. 31, commute. (To see this, note that two morphisms with domain
a variety W are equal if they become equal over k, and that W (k) is dense in Wi.) Thus,
for every k-algebra R, V(R) acquires a group structure, and these group structures depend
functorially on R.
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~

For a € V(k), the projection map ¢: Vi x Vi — Vi induces an isomorphism {a} x Vi —>
V> and we define 7, to be the composite

VEZ{G}XVECVEXVELVE.

On points t, is the translation map P + m(a, P). Similarly, for any point a € V, there is a
translation map 4: Vi (q) — Vi(q)- In particular, if a € V(k), then 7, maps V into V.

A group variety is automatically nonsingular: as does every variety, it contains a
nonempty nonsingular open subvariety U, and the translates of Uy cover V7.

A complete connected group variety is called an abelian variety . As we shall see, they
are projective and (fortunately) commutative. Their group laws will be written additively.

An affine group variety is called a linear algebraic group. Each such variety can be
realized as a closed subgroup of GL, for some n (Waterhouse 1979, 3.4).

2 Rigidity
The paucity of maps between complete varieties has some interesting consequences.

THEOREM 2.1 (RIGIDITY THEOREM). Let f:V x W — U be a morphism of varieties
overk. It V is complete and

F(V x{wo}) = {uo} = f({vo} x W)
for some ug € U(k), vg € V(k), wg € W(k), then f(V x W) = {up}.

PROOF. Let Uy be an open affine neighbourhood of ug. The projection map g: V x W — W
is closed (this is what it means for V' to be complete), and so the set Z & ¢(f~1(U ~Uyp)) is
closed in W. Note that a closed point w of W lies outside Z if and only if f(V x{w}) C Up.
In particular, wo € W ~ Z, and so W ~ Z is a dense open subset of W. As V x {w} is
complete and Uy is affine, f(V x {w}) must be a point whenever w is a closed point of
W ~ Z (Mumford 1966, 1, §9); in fact, f(V x{w}) = f({vo} x{w}) = {ue}. Thus f is
constant on the dense subset V x (W ~ Z) of VV x W, and so is constant. 0

COROLLARY 2.2. Every morphism f:A — B of abelian varieties is the composite of a
homomorphism with a translation.

PROOF. Leta = — f(0); after replacing f withz, o f, we can assume that f(0) = 0. Define
p:AxA— Btobe fomg—mpo(f x f),so that on points

pla.a’) = fla+d)— f(a)— f(a).

Then ¢(A x {0}) = 0 = ¢({0} x A), and so the theorem shows that ¢ =0 on A x A. Thus
fomg=mpo(f x f), which is what we mean by f being a homomorphism. o

REMARK 2.3. The corollary shows that the group structure on an abelian variety is uniquely
determined by the choice of a zero element.

COROLLARY 2.4. The group law on an abelian variety is commutative.
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PROOF. Commutative groups are distinguished among all groups by the fact that the map
taking an element to its inverse is a homomorphism. The preceding corollary shows that
inv:A — A is a homomorphism. o

COROLLARY 2.5. LetV and W be complete varieties over k with rational points v € V (k),
wo € W(k), and let A be an abelian variety. Then a morphism h:V x W — A such that
h(vg,wp) = 0 can be written uniquely ash = fop+goq with f:V — Aand g:W — A
morphisms such that f(vg) = 0 and g(wp) = 0.

h h
PROOF. Define ftobe V >~V x{wo} —> A and g tobe W ~ {vo} x W —> A, so that
k€ h—(fop+ gogq) is the map such that on points

k(v,w) =h(v,w)—h(v,we) —h(vy,w).

Then
k(V x{wo}) = 0=k({vo}x W),

and so the theorem shows that k = 0. o

3 Rational Maps into Abelian Varieties

We improve some of the results in the last section.

Recall (Hartshorne 1977, 1, 4) that a rational map f:V-->W of varieties is an equiva-
lence class of pairs (U, fyy) with U a dense open subset of V' and fy a morphism U — W
two pairs (U, fy) and (U’, fy-) are equivalent if fi7 and fyr agree on U NU’. There is a
largest open subset U of V such that f defines a morphism U — W, and f is said to be
defined at the points of U.

THEOREM 3.1. A rational map f:V-->A from a nonsingular variety to an abelian variety
is defined on the whole of V

PRrROOF. Combine the next two lemmas. o

LEMMA 3.2. A rational map f:V-->W from a normal variety to a complete variety is
defined on an open subset U of V' whose complement V ~ U has codimension > 2

PROOF. Let fy:U — W be arepresentative of f, and let v be a point of V' ~ U of codimen-
sion 1 in V' (that is, whose closure m has codimension 1). Then Oy, is a discrete valuation
ring (because V' is normal) whose field of fractions is k(1'), and the valuative criterion of
properness (Hartshorne 1977, 11, 4.7) shows that the map Spec(k(V')) — W defined by f
extends to a map Spec(Oy,,) — W. This implies that f has a representative defined on a
neighbourhood of v, and so the set on which f is defined contains all points of codimension
< 1. This proves the lemma. m

LEMMA 3.3. Let f:V-->G be arational map from a nonsingular variety to a group variety.
Then either f is defined on all of V' or the points where it is not defined form a closed subset
of pure codimension 1 in V

PROOF. See Artin 1986, 1.3. o
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THEOREM 3.4. Let f:V x W — A be a morphism from a product of nonsingular varieties
into an abelian variety. If

SV x{wo}) ={ao} = f{vo} x W)
for some ag € A(K),vg € V(k), and wyg € W(k), then f(V xW) = {ao}.

PROOF. We can assume k to be algebraically closed. First consider the case that V' has
dimension 1. Then V' can be embedded in a nonsingular complete curve V, and (3.1) shows
that f extends to amap f:V x W — A. Now (2.1) shows that f is constant.

In the general case, let C be an irreducible curve on V' passing through v and nonsingular
at vo, and let C — C be the normalization of C. Then f defines a morphism CxW — 4
which the preceding argument shows to be constant. Therefore f(C x W) = {ao}, and the
next lemma completes the proof. O

LEMMA 3.5. Let V be an integral scheme of finite type over a field k, and let vy € V (k)
be a nonsingular point of V. Then the union of the integral one-dimensional subschemes
passing through v and nonsingular at vg is dense in V

PROOF. By induction it suffices to show that the union of the integral subschemes of
codimension 1 passing through vg and smooth at vg is dense in V. We can assume that V' is
affine and that v is the origin. For H a hyperplane passing through vg but not containing
Ty, (V), VN H is smooth at vg. Let Vg be the component of V' N H passing through vy,
regarded as an integral subscheme of V', and let Z be a closed subset of V' containing all
V. Regard Z as a reduced subscheme of V', and let C,,(Z) be the tangent cone to Z at vg
(Mumford 1966, 111.3). Clearly

Tvo(V) NH = Tvo(VH) = CU()(VH) C Cvo(Z) - CUQ(V) = Tvo(V)»

and it follows that Cy,(Z) = Ty, (V). As dim Cy,(Z) = dim(Z) (see Mumford 1966, II1.3,
p. 320), this implies that Z = V' O

COROLLARY 3.6. Every rational map from a group variety to an abelian variety is the
composite of a homomorphism with a translation.

PROOF. Theorem 3.1 shows that f is a morphism. The rest of the proof is the same as that
of (2.2). o

REMARK 3.7. The corollary shows that A4 is determined by k(A4) up to the choice of a zero
element. In particular, if A and B are abelian varieties and k(A) is isomorphic to k(B), then
A is isomorphic to B (as an abelian variety).

COROLLARY 3.8. Every rational map f:P'--5>A is constant.

PROOF. The variety P! < {00} becomes a group variety under addition, and P! ~ {0, 00}
becomes a group variety under multiplication. Therefore the last corollary shows that there
exist a,b € A(k) such that

fx+y)=f(x)+ f()+a,allx, y ek =P (k)~{oo},
f(xy)= f(x)+ f(y)+b,allx, y € k* =P (k) ~{0,00}.

This is clearly impossible unless f is constant. O
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‘Recall that a variety V' of dimension d is unirational if there exists an embedding
of k(V) into a purely transcendental extension k(X1,...,X;) of k. Such an embedding
corresponds to a rational map }P’g— ->V¢ whose image is dense in V.

COROLLARY 3.9. Every rational map from a unirational variety to an abelian variety is
constant.

PROOF. We may suppose that k is algebraically closed. By assumption there is a rational
map A?--5V with dense image, and the composite of this with a rational map f:V--34
extends to a morphism f:P! x---xP! — A (apply 3.1). According to (2.5), f (x1,...,Xp) =
Y. fi(x;) for some morphisms f;:P! — A, and (3.8) show that each f; is constant. o

4 Review of the Cohomology of Schemes

In order to prove some of the theorems concering abelian varieties, we shall need to make
use of results from the cohomology of coherent sheaves. The first of these is Grothendieck’s
relative version of the theorem asserting that the cohomology groups of coherent sheaves on
complete varieties are finite dimensional.

THEOREM 4.1. If f:V — T is a proper morphism of Noetherian schemes and F is a
coherent Oy -module, then the higher direct image sheaves R” f.JF are coherent O -modules
for all r > 0.

PROOF. When f is projective, this is proved in (Hartshorne 1977, 111, 8.8). Chow’s lemma
(ibid., II, Ex. 4.10) allows one to extend the result to the general case (EGA, M.3.2.1)%. o

The second result describes how the dimensions of the cohomology groups of the
members of a flat family of coherent sheaves vary.

THEOREM 4.2. Let f:V — T be a proper flat morphism of Noetherian schemes, and let F
be a locally free Oy -module of finite rank. For each t in T, write V; for the fibre of V over
t and F; for the inverse image of F on V;.
(a) The formation of the higher direct images of 7 commutes with flat base change. In
particular, if T = Spec(R) is affine and R’ is a flat R-algebra, then

H' (V. F)=H"(V.F)®r R,

where V' =V Xgpec(r) Spec(R’) and F' is the inverse image of 7 on V'.
(b) The function
def r a; r
L (F) ) (1) dimggy H (Ve Fo)
is locally constanton T .
(c) Foreachr, the functiont +— dimy ) H" (V}, F,) is upper semicontinuous (i.., it jumps
on closed subsets).
(d) If T is integral and dimy ) H" (V;, F;) is equal to a constant s for all t in T, then
R" fiF is a locally free O -module and the natural maps

R" fu F ®or k(t) > H" (Vi, Fr)

are isomorphisms.

2Grothendieck, A. (with Dieudonné, J.). Eléments de géométrie algébrique. Publ. Math. LH.E.S., 4, 8, 11,
17, 20, 24, 28, 32 (1960-67).
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(e) If HY(V;,F;) =0 forallt in T, then R! fu F = 0, the sheaf fyF is locally free, and
the formation of f«JF commutes with base change.

PROOF. (a) The statement is local on the base, and so it suffices to prove it for the particular
case in which we have given an explicit statement. In Mumford 1970, §5, p. 46, a complex
K*® of R-modules is constructed with the property that, for all R-algebras R’, H" (V', F') =
H"(K®*®g R’). In our case, R’ is flat over R, and so H"(K* ®gr R') = H"(K*) ®g R/,
which equals H" (V,F) ®gr R’.

(b), (c), (d). These are proved in Mumford 1970, §5.

(e). That the hypothesis implies that R! f, F = 0 is proved in Hartshorne 1977, III,
12.11a. It follows that fuxF ®o, k(t) — H®(V;, F;) is surjective for all 7 (ibid. III, 12.11b),
and so is an isomorphism. Now this last reference (applied with i = 0) shows that fiF is
locally free. O

S The Seesaw Principle

We shall frequently need to consider the following situation: V is a variety over k, T is a
scheme of finite type over k, and L is an invertible sheaf on V x T. For ¢t € T, L; will then
always denote the invertible sheaf (1 x1)*L on V; = Vi) = (V xT) x7 t, where ¢ is the
inclusion of t = Spec(k(¢)) into T. There is the diagram

(VXT,L) <—— (Vi. L)

J,

It is often useful to regard £ as defining a family of invertible sheaves on V' parametrized by
T.

L
(—

THEOREM 5.1. Let V be a complete variety and T an integral scheme of finite type over k,
and let £ and M be invertible sheaveson V x T'. If L; ~ M, for allt € T, then there exists
an invertible sheaf N on T such that L ~ L q*N.

PROOF. By assumption, (£ ® M™1), is trivial forall f € T, and so Ho(V;, (L& M™1),) ~
HO(V;,Oy,) = k(t). Therefore (4.2d) shows that the sheaf N £ ¢, (L ® M™!) is invertible.
Consider the natural map

N =q¢* g (LOIM™ ) -S LML

As (L® M™1), ~ Oy,, the restriction of « to the fibre V; is isomorphic to the natural map
a;: Oy, @ I'(V;, Oy,) — Oy,, which is an isomorphism. Now Nakayama’s lemma implies
that « is surjective, and because both ¢* A and £ ® M ™! are invertible sheaves, it follows
that o is an isomorphism (if R is a local ring, then a surjective R-linear map R — R is an
isomorphism because it must send 1 to a unit). O

COROLLARY 5.2 (SEESAW PRINCIPLE). Suppose in addition to the hypotheses of the the-
orem that L, ~ M, for at least one v € V (k). Then L ~ M.



6 THE THEOREMS OF THE CUBE AND THE SQUARE 8

PROOF. The theorem shows that £ ~ M ® ¢* for some N on 7. On pulling back by
T ~{v}xT < V x T, we obtain an isomorphism £, ~ M, ® ¢*N . As L, ~ M, and
(¢*N)y = N, this shows that NV is trivial. O

The next result shows that the condition £; &~ M; of the theorem needs only to be
checked for ¢ in some dense subset of T (for example, it needs only to be checked for ¢ the
generic point of 7).

THEOREM 5.3. Let V be a complete variety, and let £ be an invertible sheaf on V x T Then
{t € T | Ly is trivial} is closed in T

LEMMA 5.4. An invertible sheaf £ on a complete variety is trivial if and only if both it and
its dual L1 have nonzero global sections.

PROOF. The sections define nonzero homomorphisms s1: Oy — £ and s2: Oy — L£71. The
dual of 55 is a homomorphism sﬁ/ :L — Oy, and sg/ 0§71, being nonzero, is an isomorphism
(note that Hom(Oy, Oy) = H%(V,Oy) = k). Because L is an invertible sheaf, this implies
that s is also an isomorphism. o

PROOF (OF (5.3)). The lemma identifies the set of ¢ for which L; is trivial with the set of ¢
for which both diim H°(V;, £;) > 0 and dim H(V;, £;!) > 0. Part (c) of (4.2) shows that
this set 1s closed. o

REMARK 5.5. Let V, T, and L be as at the start of the section, but with V' complete. We
shall say that £ defines a trivial family of sheaves on V if L ~ ¢* N for some invertible
sheaf A on T. According to (5.1), if T is integral, then £ defines a trivial family if and
only if each L; is trivial. In general, let Z be the closed subset of 7" determined by (5.3).
Clearly Z has the following property: a morphism f:7’ — T from an integral scheme to T
factors through Z if and only if (1 x f)*L defines a trivial family on V. This result can be
significantly strengthened: there exists a unique closed subscheme Z of 7' (not necessarily
reduced) such that a morphism f:7’ — T (with T’ not necessarily integral) factors through
the inclusion morphism Z < T if and only if (1 x f)*L defines a trivial family on V. See
Mumford 1970, §10, p. 89.

6 The Theorems of the Cube and the Square

THEOREM 6.1 (THEOREM OF THE CUBE). Let U,V, W be complete varieties over k with
base points ug € U(k), vy € V(k), wo € W(k). An invertible sheaf L on U x V x W is
trivial if its restrictions to {uo} X V x W, U x{vo} x W, and U x V x {wq} are all trivial.

PROOF. Because L|(U x V x{wp}) is trivial, the seesaw principle shows that it suffices
to prove that £|(z x W) is trivial for a dense set of z in U x V. Next one shows that U
can be taken to be a complete curve (Lemma 3.5 accomplishes this reduction when ug is
nonsingular). This case is proved in Mumford 1970, §6, pp. 57-58, when k is algebraically
closed, and the next lemma shows that we may assume that. O

LEMMA 6.2. Let L be an invertible sheaf on a complete variety V over a field k; if L
becomes trivial on V];, then it is trivial on V
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PROOF. The triviality of £ on Vi implies that both H O(V];,E) and H O(V,;,ﬁ_l) are
nonzero. As _
HO(Ve. £ = HOV.L¥) @ k

(see 4.2a), both H%(V,£) and H°(V,L£™!) are nonzero, and Lemma 5.4 shows that £ is
trivial. o

REMARK 6.3. Atleast in the case that k is algebraically closed, it is not necessary to assume
in (6.1) that W is complete (Mumford 1970, §6, p. 55), nor even that it is a variety (Mumford
1970, §10, p. 91).

COROLLARY 6.4. Let A be an abelian variety, and let p;: A x A x A — A be the projection
onto the i th factor; let p;j = p; + p; and p;;x = p; + pj + pk. For any invertible sheaf L
on A, the sheaf

PisL®pHL™ @ pi LT @ pis L7 @ pIL® p3 L& p3L
on Ax AXx A is trivial.
PROOF. The restriction of the sheaf to {0} x A x A (>~ A x A) is
m*LRp*LTIM LR LT ROuxa® p*LOGHL,

which is trivial. Similarly its restrictions to A x {0} x A and A x A x {0} are trivial, which
implies that it is trivial on A x A x A. o

COROLLARY 6.5. Let f,g,h be morphisms from a variety V to an abelian variety A. For
any invertible sheaf L on A, the sheaf

(f+g+n LR+ LT'Q@+M*LT'Q(f+h)* LR f* LR LRM*L
onV is trivial.

PROOF. The sheaf in question is the inverse image of the sheaf in (6.4) by (f,g,h):V —
AXAXA. o

COROLLARY 6.6. Consider the map n4:A — A equal to multiplication by n. For all
invertible sheaves L on A,

n;ﬁ ~ E(n2+n)/2 ® (_1)*£(n2—n)/2‘
In particular,

ny L~ LrEL s symmetric (i.e., L~ (—1)% L)
n* L~ L" if £ is antisymmetric (i.e., £L7' ~ (=1){L).

PROOF. On applying the last corollary to the maps n 4, 14, (—1)4 : A — A we find that
m+D5L 7 eniL2em - DAL~ LT (- L

This fact can be used to prove the corollary by induction, starting from the easy cases n = 0,
1, —1. o
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THEOREM 6.7 (THEOREM OF THE SQUARE). For all invertible sheaves L on an abelian
variety A and points a,b € A(k),

i L®LA ;LR L.

PROOF. Apply (6.5) with f the identity map on A and g and / the constant maps with
images a and b. a]

REMARK 6.8. When tensored with £72, the isomorphism in (6.7) becomes
b LRL (I LOL YR LRLT,
which says that the map ¢,
ar LR LTV A(k) — Pic(A),
is a homomorphism. Therefore,
> ai=0inA(k) = 1} L& @15 L L".

REMARK 6.9. We write ~ for linear equivalence of divisors, so that D ~ D’ if and only
if L(D) ~ L(D'). Also, we write D, for the translate ;D = D +a of D. Note that
t¥L(D) = L(t;! D) = L(D—4). The isomorphisms in (6.7) and (6.8) become the relations:

Dyyp+D ~Dy+ Dy, a, be Ak),
n . n .
Zi:l Dy; ~nD if Zizlai =0in A(k).

7 Abelian Varieties Are Projective
For D a divisor on a variety V', we let

L(D)={f €k(V)|(f)+D =0}U{0} = H*(V,L(D)),
|ID|={(/)+D|feLD)j.
Thus | D] is the complete linear system containing D.
A projective embedding of an elliptic curve can be constructed as follows: let D = Py,

where Py is the zero element of A, and choose a suitable basis 1,x,y of L(3D); then the
map A — PP? defined by {1,x, y} identifies A with the cubic projective curve

Y?Z+a1XYZ+a3YZ?* =X+ ar,X*Z +asXZ* +aeZ’
(see Hartshorne 1977, 1V, 4.6). This argument can be extended to every abelian variety.

THEOREM 7.1. Every abelian variety is projective.

PROOF. We first prove this under the assumption that the abelian variety A is defined over
an algebraically closed field.

Recall (Hartshorne 1977, 11, 7.8.2) that a variety is projective if it has a very ample linear
system, and that a linear system 9 is very ample if:
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(a) it separates points (for every pair a, b of distinct closed points on the variety, there is a
D in 0 such thata € D but b & D); and

(b) it separates tangent vectors (for every closed point a and tangent vector ¢ to the variety
at a, there existsa D € 0 such that a € D butt & T,(D)).

The first step of the proof is to show that there exists a linear system that separates 0
from the other points of A and separates tangent vectors at 0. More precisely, we show that
there exists a finite set {Z;} of prime divisors on A such that:

(@) (1Z; =1{0}; and
(b) forevery t € To(A), there exists a Z; such that t; & To(Z;).
The second step is to show that if D = ) Z;, then |3D]| is very ample.

The existence of the set {Z;} is an immediate consequence of the observations:

(1) for every closed point a # 0 of A, there is a prime divisor Z suchthatO0 e Z,a ¢ Z;

(ii) for every ¢ € To(A), there is a prime divisor Z passing through 0 such thatt & To(Z).
The proof of (ii) is obvious: choose an open affine neighbourhood U of 0, let Z( be an
irreducible component of A N H, where H is any hyperplane through 0 not containing ¢,
and take Z to be the closure of Zy. The proof of (i) will be equally obvious once we have
shown that O and a are contained in a single open affine subset of A. Let U again be an
open affine neighbourhood of 0, and let U + a be its translate by a. Choose a closed point
u of UN(U +a). Then both u and u 4+ a lie in U + a, and so U 4+ a —u is an open affine
neighbourhood of both 0 and a.

Now let D be the divisor ) | Z; where (Z;)1<<n satisfies (a) and (b). For any family
(ai,bi)1<i<n of closed points of A4, the theorem of the square (see 6.9) shows that

Y Ziai+Zi; + Ziva;—;) ~ y_3Zi =3D.

1 1

Let a and b be distinct closed points of A. By (a), for some i, say i = 1, Z; does not contain
b—a. Choose a; = a. Then Z; 4, passes through a but not b. The sets

{b1 | Z1 b, passes through b},
{b1 | Z1,—a,—b, passes through b},

are proper closed subsets of A. Therefore, it is possible to choose a b; that lies in neither.
Similarly a; and b; for i > 2 can be chosen so that none of the Z; 4,, Z; p., or Z; _4._p,
passes through b. Then a is in the support of Y (Z; 4; + Z; p, + Zi —a,—p,;) but b is not,
which shows that |3 D| separates points. The proof that it separates tangents is similar.

The final step is to show that if A is projective, then so also is Ag. Let D be an ample
divisor on Ag; then D is defined over a finite extension of k, and the following statements
explain how to construct from D an ample divisor on A.

(a) Let D be adivisor on A;if | Dg| is very ample, then so also is | D|. (The map Az < P"
defined by | Dz| is obtained by base change from that defined by [ D]|.)

(b) If |Dq| and | D;| are ample, then so also is | D1 + D3|. (See Hartshorne 1977, II, Ex.
7.5.)

(c) Let D be a divisor on Ay, where k' is a finite Galois extension of k; then Y oD (sum
over o € Gal(k’/k)) arises from a divisor on A. (This is obvious.)

(d) Let D be a divisor on Ay, where k' is a finite purely inseparable extension of k; then
k'P" C k for some m, and p™ D arises from a divisor on A. (Regard D as the Cartier
divisor defined by a family of pairs ( f;,U/), f; € k’(A), and let U; be the image of U/



8 ISOGENIES 12

in A; then k'(4)?" C k(A), and so the pairs (fl.pm ,U;) define a divisor on A whose
inverse image on Ay, is p™ D.) O

COROLLARY 7.2. Every abelian variety has a symmetric ample invertible sheaf.

PROOF. According to the theorem, it has an ample invertible sheaf £. As multiplication by
—1 is an isomorphism, (—1)* L is ample, and therefore £ ® (—1)* L is ample (Hartshorne
1977, 11, Ex. 7.5) and symmetric. O

REMARK 7.3. If £ is an ample invertible sheaf on A4, then by definition £" is very ample
for some 7. It is an important theorem that in fact £3 will be very ample (see Mumford 1970,
§17, p. 163). The 3 is needed, as in the above proof, so that one can apply the theorem of the
square.

8 Isogenies

Let f: A — B be a homomorphism of abelian varieties. The kernel N of f in the sense
of Shatz 1986, §2, is a closed subgroup scheme of A of finite type over k. When k has
characteristic zero, N is reduced (ibid. §3), and so its identity component N is an abelian
variety (possibly zero); in general, N will be an extension of a finite group scheme by an
abelian variety (in fact Nrgd will be an abelian variety — see a lemma following 12.1). When
f is surjective and its kernel is finite, it is called an isogeny.

PROPOSITION 8.1. For a homomorphism f:A — B of abelian varieties, the following
statements are equivalent:

(a) f is an isogeny;

(b) dimA = dim B and f is surjective;

(c) dim A = dim B and Ker( f) is a finite group scheme;

(d) f is finite, flat, and surjective.

PROOF. As f(A) is closed in B, the equivalence of the first three statements follows from
the theorem on the dimension of fibres of morphisms; see Mumford 1966, I, 8.3

Clearly (d) implies (a), and so assume (a). We may suppose that k is algebraically
closed. Because f is a homomorphism, the translation map #; can be used to show that the
(scheme-theoretic) fibre £ ~1(b) is isomorphic to f _1(0)k<b). Therefore f is quasi-finite.
It is also projective (Hartshorne 1977, II, Ex. 4.9), and this shows that it is finite (ibid.
III, Ex. 11.2). The sheaf fxO4 is a coherent Og-module, and dimy ) (fxO4 ® k(b)) =
dimg ( fxO 4 ® k(0)) is independent of b, and so (4.2d) shows that f,O 4 is locally free. n

The degree of an isogeny f:A — B is defined to be the order of the kernel of f (as
a finite group scheme); equivalently, it is the rank of f,. (4 as a locally free O g-module.
Clearly, deg(g o f) = deg(g)deg(f). Let n = deg(f); then Ker( f) C Ker(n4) and son 4
factors asn4 = go f with g an isogeny B — A.

For an integer n we write n 4, or simply #, for the morphism a — na: A — A.

3Let f:X — Y be a dominating morphism of varieties, and let » = dim X —dim Y. Then there exists a
nonempty open subset U of ¥ such that (i) U C f(X) and (ii) for all closed point y € ¥ and all irreducible
components Z of f~1(y), dimZ =dimW +r.
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THEOREM 8.2. Let A be an abelian variety of dimension g, and let n > 0 be an integer.
Thenn 4: A — A is an isogeny of degree n?€ ; it is étale if and only if the characteristic of k
does not divide n.

PROOF. From (7.2) we know there is an ample symmetric invertible sheaf £ on A, and
according to (6.6) n’ L ~ £"*. The restriction of an ample invertible sheaf to a closed
subscheme is again ample, and so the restriction of n’ £ to Ker(n 4) is both trivial and
ample. This is impossible unless Ker(n 4) has dimension zero. We have shown that n 4 is an
isogeny. O

Before proving that 1 4 has degree n28, we review some elementary intersection theory
from Shafarevich 1994, 1V, 1. Clearly we may assume k is algebraically closed.

Let V be a smooth projective variety of dimension g. If D1,..., Dg are effective divisors
on V such that () D; has dimension zero, then their intersection number is defined by the
equations

(D1.....Dg) = Y (D1.....Dg)y,
UGHD,'

(D1,....Dg)y = dimk(OV,v/(fl,m cees fg,v)),

where f; , is a local equation for D; near v. The definition extends by linearity to nonef-
fective divisors whose components intersect properly. Then one checks that (Dy,..., Dg)
is unchanged if each D; is replaced by a linearly equivalent divisor and shows that this
can be used to extend the definition to all g-tuples of divisors (loc. cit.). In particular
(D&) = (D, D,...) is defined.

LEMMA 8.3. Let V and W be smooth projective varieties of dimension g, and let f: W —
V' be a finite flat map of degree d. Then for any divisors D1,...,Dg on V

(f*D1,....[*Dg) =d(Dy.....Dg).

PROOF. It suffices to prove the equality in the case that the D; are effective and () D; is
finite. Let v € () D;. Then

(feOw)®0y Ovy= [ Oww.
fw)=v

which is therefore a free Oy, -module of rank d. If f; , is a local equation for D; near v,
then f; o f is a local equation for f* D; near each of the points in f~!(v). Therefore

Y (D f*Dw =Y dmp(Owaw/(fipo fons fewo f))
Sfw)=v flw)=v

= dlmk (( l_[ OW,w) ®OV‘U (OV,v/(fl,v, ceey fg,v)))
Sw)=v
=d(D1.....Dg)v. .
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PROOF (OF THEOREM 8.2). We apply this theory to a divisor D on A such that D is
linearly equivalent to (—1)* D (i.e., such that £(D) is symmetric). Let d = deg(n 4). Then
(8.3) shows that ((n%y D)&) = d(D#¥), but (6.6) shows that n* D is linearly equivalent to
n?D and therefore that

(3 D) = ((n*>D)*) = n?8 (D¥).

These equalities will imply that d = n%€ once we shown that there exists a D for which
(D?&) # 0. Choose D to be very ample (see (7.2)), and let A < PV be the embedding defined
by |D|. Then for any hyperplane sections Hj,..., Hg of A in PN, (D€) = (Hy,...,Hyg),
and this is obviously positive.

It remains to prove the second assertion of the theorem. For a homomorphism f: 4 — B,
let (df)o: To(A) — To(B) be the map on tangent spaces defined by f. It is neither surprising
nor difficult to show that d(f + g)o = (df)o + (dg)o (cf. Mumford 1970, §4, p. 42).
Therefore (dn 4)o is multiplication by n on the k-vector-space Ty(A4), and so (dn 4)¢ is an
isomorphism (and 7 4 is étale at zero) if and only if the characteristic of k does not divide 7.
By using the translation maps, one shows that a homomorphism is étale at zero if and only if
it is étale at all points. o

REMARK 8.4. If k is separably algebraically closed and 7 is not divisible by its characteris-
tic, then the theorem says that the kernel A, (k) of n: A(k) — A(k) has n?8 elements. As
this is also true for all n” dividing n, it follows that A, (k) is a free Z/nZ-module of rank
2g. Therefore for all primes / # char(k), T} A & Llnn Ajn (k) is a free Z;-module of rank
2g. Note that an element a = (a,) of T; A is a sequence ay, az, as, ... of elements of A(k)
such that /a1 = 0 and la, = a,—; for all n.

When k is not separably algebraically closed, we set T; A = T; Ay . — this is called the
Tate module of A. In this case there is a continuous action of Gal(ks/k) on T; A.
REMARK 8.5. Assume that k is algebraically closed of characteristic p # 0. Then A, £
Ker(p,4) is a finite group scheme of order p2?¢ killed by p. Therefore (see Shatz 1986)
Ap = (Z] pZ)" x i, % ocfv for some r,s,t such that r +s +¢ = 2g. It is known that r = s
and r < g (the inequality is a consequence of the fact that (dp4)o = 0). All values of r, s,
and ¢ are possible subject to these constraints. The case r = g is the “general” case. For
example, if g = 1, then r = 0 only for supersingular elliptic curves and there are only finitely
many of these over a given k (Mumford 1970, §22, p. 216).

9 The Dual Abelian Variety: Definition

Let £ be an invertible sheaf on A. Recall (6.8) that the map
@i A(k) = Pic(A), awtLRL!
is a homomorphism. Define
K = {a € A | the restriction of m*£ ® ¢* L™ to {a} x A is trivial}.

According to (5.3), K is a closed subset of A, and we regard it as a reduced subscheme of
A. For a in A(k), the maps

m
A~{a}xA—>AxA = A
q
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send

P+ (a,P) : c;)—l—P ,

and so m*L ® ¢* L7 43x4 can be identified with 75 £ ® £L7! on A. Thus
Ke(k)y={ae A(k) | 1)L~ L}.
Note that (6.2) implies that the definition of K, commutes with a change of the base field.

PROPOSITION 9.1. Let £ be an invertible sheaf such that H°(A, L) # 0. Then L is ample
if and only if K has dimension zero, i.e., if and only if t; £ ~ L on A for only a finite set
ofa € A(k).

PROOF. Let s be a nonzero global section of £, and let D be its divisor of zeros. Then D is
effective and £ = L(D), and so the result Mumford 1970, §6, p. 60, applies. 0

We shall be more concerned in this section with the £ of opposite type.

PROPOSITION 9.2. For L an invertible sheaf on A, the following conditions are equivalent:
(@) Kp=4;
(b) 13L ~ L on Ag foralla € A(k);
(c) m*L~p*LRqg*L.

PROOF. The equivalence of (a) and (b) follows from the remarks in the first paragraph of
this section. Clearly (c) implies that for all a € A,

m*LRq* L™ x4 ~ P*Lliaixas

which is trivial. Thus (c) implies (a), and the converse follows easily from the seesaw
principle (5.2) because m*L ® ¢* L ™! ltayx4 and p*L|{a} x A are both trivial for alla € 4
and m*£®q*£_1|AX{0} ~ L~ P*£|Ax{0}- O

Define Pic®(A4) to be the group of isomorphism classes of invertible sheaves on A
satisfying the conditions of (9.2). Note that if f and g are maps from some k-scheme S into
A and £ € Pic®(A), then

(©) *
(f+9)* L= (fg)'m" L= (£ (p*L®q* L)~ [*LOZ L.
From this it follows that n*£ ~ L" alln € Z, L € Pic®(A).

REMARK 9.3. An invertible sheaf £ lies in Pic®A if and only if it occurs in an algebraic
family containing a trivial sheaf, i.e., there exists a connected variety 7" and an invertible
sheaf M on A x T such that, for some tg,#; € T'(k), My, is trivial and M;, ~ L. The
sufficiency of the condition can be proved directly using the theorem of the cube (Mumford
1970, §8, (vi)); the necessity follows from the existence of the dual abelian variety (see
below).

Roughly speaking, the dual (or Picard) variety AY of A is an abelian variety over k such
that AV (k) = Pic®(4 7); moreover, there is to be an invertible sheaf (the Poincaré sheaf) P
on A x A such that for all a € A (k), the inverse image of P on A x {a} = A i represents
a as an element of Pic®(4 )- One usually normalizes P so that P|(gyx 4v is trivial.

The precise definition is as follows: an abelian variety A" is the dual abelian variety of
A and an invertible sheaf P on A x A" is the Poincaré sheaf if:
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(@) Plioyxav is trivial and P| gx (4} lies in Pico(Ak(a)) foralla € AY; and

(b) for every k-scheme 7" and invertible sheaf £ on A x T such that L|gyx 7 is trivial and
L] gx{zy lies in PicO(Ak(t)) forall ¢ € T, there is a unique morphism f:T — A" such
that (1 x f)*P ~ L.

REMARK 9.4. (a) Clearly the pair (4V, £) is uniquely determined up to a unique isomor-
phism by these conditions.
(b) On applying condition (b) with T = SpecK, K a field, one finds that

AV (K) =Pic®(Ag).

In particular AY (E) =Pic%(4 i)» and every element of Pic®(A i) is represented exactly once
in the family (Pq) AV (}) The map f:T — AV in condition (b) sends ¢ € T'(k) to the
unique a € AY (k) such that £; ~ P,.

(c) By using the description of tangent vectors as maps from the dual numbers to AY
(Hartshorne 1977, I, Ex. 2.8), one can show easily that there is a canonical isomorphism
To(AY) — H'(A,0,); in particular, dim AV = dim A. In the case that k = C, there is an
isomorphism H (4,0 4) — H!'(A*™, O 4a) (cohomology relative to the complex topology),
and exp: To(AY) — A(C) induces an isomorphism H (A%, 0 4m)/H'(A*,Z) — A(C).

One expects of course that AYY = A. Mumford (1970) gives an elegant proof of this.

PROPOSITION 9.5. Let P be an invertible sheaf on the product A x B of two abelian
varieties of the same dimension, and assume that the restrictions of P to A x{0} and
{0} x B are both trivial. Then B is the dual of A and P is the Poincaré sheaf if and only if
x(Ax B,P)==+1.

PROOF. Mumford 1970, §13, p. 131. o

Note that the second condition is symmetric between A and B; therefore if (B, P) is
the dual of A, then (A,s*P) is the dual of B, where s: B x A — A x B is the morphism
switching the factors.

10 The Dual Abelian Variety: Construction

We can include only a brief sketch — for the details, see Mumford 1970, §8, §§10-12.

PROPOSITION 10.1. Let £ be an invertible sheaf on A; then the image of ¢,: A(k) —
Pic(A) is contained in Pic®(A); if £ is ample and k is algebraically closed, then ¢ maps
onto Pic®(A).

PROOF. Let b € A(k); in order to show that ¢, (b) is in Pic®(A4), we have to check that
t7(@c(b)) = @ (b) foralla € A(k). But

ta(pe) =15 (G LOLT) =17, LB (17 £)7",
which the theorem of the square (6.7) shows to be isomorphic to
i LRL = gp(b).

This shows that ¢, maps into Pic®(A), and for the proof that it maps onto, we refer the
reader to Mumford 1970, §8, p. 77. O
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Let £ be an invertible sheaf on A, and consider the sheaf
LY m* L@ p* L @q* L]
on Ax A. Then L*|(pyxa =~ L ® £, which is trivial, and for a in A(k),
L axtay X 17 LR LT = gr(a),

which, as we have just seen, lies in Pic®(4 ). Therefore, if £ is ample, then L£* defines a
family of sheaves on A parametrized by A such that each element of Pic®(A4 %) is represented
by L} for a (nonzero) finite number of @ in A(k). Consequently, if (AY,P) exists, then
there is a unique isogeny ¢: A — A such that (1 x ¢)*L = L*. Moreover ¢ = ¢, and the
fibres of A(k) — AV (k) are the equivalence classes for the relation “a ~ a’ if and only if
Ea 2 ﬁa/ .

In characteristic zero, we even know what the kernel of ¢ as a finite subgroup scheme
of A must be because it is determined by its underlying set: it equals K, with its unique
reduced subscheme structure. Therefore, in this case we define AV to be the quotient A/ K
(see Mumford 1970, §7, p. 66 or §12, p. 111 for the construction of quotients). The action of
K on the second factor of A x A lifts to an action on L* over A x A, and on forming the
quotient we obtain a sheaf P on 4 x A such that (1 X @z)*P = L*.

Assume further that k is algebraically closed. It easy to check that the pair (4, P) just
constructed has the correct universal property for families of sheaves M parametrized by
normal k-schemes. Let M on A x T be such a family, and let F be the invertible sheaf
g, M® qik377_1 on AxT x AV, where g;; is the projection onto the (7, j)th factor. Then
Flax@p) = M ® Py 1 and so if we let I" denote the closed subset of T x AV of points
(t,b) such that F| 4 p) is trivial, then I" (k) is the graph of a map 7' (k) — A" (k) sending
a point ¢ to the unique point b such that P, &~ F;. Regard I" as a closed reduced subscheme
of T x AV. Then the projection I" — T has separable degree 1 because it induces a bijection
on points (see Shafarevich 1994, 1, 5). As k has characteristic zero, it must in fact have
degree 1, and now the original form of Zariski’s Main Theorem (Mumford 1966, III.9,

p. 413) shows that I" — T is an isomorphism. The morphism f:7 ~ I . AV has the
property that (1 x f)*P = M, as required.

When k has nonzero characteristic, then A" is still the quotient of 4 by a subgroup
scheme /C, having support K., but X, need not be reduced. Instead one defines K, to be
the largest subscheme of A such that the restriction of m*£ ® g*L£~! to K, x A defines a
trivial family on A (see 5.5), and takes A = A/K .. The proof that this has the correct
universal property is similar to the above, but involves much more.

11 The Dual Exact Sequence

Let f: A — B be a homomorphism of abelian varieties, and let Pp be the Poincaré sheaf
on B x BY. The invertible sheaf (f x 1)*Ppg on A x BY gives rise to a homomorphism
fV:BY — AV such that

(1 xfY)"Par(fx1)*Pp.

On points f is simply the map Pic®(B) — Pic®(4) sending the isomorphism class of an
invertible sheaf on B to it inverse image on A.
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THEOREM 11.1. If f:A — B is an isogeny with kernel N, then fY:BY — AV is an
isogeny with kernel NV, the Cartier dual of N . In other words, the exact sequence

0O—-N—>A—->B—>0
gives rise to a dual exact sequence
0—->NY—BY - AY —0.
PROOF. See Mumford 1970, §15, p. 143. o

There is another approach to this theorem which offers a different insight. Let £ be an
invertible sheaf on A whose class is in Pic®(A), and let L be the line bundle associated with
L. The isomorphism p*L ® ¢* L — m* L of (9.2) gives rise to amap mp: L x L — L lying
over m: A x A — A. The absence of nonconstant regular functions on A forces numerous
compatibility properties of m,, which are summarized by the following statement.

PROPOSITION 11.2. Let G(L£) denote L with the zero section removed; then, for some
k -rational point e of G(L), my, defines on G (L) the structure of a commutative group variety
with identity element e relative to which G(L) is an extension of A by G,.

Thus £ gives rise to an exact sequence
EL): 0->Gy—>GL)—A—0.

The commutative group varieties over k form an abelian category, and so it is possible
to define Ext]lc (A,G,,) to be the group of classes of extensions of A by Gy, in this category.
We have:

PROPOSITION 11.3. The map L +— E(L) defines an isomorphism
Pic®(4) — Ext}( (A,Gp).
Proofs of these results can be found in Serre 1959, VII, §3. They show that the sequence
0— NY(k)— BY(k) — AY (k)
can be identified with the sequence of Exts
0 — Homy (N, G,) — Ext}c(B,Gm) — Ext,lc (A,Gp).

(The reason for the zero at the left of the second sequence is that Homy (A4, G,,) = 0.)

The isomorphism in (11.3) extends to any base (Oort 1966, I11.18). This means that if we
let Ext” denote Ext in the category of sheaves on the flat site over Spec(k) (see Milne 1980,
I11, 1.5(e)), then A" can be identified with the sheaf Ext! (A,Gy,), and the exact sequence

0->NY—>BY—>AY >0
can be identified with

0 — Hom(N,G,,) — ExtY(B,Gp) — Ext'(4,Gp,) — 0.
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12 Endomorphisms

The main result in this section is that End®(4) £ Q ® End(A) is a finite-dimensional semisim-
ple algebra over Q. As in the classical case (Rosen 1986), the semisimplicity follows from
the existence of approximate complements for abelian subvarieties. If W is a subspace of a
vector space V, one way of constructing a complement W' for W is to choose a nondegener—
ate bilinear form on V and take W’ = W equlvalently, choose an isomorphism V' — 1%
and take W' to be the kernel of V — V — W. The same method works for abelian varieties.

PROPOSITION 12.1. Let B be an abelian subvariety of A; then there is an abelian subvariety
B’ C A such that B N B’ is finite and B + B’ = A, i.e., such that B x B’ — A is an isogeny.

PROOF. Choose an ample sheaf £ on A and define B’ to be the reduced subscheme of the

zero component of the kernel of A4 g AY — BY. When k is perfect, B is obviously an
abelian variety, and for an imperfect base field, this is proved in the lemmas below*. From the
theorem on the dimension of fibres of morphisms, dim B’ > dim A —dim B. The restriction
of the morphism A — BY to B is ¢z g: B — B, which has finite kernel because £L|B is
ample. Therefore B N B’ is finite, and so B x B’ — A is an isogeny. =

LEMMA. For an abelian variety A over a field k of characteristic p, the subset |, ,)=1 An
of A is Zariski dense (recall that A, is the kernel of n 4: A — A).

PROOF. In proving this, we may assume that k is algebraically closed. Let B be the Zariski
closure of U(n’ =1 A,, endowed with its structure as a reduced subscheme of A. Then B°
is an abelian subvariety of A. Let n > 1 be an integer prime to p. Then

#(B), (k) = n29mB° and
#By, (k) = #A, (k) = n24im4,

(see 8.4). If n is prime to the index of B® in B, then #(B°), (k) = #B, (k), and so dim B® =
dim A. Therefore B® = A. O

LEMMA. Let A be an abelian variety over a field k. Every abelian subvariety C of A is
defined over a finite separable extension of k.

PROOF. In proving this, we may assume that k is separably closed and has characteristic
p # 0. For n prime to p, A, is an étale group scheme over k. Because k is separably closed,
there exists an €tale subgroup Fy, of Ay such that (F)z = (Ax)z N C. Let B be the Zariski
closure of | J,, F, endowed with its structure as a reduced subscheme of A. By the preceding
lemma, Bi; = C as a set, and so it remains to show that By is reduced. For an open affine
subset U of B, the natural map

Op(U) =[] OF,(FanU) ] Oa,(4n)

is injective, because every f in the kernel is zero on the dense subset (Un Fn) NU of U,
and hence is zero because U is reduced. As [[, Oy, (A4,) is geometrically reduced, this
shows that U (hence B) is geometrically reduced. O

4Based on an email from Qing Liu.
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LEMMA. Let G be a connected closed subgroup scheme of an abelian variety A. Then Gieq
is an abelian variety.

PROOF. In proving this, we may assume that k is separably closed. Note that C £ (GP)red
is an abelian subvariety of Ay. Let B be the abelian subvariety of A constructed in the last
proof. Then By = C and it is clear from its definition that B = Greq. o

An abelian variety is said to be simple if it has no proper nonzero abelian subvarieties.
As in the classical case, each abelian variety A is isogenous to a product [ [; Al.ri of powers
of nonisogenous simple abelian varieties A;; the r; are uniquely determined and the A; are
uniquely determined up to isogeny. The endomorphism algebra End®(A;) of each A; is a
skew field, End°(A4}") ~ M,, (End®(4;)), and End®(4) ~ [; End®(A}").

LEMMA 12.2. For every prime [ # char(k), the natural map
Hom(A, B) — Homgy, (T; A, T; B)
is injective; in particular, Hom(A, B) is torsion free.

PROOF. Let ¢: A — B be a homomorphism such that 7T;¢ = 0; then ¢(A;n (k)) = 0 for all
n. For any simple abelian subvariety A’ of A, this implies that the kernel of ¢| A’ is not finite
and therefore must equal the whole of A’. It follows that ¢ = 0. o

A function f:V — K on a vector space V' over a field K is said to be a polynomial
function of degree d if for every finite linearly independent set {eq,...,e,} of elements of
V, f(x1e1 + -+ + xnep) is a polynomial function of degree d in the x; with coefficients
in K. Similarly, f is a homogeneous polynomial function if f(xieq +---+ xpey) is a
homogeneous polynomial function.

LEMMA 12.3. Assume that K is infinite, and let .V — K be a function such that f(xv +
w) is a polynomial in x with coefficients in K, for all v,w in V; then f is a polynomial
function.

PROOF. We show by induction on 7 that, for every subset {vy,...,v,, w}of V, f(x1v; +
-+++ X, Uy + w) is a polynomial in the x;. For n = 1, this is true by hypothesis; assume it
for n — 1. The original hypothesis applied with v = v,, shows that

F(x101 + 4 XpUn + W) = ao(x1..... Xn—1) 4+ +ag(x1..... xp—1)x2

for some d, with the a; functions K”~! — K. Choose distinct elements cq, ..., cq of K; on
solving the system of linear equations

Sx1v1 4+ Xp—1Vp—1 FCjvp +w) = Zai(xl,...,xn_l)c;, j=0,1,...d,
for a;, we obtain an expression for a; as a linear combination of the terms
fxvr 4+ X 1Vp—1 +cjup +w),

which the induction assumption says are polynomials in x1,...,Xs—1. O
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Let A be an abelian variety of dimension g over k. For ¢ € End(A4), we define deg¢
to be the degree of ¢ in the sense of Section 8 if ¢ is an isogeny, and otherwise we set
degp = 0. As

deg(ng) = degn 4degg = n?8 degp,

we can extend this notion to all of End®(A4) by setting
degp = n">8 deg(ng)
if np € End(A).
PROPOSITION 12.4. The function
@ > degp:End’(4) > Q
is a homogeneous polynomial function of degree 2g on End®(A).

PROOF. As deg(ng) = n?€ degy, the lemma shows that it suffices to prove that deg(n¢ +
) is a polynomial of degree < 2g in n for n € Z and fixed ¢,y € End(A4). Let D be a very
ample divisor on A, and let D,, = (ng + ¥)* D. Then (see 8.3), deg(ng + ¥ )(D¥) = (D}),
where g = dim A4, and so it suffices to prove that (D ) is a polynomial of degree < 2g in n.
Corollary 6.5 applied to the maps ng + ¥, ¢, ¢: A — A and the sheaf £ = L(D) shows that

Dp42—=2Dpt1—2¢)* D + Dy +2(¢* D) ~0,

i.e.,
Dpy2—2Dpy1+ Dy = D/»
where D" = 2(¢*D)— (2¢p)*D.
An induction argument now shows that

—1
D, =""=Y Dy —(n—1)Do
and so ¢
nn—1
(D) = (%) (D'8) +---
is a polynomial in n of degree < 2g. O

THEOREM 12.5. For all abelian varieties A and B, Hom(A, B) is a free Z-module of finite
rank < 4dim Adim B; for each prime [ # char(k), the natural map

Z; @ Hom(A, B) — Hom(T; A, T} B)
is injective with torsion-free cokernel.

LEMMA 12.6. Let ¢ € Hom(A, B); if ¢ is divisible by [" in Hom(T; A, T; B), then it is
divisible by " in Hom(A, B).

PROOF. The hypothesis implies that ¢ is zero on Ajx(k). As A;n is an étale subgroup
scheme of A, this means that ¢ is zero on A;», and therefore factors as ¢ = ¢’ o [":

A4
DN
B.

> 0

0 > Agn >
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PROOF (OF THEOREM 12.5). Lemma 12.6 shows that the map
Zy ® Hom(A, B)— Hom(Ty A, Ty B) Q8

has torsion-free cokernel. We next show that it is injective in the case that A is simple and
B = A. The elements of Z; ® End(A) are finite sums

ZCi@ai, ci €Zyg, ai €End(A),

and so it suffices to show that the map Z; ® M — End(7y A) is injective for any finitely
generated submodule M of End(A). Let ey, ..., e, be a basis for M ; we have to show that
Ty(e1),...,Ty(em) are linearly independent over Z; in End(7; A). Let P be the polynomial
function on End®(A4) such that P(«) = deg(x) for all & € End(A4). Because A is simple,
every nonzero endomorphism « of A is an isogeny, and so P () is an integer > 0. The map
P:QM — Q is continuous for the real topology because it is a polynomial function, and so
U = {v|P(v) < 1} is an open neighbourhood of 0. As

(QM NEnd(4)) NU C End(4)NU =0,

we see that QM NEnd(A) is discrete in QM , and therefore is a finitely generated Z-module
(see 4.15 of my notes on algebraic number theory). Hence there is a common denominator
for the elements of QM N End(A4):

(*) there exists an integer N such that N(QM NEnd(A4)) C M.

Suppose that Ty(ey),...,Ty(ey,) are linearly dependent, so that there exist a; € Zy, not all
zero, such that Y "a; Ty(e;) = 0. For any n € N, there exist n; € Z such that £" |(a; —n;) in Zy
foralli. Then Y n;Ty(e;) is divisible by £ in End(7; A), and so > _n;e; is divisible by £” in
End(A) (by 12.6). Hence N (3 _nje; /£") € N(QM NEnd(A)). When n is sufficiently large,
|n,-|g = |ai|g and |Na,-|g > 1/5" for some i with a; 75 0. Then |Nl’l,‘/£"|g = |Nai|g'£" > 1,
and so Nn; /" ¢ 7. Therefore N (D_n;e;/{") does not lie in M, which contradicts (*).
This completes the proof that (1) is injective when A = B is simple. For arbitrary A, B
choose isogenies [ [; 4; — A and B — ]_[j B with the A; and B; simple. Then

Hom(A4, B) — 1_[1. i Hom(4;, B;)

is injective. As Hom(A4;,B;) = 0if A; and B; are not isogenous, and Hom(4;, B;) —
End(A;) if there exists an isogeny B; — A;, the natural map

(1_[1',] Hom(A4;, Bj)) RZy — l—[i,j Hom(T;A;, T¢Bj)
is injective. It follows that (1) is injective for A and B. o

Define the Néron-Severi group NS(A) of an abelian variety to be the quotient group
Pic(4)/Pic®(A). Clearly £+ ¢, defines an injection NS(A) < Hom(4, AY), and so
(12.5) has the following consequence.

COROLLARY 12.8. The Néron-Severi group of an abelian variety is a free Z-module of
finite rank.
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Proposition 12.4 shows that, for each « in End®(A), there is a polynomial Py (X) € Q[X]
of degree 2g such that, for all rational numbers r, Py (r) = deg(e —r4). Let o« € End(4),
and let D be an ample symmetric divisor on A; then the calculation in the proof of (12.4)
shows that

Pu(—n) = deg(e +n) = (D)/(D?),

where D, = (n(n—1)/2)D" +n(a +14)*D — (n—1)a™ D, with
D' =2D —ZZD ~2D.

In particular, we see that P is monic and that it has integer coefficients when o € End(A).
We call Py, the characteristic polynomial of « and we define the frace of « by the equation

Py(X) = X2 —Tr(a)X?6 1 +... 4 deg(x).

PROPOSITION 12.9. For alll # char(k), P, (X) is the characteristic polynomial of « acting
on Q; ® T; A; hence the trace and degree of « are the trace and determinant of « acting on
QT A.

PROOF. We need two elementary lemmas. O

LEMMA 12.10. Let P(X) =[](X —a;) and Q(X) = [[(X — b;) be monic polynomials
of the same degree with coefficients in Q;; if |[[ F(a;)|; = |[[ F(bi)|; for all F € Z|T],
then P = Q.

PROOF. See Lang 1959, VII, 1, Lemma 1. o

LEMMA 12.11. Let E be an algebra over a field K, and let §: E — K be a polynomial
function on E (regarded as a vector space over K) such that §(af) = §(«)5(B) for all
o, €E. Leta € E, and let P = [ [(X —a;) be the polynomial such that P(x) = §(x — x).
Then §(F(a)) = £ ][] F(a;) forall F € K|[T].

PROOF. After extending K, we may assume that the roots by, b5, ... of F and of P lie in
K; then

S(F@) =8 J—b)=][s=-b))=]]Pep=]]k;—a)=£]]Fa.
J J J i

i,J

We now prove (12.9). Clearly we may assume k = k. For any 8 € End(A)

|deg(B)|; = [#(Ker(B))ls
= #(Ker(B)(1) ™"
= #(Coker(T;8)) ™"
= |det(T1B)|;-

Consider o € End(A), and let ay,as,... be the roots of P,. Then for any polynomial
F eZ|T],
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[T, F@anl = [deg Fo)l; by (12.11)
= | det Ty (F(@))ls
=] [ Feol. by (12.11)

where the b; are the eigenvalues of 7; 8. By Lemma 12.10, this proves the proposition.

Let D be a simple algebra of finite degree over Q, let K be the centre of D, and let
d = /[D: K]. The reduced trace and norm of D over K satisfy (¢ € D)

Trp k(@) =d-Trdp/k (@),
Nmp, g (@) = Nrdp; g (@)“.

We shall always set Trd = Trg /g oTrdp,/x and Nrd = Ng,goNrdp,k. Let Vi,...,Vy,
f =[K:Q], be a set of representatives for the isomorphism classes of simple representations
of D over Q; each has degree d. The representation V = @if=1 V; is called the reduced
representation of D. For all ¢ in D,

Trd(a) = Tr(a|V)
Nrd(«) = det(x|V).

The reduced representation is defined over any field k D Q that splits D, i.e., is such that
D ® k is a product of matrix algebras over fields.

PROPOSITION 12.12. Let D be a simple Q-subalgebra® of End®(A) , and let d, f, and
K be as above. Let V be the reduced representation of D over Q;. Then 2g/fd is
an integer, and V;A £ Q; ® T; A is a direct sum of 2g/fd copies of V; consequently
Tr(e) = (2g/fd)Trd(er) and deg(or) = Nrd(er)?8//? forall o in D.

PROOF. Suppose V; A becomes isomorphic to €; m; V; over @l,mi > 0, and let o; be the
embedding of K into Q corresponding to V;. Then, for any « in K, the characteristic
polynomial of o on V; is (X —o;a)?, and so Py(X) = [LX —o;0)?™i . Choose « to
generate K, so that its characteristic polynomial Pg /g, «(X) is irreducible. Both Pg /g o(X)
and Py (X) have coefficients in Q, and the equality shows that every monic irreducible factor
of Py(X) shares a root with Pg/q,o(X), and so equals it. Thus Py (X) = Pg/q.o(X)™ for
some integer m, and each m; = m. On equating degrees, we find 2dimA = mfd. O

ASIDE. If D is split over Q, then its reduced representation V' is defined over QQ, and the proposition
gives an isomorphism V28//4 @ Q; — V; A of D ® Q;-modules for every /. Let A = (Hl#p Z1)®7zQ
be the ring of finite adeles away from p, and let Va4 = ([;,, T14) ®2 Q. It is possible choose the

isomorphisms so that they induce an isomorphism V28//4 @ A — V, A of D ® A-modules.

REMARK 12.13. The group NS(A) is a functor of A. Direct calculations show that z, acts
as the identity on NS(A) for all a in A(k) (because ¢;* = @) and n acts as n? (because

—lactsas I, and so n*L = £ in NS(A) by (6.6)).

3In particular, this means D and End®(A) have the same identity element.
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13 Polarizations and the Cohomology of Invertible
Sheaves

For many purposes the correct higher dimensional analogue of an elliptic curve is not an
abelian variety but a polarized abelian variety.

A polarization A on an abelian variety A is an isogeny A: A — A" such that A = ¢ for
some ample invertible sheaf £ on Aj. The degree of a polarization is its degree as an isogeny.
An abelian variety together with a polarization is called a polarized abelian variety; there
is an obvious notion of a morphism of polarized abelian varieties. If A has degree 1, then
(A, A) is said to belong to the principal family and A is said to be a principal polarization.

REMARK 13.1. If A has dimension 1, then NS(A) = Z. For each integer d, there is a
unique polarization of degree d?; it is ¢, where g = L(D) for D any effective divisor of
degree d.

REMARK 13.2. If A is a polarization, there need not exist an £ on A such that A = ¢.
Suppose, for example, that k is perfect and let G = Gal(k / k). By assumption, there is an £
on Ay such that ¢z = Ag. As A is fixed by the action of G on Hom(Ag, A%), the class [£]
of £ in NS(Ag) will also be fixed by G. Unfortunately this does not imply that [£] lifts to
an element of Pic(A): there is a sequence of Galois cohomology groups

0— A (k) — Pic(4) - NS(4p)¢ — H' (G, A (k))

and the obstruction in H'(G, AY (k)) may be nonzero. However, if k is finite, an easy lemma
(Mumford 1970, §21, p. 205) shows that H!(G, AV (k)) = 0 and therefore A = ¢ for some
L in Pic(A).

There is an important formula for the degree of a polarization, which it is convenient to
state as part of a more general theorem.

THEOREM 13.3. Let L be an invertible sheaf on A, and write
X(L) =) (1) dimy H'(4.L).

(a) The degree of ¢ is y(L)2.
(b) (Riemann-Roch). If L = L(D), then (L) = (D¥)/g!.
(c) Ifdim K, = 0, then there is exactly one integer r for which H" (A, L) is nonzero.

PROOF. Combine Mumford 1970, §16, p. 150, with (4.2a). o

EXERCISE 13.4. Verify (13.3) for elliptic curves using only the results in Hartshorne 1977,
Iv.

REMARK 13.5. The definition of polarization that we have adopted (following Mumford)
is the one that is most useful for moduli questions. It differs from Weil’s original notion (see
Lang 1959, p. 193; Rosen 1986, §5).
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14 A Finiteness Theorem

THEOREM 14.1. Letk be a finite field, and let g and d be positive integers. Up to isomor-
phism, there are only finitely many abelian varieties A over k of dimension g possessing a
polarization of degree d?.

PROOF. First assume that dim A = 1. Then A automatically has a polarization of degree
1, defined by £ = L(P) for any P € A(k). The linear system |3 P| defines an embedding
A < P2, and the image is a cubic curve in P2. The cubic curve is determined by a
polynomial of degree 3 in three variables. As there are only finitely many such polynomials
with coefficients in k, we have shown that there are only finitely many isomorphism classes
of A’s.

The proof in the general case is essentially the same. By (13.2) we know there exists an
ample invertible sheaf £ on A such that ¢ is a polarization of degree d?2. Let £ = L(D);
then, by (13.3), x(£) =d and (D8) = x(L)g! =d(g!). As L3> = L(3D),

x(L3) = (3D)*)/g! = 3%d.

Moreover £3 is very ample (see (7.3)); in particular H°(A4,£3) # 0, and so (13.3c) shows
that dim H%(A, £3) = y(£3) = 38d. The linear system |3 D | therefore gives an embedding
A P3d-1

Recall (Shafarevich 1994, 1.6) that if V' is a smooth variety of dimension g in PV, then
the degree of V is (D1,..., Dg), where Dy,..., D¢ are hyperplane sections of V. Moreover,
there is a polynomial, called the Cayley or Chow form of V,

FV(a(()O),...,ag);... : a(()g),...,ag\é,’))
associated with V', which is a polynomial separately homogeneous of degree deg V" in each
of g + 1 sets of N 4 1 variables. If we regard each set of variables a(()’), . ,ax,) as defining

a hyperplane, . A
HD . a(()l)X0+-~-+aX,)XN =0,

then Fy is defined by the condition:

Fy(HO, ... H®) =0 < ANnHON...n H® is nonempty.

A theorem states that Fy uniquely determines 1/

Returning to the proof of (14.1), we see that the degree of 4 in P34~ is ((3D)%) =
38d(g!). It is therefore determined by a polynomial F4 of degree 38d(g!) in each of g + 1
sets of 38 d variables with coefficients in k. There are only finitely many such polynomials.q

REMARK 14.2. Of course, Theorem 14.1 is trivial if one assumes the existence of moduli
varieties. However, everything used in the above proof (and much more) is required for the
construction of moduli varieties.

REMARK 14.3. The assumption that A has a polarization of a given degree plays a crucial
role in the above proof. Nevertheless, we shall see in (18.9) below that it can be removed
from the statement of the theorem.
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15 The Etale Cohomology of an Abelian Variety

The usual cohomology groups H" (A(C),Z) of an abelian variety are determined by the
statements:
(a) a representation of A(C) as a quotient A(C) = C& /L determines an isomorphism
H'(A(C),Z) — Hom(L,Z);
(b) the cup-product pairings define isomorphisms

N H'(A(C).Z) » H" (A(C).Z) for all r.

To prove (a), note that C# is the universal covering space of A(C), and that L is its group
of covering transformations. Therefore, 71(A(C),0) ~ L, and for any pointed manifold
(M,m),

HY(M,Z) ~ Hom(rry (M, m),Z).

Statement (b) can be proved by observing that A(C) is homeomorphic to a product of 2g
circles and using the Kiinneth formula (see Mumford 1970, §1, p. 3), or by using the same
argument as that given below for the étale topology.

THEOREM 15.1. Let A be an abelian variety of dimension g over an algebraically closed
field k, and let | be a prime different from char(k).

(a) There is a canonical isomorphism H'(Ae,Z;) — Homg, (T; A, Z;).

(b) The cup-product pairings define isomorphisms

N H'(4e.Z)) = H' (A Zy) for all r.

In particular, H” (Ae, Z7) is a free Z;-module of rank (25)

PROOF. We have
Hl (A7 Zl) ~ Homconts(nlet(A,O)s Zl)s

where 7{'(A4,0) denotes the étale fundamental group. For each n, [%4:A — A is a finite
étale covering of A with group of covering transformations Ker(/’j) = A;x (k). By def-
inition 77'(A,0) classifies such coverings, and therefore there is canonical epimorphism
7' (A,0) = Ajn (k) (see Milne 1980, 1.5). On passing to the inverse limit, we get an epimor-
phism 7{'(A4,0) — T; A, and consequently an injection Homgz, (T} A, Z;) — HY(A,7Z)).

To proceed further we need to work with other coefficient groups. Let R be Z;,[F;, or
Qy, and write H*(A) for @,y H" (Aet, R). The cup-product pairing makes this into a
graded, associative, anticommutative algebra. There is a canonical map H*(A) ® H*(A) —
H*(A x A), which the Kiinneth formula shows to be an isomorphism when R is a field. In
this case, the addition map m: A x A — A defines a map

m*: H*(A) > H*(Ax A) = H*(A) ® H*(A).

Moreover, the map a +— (a,0): A — A X A identifies H*(A) with the direct summand
H*(A)® H°(A) of H*(A)® H*(A). Asmo(a > (a,0)) = id, the projection of H*(A) ®
H*(A) onto H*(A) ® H%(A) sends m*(x) to x ® 1. As the same remark applies to
a + (0,a), this shows that

m*(x)=x®1+1®x+2xi®y,-, deg(x;), deg(y;) > 0. o
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LEMMA 15.2. Let H* be a graded, associative, anticommutative algebra over a perfect
field K. Assume that there is map m*: H* — H* ® H™* satisfying the above identity. If
HY =K and H" =0 for all r greater than some integer d , then dim(H') < d, and when
equality holds, H* is isomorphic to the exterior algebra on H'!.

PROOF. A fundamental structure theorem for Hopf algebras (Borel 1953, Theorem 6.1)
shows that H™* is equal to the associative algebra generated by certain elements x; subject
only to the relations imposed by the anticommutativity of H* and the nilpotence of each x;.
The product of the x; has degree > deg(x;), from which it follows that > deg(x;) <d. In
particular, the number of x; of degree 1 is < d; as this number is equal to the dimension of
H?, this shows that its dimension is < d. When equality holds, all the x; must have degree
1; moreover their squares must all be zero because otherwise there would be a nonzero
element x1x5 - -xl.2 ---xg of degree d + 1. Hence H* is the exterior algebraon H!. O

When R is Q; or [F;, the conditions of the lemma are fulfilled with d = 2g (Milne 1980,
VI, 1.1). Therefore H'!(A,Q;) has dimension < 2g. But H1(4,Q;) = Q; ® H'(A,7Z;),
and so the earlier calculation shows that H!(4,Q;) has dimension 2g. The lemma now
shows that H” (A4,Q;) = \" H'(A,Q;), and, in particular, that its dimension is (ng ) This
implies that H" (4, Z;) has rank (2§ ). The exact sequence (Milne 1980, V, 1.11)

[ 1
..~ H"(A,2)) — H"(A,Z,) — H"(A,F)) > H""Y(A,2;) — H "1 (A4,2;)) — ---

now shows that dim(H ' (4,F;) > 2g, and so the lemma implies that this dimension equals
2g and that dim(H" (A4,F;)) = ( 28 ) On looking at the exact sequence again, we see
that H' (A,Z;) must be torsion-free for all r. Consequently, \" H'(A,Z;) — H" (A,Z;)
is injective because it becomes so when tensored with (Q;, and it is surjective because it
becomes so when tensored with [F;. This completes the proof.

REMARK 15.3. In the course of the above proof, we have shown that the maximal abelian
I-quotient of 77§'(A,0) is isomorphic to 77 A. In fact, it is known that 7§'(A4,0) = TA, where
TA = lérlln Ap (k). In order to prove this one has to show that the all finite étale coverings
of A are isogenies. This is accomplished by the following theorem (Mumford 1966, §18,
p. 167):

Let A be an abelian variety over an algebraically closed field, and let f: B — A
be a finite étale covering with B connected; then it is possible to define on B
the structure of an abelian variety relative to which f is an isogeny.

REMARK 15.4. We have shown that the following three algebras are isomorphic:
(1) H*(A,Z;) with its cup-product structure;
(i) A* H'(A,Z;) with its wedge-product structure;
(iii) the dual of A\* T} A4 with its wedge-product structure.
If we denote the pairing
TiAx HY(A,Z)) — 7

by (-|-), then the pairing
.
N\ TiIAxH(A.Z)) — 7

is determined by
(ay A--=ANap, by U---Ub,) =det({(a;|b;)).

See Bourbaki ALG, §8.
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REMARK 15.5. Theorem 15.1 is still true if k is only separably closed (see Milne 1980, II,
3.17). If A is defined over a field k, then the isomorphism

/\* Hom(T},Zs) — H™(Ax,.Zy)

is compatible with the natural actions of Gal(ks/ k).

16 Pairings

As we discussed in Section 11, if M and N denote the kernels of an isogeny f and its dual
[V, then there is a canonical pairing M x N — G, which identifies each group scheme with
the Cartier dual of the other. In the case that f is multiplication by m,m 4 : A — A, then
fYismyv:AY — AV, and so the general theory gives a pairing e;,: Am X A,, — G, If we
assume further that m is not divisible by the characteristic of k, then this can be identified
with a nondegenerate pairing of Gal(k / k )-modules

em: Am (k) x AY (k) — k*.
This pairing has a very explicit description. Let a € A, (k) and leta’ € Ay (k) C Pic®(4 7)-
If a’ is represented by the divisor D on Az, then le D is linearly equivalent to m D (see the

paragraph following 9.2), which is linearly equivalent to zero. Therefore there are functions
S and g on A such that mD = (f) and m;lD = (g). Since the divisor

(foma) =m7' (/) =my (mD) =m(my' D) = (g"),
we see that g™/ f om 4 is a constant function ¢ on Az. In particular,
gx +a)" =cf(mx +ma)=cf(mx) =g(x)™.

Therefore g/g o1, is a function on Az whose mth power is one. This means that it is an mth
root of 1 in k(A) and can be identified with an element of k. It is shown in Mumford 1970,
§20, p. 184, that e, (a,a’) = g/got,.

LEMMA 16.1. Letm and n_be integers not divisible by the characteristic of k. Then for all
a € Amn(k) anda’ € Ay, (k),

emn(a,a)" =ey,(na,na’).
PROOF. Let D represent a’, and let (mn) ;' (D) = (g) and m ;' (nD) = (g’). Then
(¢'ona) =3 ((g)) = 3" (m7" (nD) = n(mm) ;" (D) = (g").
and so g" = ¢(g’ on4) for some constant function c¢. Therefore

(g(x)/g(x +a))" =g'(nx)/g (nx +na),

and this equals ¢,,(na,na’) for all x. O
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Regard &), as taking values in i, = {¢ € k | &™ =1}, and let Z;(1) = lglln un forl a
prime not equal to the characteristic of k. (Warning: We sometimes write Z; (1) additively

and sometimes multiplicatively.) The lemma allows us to define a pairing ¢;: T} A x T} AY —
Z;(1) by the rule

e((an). (ay)) = (€rn(an.ay)).

For a homomorphism A: A — AV, we define pairings

E,),ﬁ:AmxAmaum, (a,a") v ep(a,rd’),
e;l:TleTlA—>Zl(1), (a,a")y v+ ej(a,1a’).

If A = ¢, £ € Pic(A), then we write €5 and el for e e and el

LEMMA 16.2. For a homomorphism f: A — B, there are the following formulas:
@) em(a, £V () =en(f(a),b), a€Am,be By;
(b) ez(a 1Y (b))—el(f(a) b), aeTA,beT;B
(©) el ohef (a a') =ej A(f(a), f(a)), a,a’ € TjA, A € Hom(B,BY);
(d) el (a a’)—el (f(a), f(@)), a,a’ € T;A, L € Pic(B).
Moreover,
(e) L~ ef is a homomorphism Pic(A4) — Hom(/\2 T1A,Z;(1)).

PROOF. Leta and b be as in (a); let the divisor D on B represent b, and let ml_;1 D = (g).
Then e,,(f(a),b) = g(x)/g(x + f(a)) for all x. On the other hand, f~!'D represents
¥y on A, andm' f1D = f~'m3'D = (g0 f). and s0

em(a, ¥ (b)) = g(f(x)/g(f(x)+ f(a)).
This proves (a), and (b) and (c) follow immediately. Formula (d) follows from (c) because

grecla)=t1;f*L® f*L!
— f*z;‘;a£®f*£_1

= [*(pc(fa))

= fYogco f(a).
which shows that ¢ s+, = fY 0@ o f. Finally, (e) follows from the fact that ¢ g =
brter- O

EXAMPLE 16.3. Let A be an abelian variety over C, and let O4 denote the sheaf of
holomorphic functions on A*". The exact sequence of sheaves on 4*"

27”()
0—>7Z— 0Oy PN OA—>O

gives rise to an exact sequence
HY'(A™ Z) — H'(A™,04) — H'(A™,0%) — H*(A™,Z) — H*(A™,0,).

As Hl(Aa“,Ofl) ~ Pic(A) and H1(4A*™,04)/H(A™,7) ~ Pic®(A) (see 9.4c), we can
extract from this an exact sequence

0 — NS(A) > H2(A™,Z) — H?*(A™,0, ).
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Let A € NS(A), and let E* be its image in H2(A*,7Z). Then (see §15) E* can be regarded
as a skew-symmetric form on Hy(A®",Z). It is a nondegenerate Riemann form if and only if

A is ample. As was explained above, A induces a pairing elx, and it is shown in Mumford
1970, §24, p. 237, that the diagram

A
Hi(A™,7) x Hy(4™,7) 255 7

L,

TIA  x TA——>7,0)

commutes with a minus sign if the maps H1(4*,Z) — T; A are taken to be the obvious
ones and Z — Z;(1) is taken to be m — ™, ¢ = (... e/ ..); in other words,

ef (a.a’) = ;7EH @,

In the remainder of this section, we shall show how étale cohomology can be used to give
short proofs (except for the char(k) part) of some important results concerning polarizations.
Proofs not using étale cohomology can be found in Mumford 1970, §20, §23.

The family of exact sequences of sheaves

ln
0-)/1/[}1 _)Gm_)Gm_)O,

[ # char(k), n > 1, plays the same role for the étale topology that the exponential sequence in
(16.3) plays for the complex topology (they are called the Kummer sequences). As Pic(A) =
H'(A,G,,) (étale cohomology), these sequences give rise to cohomology sequences

0 — Pic(Ap)/ 1" Pic(Ay) — H?(Ag, un) — H*(Az.Gp)m — 0.

Note that Pic® (Ap) =AY (k) is divisible, and so Pic(Ag)/1" Pic(Ag) = NS(Ag)/ " NS(Ap).
On passing to the inverse limit over these sequences, we get an exact sequence

0 — NS(Ap) ® Z; — H*(Az. Zi(1)) = Ty H*(Af. Gpm) — 0,

where T; M for any group M is lglln M;n. Note that Ty M is always torsion-free. As in the
above example, an element A of NS(Ay) defines a skew-symmetric pairing

E}MTIAXTiA — 7(1),

and one can show as in the previous case that £ IA = —ef (in fact, this provides a convenient

alternative definition of el)t in the case that A arises from an element of NS(Ay)).
We now assume that k is algebraically closed.

THEOREM 16.4. Let f: A — B be an isogeny of degree prime to the characteristic of k,
and let A € NS(A). Then A = f*(1") for some A" € NS(B) if and only if, for all | dividing
deg( f), there exists an e; in Hom(/\2 T;B,Z;(1)) such that el)L (a,a’)y =e;(f(a), f(a')) all
a,a’ € T;A.
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PROOF. The necessity is obvious from (16.2¢). For the converse, consider for each [ #
char(k) the commutative diagram

0 —— NS(A)®Z; — H*(A.Z;(1)) —— Tj(H?*(A.Gp))

[ I I

0 —— NS(B)®7Z; — H?*(B,Z;(1)) —— T;(H?*(B,Gp)).

The right-hand vertical arrow is injective because there exists an isogeny f’: B — A such
that f o f’ is multiplication by deg( f) on B (see §8) and T;(H?(B,G,,)) is torsion-free.
A diagram chase now shows that A is in the image of NS(B) ® Z; — NS(A) ® Z; for all
[ dividing deg( /'), and the existence of f’ shows that it is in the image for all remaining
primes. This implies that it is in the image of NS(B) — NS(A) because NS(A) is a finitely
generated Z-module. O

COROLLARY 16.5. Assume that [ # char(k). An element A of NS(A) is divisible by I" if
and only if e} is divisible by I" in Hom(/\* Ty A, Z; (1)).

PROOF. Apply the proposition to [%§: A — A. o

PROPOSITION 16.6. Assume that char(k) # 2, . A homomorphism A: A — AV is of the
form ¢ for some L € Pic(A) if and only if el)L is skew-symmetric.

PROOF. If A is in the subgroup NS(A) of Hom(A4, AY), we already know that ef is skew-

symmetric. Conversely, suppose that el)L is skew-symmetric, and let £ be the pull-back of
the Poincaré sheaf P by (1,A): A — Ax AY. Forall a,a’ € T} A,

€] (a?wﬁa/) = el[:(a?a/)

=e] ((a,ra),(a’,1a")) by 16.2d

=e;(a,Aa’)—e;(a’, La) see the next lemma

= ef(a,a/) —ef(a/,a)

= 2ej1 (a,a’) because ef is skew-symmetric
=e;(a,21d").

As e is nondegenerate, this shows that 24 = ¢, and (16.5) shows that £ is divisible by 2 in
NS(A). a)

LEMMA 16.7. Let P be the Poincaré sheaf on A x AY. Then
e/ ((a.b).(d'.b")) = e;(a,b')—e;(a’,b)
fora,a’ € TyA andb,b’ € T A .

PROOF. Because Z;(1) is torsion-free, it suffices to prove the identity for b and b’ in a
subgroup of finite index in 7 AY. Therefore we can assume that b = Ac¢ and b’ = A¢’ for
some polarization A = ¢, of A and elements ¢ and ¢’ of T; A. From §10 we know that

(A xXAM)*P=m*LQp*L ' @q¢*L7!,
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and so
el (a.b). (@ b)) = e P ((@.c).(@.c"))
=ef(a+c,d +c)—ef(a,a)—ef(c,c)
=ef(a,c/)—ef(dc)
=ej(a,b')—e(d’,b). -
For a polarization A: 4 — AV, define
et Ker(1) x Ker(A) = um

as follows: suppose m kills Ker(1), and let a and a’ be in Ker(4); choose a b such that
mb = a’, and let ek(a,a’) = em(a,Ab); this makes sense because m(Ab) = A(mb) = 0.
Also it is independent of the choice of b and m because if mnb’ = a’ and nc = a, then

and so

Cmn (@, Ab) Jem(a, Ab) = em(a, A(nb' — b))
=" (a,nb' —b)
=2y (nb'—b.a)”"
=1 asia=0.

Leta = (ay) and a’ = (a}) be in T; A. If Aa,, = 0 = Aa, for some m, then

eMam.al,) = em(am. Adb,,)
= El2m (azm y A‘aém)lm
A
= el2m (avaa/Zm)'
Note that this implies that et is skew-symmetric.

PROPOSITION 16.8. Let f:A — B be an isogeny of degree prime to char(k), and let
A: A — AY be a polarization of A. Then A = f*(A’) for some polarization A" on B if and
only if Ker( ) C Ker(1) and e is trivial on Ker(f) x Ker(f).

PROOF. We will assume the second condition and construct an e¢; in Hom( /\2 T:B,Z;(1))
such that el)t (a,a") =e;(fa, fa’) for all a,a’ in T; A; then (16.4) will show the existence of
M. Leth,b’ € T} B; for some m there will exist a,a’ € Tj A such that ["*h = f(a) and ["'b’ =
f(a@"). If we write a = (a,) and @’ = (a},), then these equations imply that f(a,) =0 =
f(al,), and therefore that a,, and a/,, are in Ker(A) and that e* (@, a’,) = 0. The calculation
preceding the statement of the proposition now shows that 51)Lzm (az2m.ab,,) = 0 and therefore
that el)L (a,a’) is divisible by /2. We can therefore define ¢;(b,b’) = l_zmel)L (a,a’). This
proves the sufficiency of the second condition, and the necessity is easy. o

REMARK 16.9. The degrees of A and A’ are related by
deg(1) = deg(1) - deg(f)*,
because A = fYol'o f
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COROLLARY 16.10. Let A be an abelian variety having a polarization of degree prime to
char(k). Then A is isogenous to a principally polarized abelian variety.

PROOF. Let A be a polarization of A4, and let / be a prime dividing the degree of A. Choose
a subgroup N of Ker(1) of order /, and let B = A/N. As e* is skew-symmetric, it must
be zero on N x N, and so the last proposition implies that B has a polarization of degree
deg(1)/12. o

COROLLARY 16.11. Let A be a polarization of A, and assume that Ker(A) C A,, with m
prime to char(k). If there exists an element & of End(A) such that a(Ker(1)) C Ker(4) and
a¥odloa=—AonA,pq,then Ax A is principally polarized.

PROOF. Let
N ={(a,xa) |a € Ker(1)} C Ax A.
Then N C Ker(A x 1), and for (a,aa) and (a’,aa’) in N,
MM (a,aa), (@ ad') = e*(a,d’) + e* (aa,ad’)
=em(a,Ab) +epm(a,a” odoa(b)) where mb=ad’
=em(a,Ab) +ey(a,—Ab)
=0.

Therefore, (16.8) applied to A x A — (A x A)/ N and the polarization A x A on A x A shows
that (A x A)/ N is principally polarized. The kernel of

(a,a")— (a,aa+a’):AxA— (Ax A)/N
is Ker(4) x {0}, and so the map induces an isomorphism A¥ x A — (A x A)/N. o

REMARK 16.12. (Zarhin’s Trick).® Let 4 and A be as in the statement of the corollary.
Then there always exists an « satisfying the conditions for (4%, 14) and therefore (4 x A)*
is principally polarized. To see this choose integers a, b, c,d such that

a?+b*>+c?+d*>=—-1 mod m?,

and let
a b —c —d
N a d -—c 4
e=|_ _o 4 pl€ My(Z) C End(A7).
d c —b a

Clearly o(Ker(14)) C Ker(A%). Moreover ¥ can be identified with the transpose o of «
(as a matrix), and so

aVoroa=a"oA*oa =A% o0aoa.
Butaoua = (a? +b%+c2+d?) 4.

REMARK 16.13. In Mumford 1970, §20, §23, there is a different and much more profound
treatment of the above theory using finite group schemes. In particular, it is possible to
remove the restrictions on / or a degree being prime to the characteristic in the results (16.4)
through (16.12).

6Zarhin himself calls it the quaternion trick (Zarhin, Yuri G., Homomorphisms of abelian varieties over finite
fields. Higher-dimensional geometry over finite fields, 315-343, I0S, Amsterdam, 2008).
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REMARK 16.14. Some of the above results extend to fields that are not algebraically closed.
For example, if A is an abelian variety over a perfect field, then (16.5) implies immediately
that a polarization A of A can be written as /" times a polarization if and only if el)t is
divisible by /"; similarly (16.11) implies that the same result holds over a perfect field.
On the other hand (16.10) seems to be false unless one allows a field extension (roughly
speaking, it is necessary to divide out by half the kernel of the polarization A, which need
not be rational over k).’

17 The Rosati Involution

Fix a polarization A on A. As A is an isogeny A — AV, it has an inverse in Hom®(4Y, 4) &

Hom(A4Y, A) ® Q. The Rosati involution on End®(A) corresponding to A is

ToaVol.

aral =2~
This has the following obvious properties:
@+B)=a"+8", @) =pTa’, a'=daforacq.
Foralla,a’ € T]A®Q, [ # char(k),
ef\(aa,a/) =e;(aa,ra’) =ej(a,a’ odd') = elk(a,cha/),
from which it follows that o'T = .

REMARK 17.1. The second condition on « in (16.11) can now be stated as afoa=—1o0n
A,,2 (provided T lies in End(A)).

PROPOSITION 17.2. Assume that k is algebraically closed. Then the map
L A" op:NS(4) @ Q — End®(4),
identifies NS(A) ® Q with the subset® of End®(A) of elements fixed by .

PROOF. Let a € End®(A), and let / be an odd prime # char(k). According to (16.6), A o«
is of the form ¢ if and only if elx°“(a,a’) = —e;b“ (a',a) foralla,a’ € T}A® Q. But

elxw(a,a’) = elx(a,aa') = —e;l(oza',a) = —e¢j(a’,a” oA(a)),

and so this is equivalentto Aloa = ¥ o A, that is, to @ = af. o

THEOREM 17.3. The bilinear form
(o, B) > Tr(a o ﬂT):EndO(A) x End®(4) — Q
is positive definite. More precisely, if A = ¢ (p), then

28
~(D?)
TIndeed, there are examples of abelian varieties over finite fields not isogenous to a principally polarized

abelian variety.
8Not a subalgebra!

Tr(eoa™) (D71 .a*(D)).
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As D is ample and o* (D) is effective, the intersection number (D&~ !.a*(D)) is
positive. Thus the second statement implies the first. Clearly it suffices to prove it with k
algebraically closed. We first need a lemma.

LEMMA 17.4. Let A be an abelian variety over an algebraically closed field, and let
Z;(g) = Z;(1)®& . Then there is a canonical generator & ofHom(/\zg (T;A),Z;(g)) with the
following property: if D1,..., Dg are divisors on A and e; = ef(Di) € Hom(/\2 T1A,7Z;(1)),
then ey A--- Neg is the multiple (D1, D»,...,Dg)e of e.

PROOF. See Mumford 1970, §20, Theorem 3, p. 190. (From the point of view of étale
cohomology, ¢ corresponds to the canonical generator of H?8 (A,Z;(g)), which is equal
to the cohomology class of any point on A. If ¢; is the class of D; in H?(A,Z;(1)), then
the compatibility of intersection products with cup products shows that (D1,...,Dg)e =
c1U---Ucg. Consequently, the lemma follows from (15.4). O

PROOF (OF 17.3). From the lemma, we find that
e;1 /\.--/\el)L = (D¥)e,

e} n-nef ne M = (DETa*(D))e.

It suffices therefore to show that, for some basis ay,...,a2¢ of /A ® Q,
o*(X)
(alA---AazglefA---AefAel ) 1 +
p) 3 = —Tr(xoa')
(ay A Nazglef A---Nep) 2g

(see 15.4). Choose the basis ay,a2,...,a2g so that

et (azi—1,az:) = 1 = —el(azi,azi—1), i=12, ..., 8.

el)L (ai,aj) =0, otherwise.
Let fi..... f2g be the dual basis; then for j # j,

| ifi=j,i =,
(@ navlfy m gy = | e a0 | d 1= i<
S S otherwise.

Therefore el)L = Zle fri—1 A fai, and so ef /\---/\e;1 =gl(fiA- A fag). Thus

(@1 A Naggle} Ao Aelt) = (a1 A Aasg|gl(fi A A fog)) = g

Similarly,

*
c
{ay /\--‘/\azg|elk/\~-/\elk/\e? ( ))

g
= (g — D! _ef (@azi—1,aaz)

i=1

Y
€~ DUS™ (o a1t aas) + e (@ aas1.a20))

2
!

= iTr(aTa),
2g

which completes the proof. O
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PROPOSITION 17.5. Let A be a polarization of the abelian variety A.
(a) The automorphism group of (A, A) is finite.
(b) For any integer n > 3, an automorphism of (A, 1) acting as the identity on A, (k) is
equal to the identity.

PROOF. Let o be an automorphism of A. In order for & to be an automorphism of (4, 1), we
must have A = @V o A o, and therefore afa = 1, where 7 is the Rosati involution defined
by A. Consequently,

« € End(4) N{o € End(4) ® R | Tr(a o) = 2g},

and the first of these sets is discrete in End(A4) ® R, while the second is compact. This proves
(a).

Assume further that « acts as the identity on A;. Then @ — 1 is zero on A,, and so it is of
the form nf8 with 8 € End(A) (see (12.6)). The eigenvalues of & and S are algebraic integers,
and those of « are roots of 1 because it has finite order. The elementary lemma below
shows that the eigenvalues of « equal 1. Thus, « is unipotent, and therefore @ — 1 = nf is
nilpotent. Suppose that 8 # 0. Then 8’ = B8 # 0, because Tr(8TB) > 0. As B/ = BT, this
implies that Tr(8?) > 0 and so 82 # 0. Similarly, 8’4 # 0, and so on, which contradicts
the nilpotence of §.

LEMMA 17.6. If¢ is a root of 1 such that for some algebraic integer y and rational integer
n>3¢=14ny,then =1.

PROOF. If ¢ # 1, then after raising it to a power, we may assume that it is a primitive pth
root of 1 for some prime p. Then Ng)/q@(1 —¢) = p, and so the equation 1 —{ = —ny
implies that p = +n?~ ! N(y). This is impossible because p is prime. O

REMARK 17.7. Let (4,4) and (A’, 1) be polarized abelian varieties over a field k, and
assume that A and A’ have all their points of order n rational over k for some n > 3. Then any
isomorphism «: (A,1) — (A4’,1”) defined over a separable closure kg of k is automatically
defined over k because, for all o € Gal(kg/ k), @~ oo« is an automorphism of (A4, 1) fixing
the points of order n and therefore is the identity map.

REMARK 17.8. On combining the results in §12 with (17.3), we see that the endomorphism
algebra End®(A) of a polarized simple abelian variety A is a skew field endowed with an
involution 1 such that Tr(a o ™) > 0 for all nonzero «.

18 Two More Finiteness Theorems

The first theorem shows that an abelian variety can be endowed with a polarization of a fixed
degree d in only a finite number of essentially different ways. The second shows that an
abelian variety has only finitely many nonisomorphic direct factors.

THEOREM 18.1. Let A be an abelian variety over a field k, and let d be an integer; then

there exist only finitely many isomorphism classes of polarized abelian varieties (A, ) with
A of degree d.
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Fix a polarization A¢ of A, and let 1 be the Rosati involution on End®(4) defined by
Ao. The map A — )ug o A identifies the set of polarizations of A with a subset of the set
End®(A4)" of elements of End®(4) fixed by f. As NS(Ay) is a finitely generated abelian
group, there exists an N such that all the )Lo_l oA are contained in a lattice L = N "' End(A4)"
in End®(A4)". Note that L is stable under the action

a > u'au, u € End(4)*, o € End®(A)

of End(A4)* on End®(A4).

Let A be a polarization of A4, and let u € End(A)*. Then u defines an isomorphism
(A, u¥odou) — (A,1), and Ayl o (u¥ orou) = ulo (AgtoA)ou. Thus with each
isomorphism class of polarized abelian varieties (A4, 1), we can associate an orbit of End(A4)>
in L. Recall (12.12) that the map « > deg(w) is a positive power of the reduced norm on
each simple factor of End®(4), and so Nrd is bounded on the set of elements of L with
degree d. These remarks show that the theorem is a consequence of the following result on
algebras.

PROPOSITION 18.2. Let E be a finite-dimensional semisimple algebra over Q with an
involution t, and let R be an order in E. Let L be a lattice in ET that is stable under the
action e — uTeu of R* on E. Then, for every integer d, {v € L | Nrd(v) < d} is the union
of a finite number of orbits.

This proposition will be proved using a general result from the reduction theory of
arithmetic subgroups.

THEOREM 18.3. Let G be a reductive group over Q, and let I" be an arithmetic subgroup
of G; let G — GL(V) be a representation of G over Q, and let L be a lattice in V that is
stable under I'. If X is a closed orbit of G in V', then L N X is the union of a finite number
of orbits of I'.

PROOF. See Borel 1969, 9.11. o

REMARK 18.4. (a) An algebraic group G is reductive if its identity component is an ex-
tension of a semisimple group by a torus. A subgroup I" of G(Q) is arithmetic if it is
commensurable with G(Z) for some Z-structure on G.

(b) The following example may give the reader some idea of the nature of the above
theorem. Let G = SL,, and let I" = SL,(Z). Then G acts in a natural way on the space V'
of quadratic forms in n variables with rational coefficients, and I" preserves the lattice L of
such forms with integer coefficients. Let g be a quadratic form with nonzero discriminant
d. By the orbit X of ¢ we mean the image G -¢g of G under the map of algebraic varieties
g+ g-q:G — V. The theory of quadratic forms shows that X Q) is equal to the set of all
quadratic forms (with coefficients in @) of discriminant d. Clearly this is closed, and so the
theorem shows that X N L contains only finitely many SL,, (Z)-orbits: the quadratic forms
with integer coefficients and discriminant d fall into a finite number of proper equivalence
classes.

We shall apply (18.3) with G a reductive group such that
G(Q) ={e € E |Nrd(e) = £1};

we take I' = R*, V = ET, and L C V the lattice in (18.2). In order to prove (18.2), we
shall show



18 TWO MORE FINITENESS THEOREMS 39

(a) there exists a reductive group G over Q with G(Q) as described and having I" as an
arithmetic subgroup;
(b) the orbits of G on V are all closed;
(¢c) forevery rational number d, Vy = {v eV |Nrd(v) = d} is the union of a finite number
of orbits of G.
Then (18.3) will show that L N V; comprises only finitely many I"-orbits, as asserted by
(18.2).
To prove (a), embed E into some matrix algebra M, (Q). Then the condition that
Nrd(e) = %1 can be expressed as a polynomial equation in the matrix coefficients of e, and
this polynomial equation defines a linear algebraic group G over Q such that

G(S)={e € E® S |Nrd(e) = +1}

for all Q-algebras S. Over Q, E is isomorphic to a product of matrix algebras [1; My, (Q);
consequently,

G@ = {(en) €] [, GLu, @ | ] . det(er) = £1.

From this it is clear that the identity component of G is an extension of [ [PGLj, by a torus,
and so G 1is reductive. It is easy to see that I” is an arithmetic subgroup of G(Q).
To prove (b), we need the following lemma from the theory of algebras with involution.

LEMMA 18.5. Let E be a semisimple algebra over an algebraically closed field K of
characteristic zero, and let T be an involution of E fixing the elements of K. Then every
element e of E such that e™ = e can be written e = ca'a, where c is in the centre of E and
Nrd(a) = 1.

PROOF. Lacking a good proof, we make use of the classification of pairs (E, T). Each pair
is a direct sum of pairs of the following types:

(An) E = Mp(K)x My(K) and (e1,e2)t = (e5, e});

(B,) E is the matrix algebra M, (K) and et = ¢";

(Cn) E=M3,(K) and et = J71e J with J an invertible alternating matrix;

(see, for example, Weil 1960). In the cases (By) and (Cy), the lemma follows from ele-
mentary linear algebra; in the case (4,), e = (¢’,e'""), and we can take ¢ = d (I, I,) and
a=(e'/d, I,), where d = det(e’)!/". O

From the lemma, we see that if G, is the isotropy group at e € V, then there is an
isomorphism g > ag: G, — G defined over Q. In particular, all isotropy groups have the
same dimension, and therefore all orbits of G in V' have the same dimension. This implies
that they are all closed, because every orbit of minimal dimension is closed (see, for example,
Humphreys 1975, 8.3).

It remains to prove (c). Let v,v’ € V; ® C, and write v = ca’a, v/ = ¢’a’Ta’ with ¢, ¢’
and a,a’ as in the lemma. Clearly v and v’ are in the same orbit if and only if ¢ and ¢’ are.
Note that ¢ and ¢’ lie in V; ® C. Let Z be the subalgebra of the centre of £ ® C of elements
fixed by . Then ¢ and ¢’ are in Z, and they lie in the same orbit of G if ¢/c’ € Z2. But Z
is a finite product of copies of R and C, and so Z/Z*? is finite.

COROLLARY 18.6. Let k be a finite field, and let g and d be positive integers. Up to

isomorphism, there are only finitely many polarized abelian varieties (A, ) over k with
dimA = g and degA = d2.
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PROOF. From (14.1) we know that there are only finitely many possible A’s, and (18.1)
shows that for each A there are only finitely many A’s. O

We come now to the second main result of this section. An abelian variety A’ is said to
be a direct factor of an abelian variety A if A ~ A’ x A” for some abelian variety A”.

THEOREM 18.7. Up to isomorphism, an abelian variety A has only finitely many direct
factors.

PROOF. To each direct factor A" of A, there corresponds an element ¢ of End(A4) defined by

,aw—a’ a+>(a,0)
A/

A~ A'x A" (@ A x A" ~ A.

Moreover e? = e, and A’ is determined by e because it equals the kernel of 1 —e. If

e/ =ueu! with u in End(A)*, then u(1 —e)u~! = 1—¢’, and so e and e’ correspond to
isomorphic direct factors. These remarks show that the theorem is a consequence of the next
lemma. o

LEMMA 18.8. Let E be a semisimple algebra of finite dimension over Q, and let R be an
order in E. Then R, acting on the set of idempotents of R by inner automorphisms, has
only finitely many orbits.

PROOF. Apply (18.3) with G the algebraic group such that G(Q) = E*; take I" to be the
arithmetic group R*,V to be E with G acting by inner automorphisms, and L to be R. Then
the idempotents in £ form a finite set of orbits under G, and each of these orbits is closed.
In proving these statements we may replace Q by Q and assume E to be a matrix algebra.
Then each idempotent is conjugate to one of the form

e = diag(1,...,1,0,...,0),

and the stabilizer G, of e is a parabolic subgroup of G and so G/ G, is a projective variety
(see Humphreys 1975, 21.3), which implies that its image Ge in V is closed. O

COROLLARY 18.9. Let k be a finite field; for each integer g, there exist only finitely many
isomorphism classes of abelian varieties of dimension g over k.

PROOF. Let A be an abelian variety of dimension g over k. From (16.12) we know that
(A x AV)* has a principal polarization, and according to (14.1), the abelian varieties of
dimension 8g over k having principal polarizations form only finitely many isomorphism
classes. The result therefore follows from (18.7). o

19 The Zeta Function of an Abelian Variety

Throughout this section, 4 will be an abelian variety over a finite field k with g elements,
and k,, will be the unique subfield of k with g™ elements. Thus the elements of k,, are the
solutions of ¢?” = ¢. We write N, for the order of A(ky,).

THEOREM 19.1. There are algebraic integers ay,...,azg such that:

(a) the polynomial P(X) = H,-zil (X —a;) has coefficients in Z;
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(b) Ny =[17%,(1—a!) forallm > 1; and
(¢) (Riemann hypothesis) |a;| = g/2.
In particular,

|Nom — g™ | < 2gq™ &2 4 (228 —2g — 1)g™ (D,

The proof will use the Frobenius morphism. For a variety V' over k, this is defined to be
the morphism my:V — V which is the identity map on the underlying topological space
of VV and is the map f + f7 on Oy. For example, if V = P" = Proj(k[Xo,..., X»]), then
my is defined by the homomorphism of rings

Xi > X1:k[Xo,....Xn] = k[Xo,.... Xn]

and induces the map on points

For any map ¢: W — V, it is obvious that ¢ o m = 7wy o . Therefore, if A — P” is
a projective embedding of A, then 74 induces the map (xo:...:xp) > (xg .oxh)on
A(k). In particular, we see that the kernel of 1 —7/{': A(k) — A(k) is A(km). Note that
w4 maps zero to zero, and therefore (see 2.2) is a homomorphism. Clearly 7 always
defines the zero map on tangent spaces (look at its action on the cotangent space), and so
d(1—n"})o:To(A) — To(A) is the identity map. Therefore, 1 —7'f is étale, and the order
Ny, of its kernel in A(k) is equal to its degree. Let P be the characteristic polynomial of
7 4. Itis a monic polynomial of degree 2¢ with integer coefficients, and if we letay,...,a2g
denote its roots, then (12.9) shows that [ [(X —a") is the characteristic polynomial of /f.
Consequently,

Ny = deg(n’f —1) = 1_[(1 —ai").
This proves (a) and (b) of the theorem with the added information that P is the characteristic
polynomial of m 4. Part (c) follows from the next two lemmas.

LEMMA 19.2. Lett be the Rosati involution on End®(A) defined by a polarization of A;
then n;rl o4 =(q4y.

PROOF. As was noted in (13.2), the polarization will be defined by an ample sheaf £ on
A. We have to show that 71;1/ opromy = qer. It follows from the definition of 74 that
3 L~ L9. Therefore, for all a € A(k),

myoproma(a)=ny(tr, LROLT) =1;(n3L)® (n4L) ™" = qor(a),
as required. O

LEMMA 19.3. Leta be an element of End®(A) such that o' o« is an integer r; for any root
a of Py,|al*> =r.

PROOF. Note that Q(w) is stable under }. The argument terminating the proof of (17.5)
shows that Q(«) contains no nilpotent elements, and therefore is a product of fields. The
tensor product Q(«) ® R is a product of copies of R and C. Moreover { extends to an
R-linear involution of Q(«) ® R, and Tr(BTB) > 0 for all B # 0, with inequality holding on
a dense subset. It follows easily that each factor K of Q(«) ® R is stable under 1 and that
is the identity map if K is real, and is complex conjugation if K is complex. Thus, for each
homomorphism p of Q() into C, p(at) is the complex conjugate of pa. The hypothesis of
the theorem therefore states that |par|? = r, which, in essence, is also the conclusion. O



20 ABELIAN SCHEMES 42

The zeta function of a variety V' over k is defined to be the formal power series

Z(V,t) =exp (Zm Nmtm/m) )

COROLLARY 19.4. Let P,(t) = [[(1 —airt), where the a;, run through the products
ai,ai,...a;,,0<iy <---<ir <2g,a; arootof P(t). Then

Py(t)--- Pag—1(t)
Po(t) -+ Pag(t)

PROOF. Take the logarithm of each side, and use the identity

Z(A,1) =

—log(1—t) =t+12/2+13/3+--- . 5

REMARK 19.5. (a) The polynomial P (¢) is the characteristic polynomial of 7 acting on
N T A.

(b) Let ¢(V,s) = Z(V,q™%); then (19.1¢) implies that the zeros of ¢(V,s) lie on the lines
N(s)=1/2,3/2,...,(2¢g — 1)/2 and the poles on the lines R(s) =0,1,...,2g.

REMARK 19.6. The isomorphism A" 774 ~ H" (Ae, Q;)" and the above results show that

2g
Nm = Z(—l)’ Tr(z|H" (Aer, Q)))
r=1
and that
2g
Z(A.1) = [ [ det( =zt | H" (Aer. Q)"

i=1

20 Abelian Schemes

Let S be a scheme. A group scheme 7:. A — S over S is an abelian scheme if 7 is proper
and smooth and the geometric fibres of & are connected. The second condition means that,
for all maps s — S with 5 the spectrum of an algebraically closed field, the pull-back Az of
A to 5 is connected. In the presence of the first condition, it is equivalent to the fibres of &
being abelian varieties. Thus an abelian scheme over S can be thought of as a continuous
family of abelian varieties parametrized by S.

Many results concerning abelian varieties extend to abelian schemes.

PROPOSITION 20.1 (RIGIDITY LEMMA). Let S be a connected scheme, and let 7:V — S
be a proper flat map whose fibres are varieties; let 7’:V" — S be a second S -scheme, and let
f:V — V' be a morphism of S-schemes. If for some point s of S, the image of V; in V),
is a single point, then f factors through S (that is, there exists a map f':S — V' such that

f=1"om.

PROOF. See Mumford 1965, 6.1. o
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COROLLARY 20.2. (a) Every morphism of abelian schemes carrying the zero section into
the zero section is a homomorphism.

(b) The group structure on an abelian scheme is uniquely determined by the choice of a
zero section.

(c) An abelian scheme is commutative.

PROOF. (a) Apply the proposition to the map ¢: A x A — A defined as in the proof of (2.2).
(b) This follows immediately from (a).
(c) The map a > a~! is a homomorphism. =

Our next result shows that an abelian variety cannot contain a non-constant algebraic
family of subvarieties.

PROPOSITION 20.3. Let A be an abelian variety over a field k, and let S be a k-scheme
such that S(k) # @. For any injective homomorphism f:8 < A x S of abelian schemes
over S, there exists an abelian subvariety B of A (defined over k) such that f(B) = B x S.

PROOF. Lets € S(k), and let B = B;. Then f; identifies B with a subvariety of A. The

map h: B i) AxS — (A/B) x S has fibre By - A — A/B; over s, which is zero, and
0 (20.1) shows that & = 0. It follows that f(B) = B x S. o

Recall that a finitely generated extension K of a field k is regular if it is linearly disjoint
from k.

COROLLARY 20.4. Let K be a regular extension of a field k.
(a) Let A be an abelian variety over k. Then every abelian subvariety B of Ak is defined
overk.
(b) If A and B are abelian varieties over k, then every homomorphism o: Ax — Bk is
defined over k.

PROOF. (a) There exists a variety V' over k such that k(') = K. After V has been replaced
by an open subvariety, we can assume that B extends to an abelian scheme over V' (cf. (20.9)
below). If V has a k-rational point, then the proposition shows that B is defined over k. In
any case, there exists a finite Galois extension k’ of k and an abelian subvariety B’ of A/
such that B }(k/ = By as subvarieties of Agy. The equality uniquely determines B’ as
a subvariety of Az/. As 0B’ has the same property for any o € Gal(k’/ k), we must have
oB’ = B’, and this shows that B’ is defined over k.

(b) Part (a) shows that the graph of « is defined over k. o

THEOREM 20.5. Let K/k be a regular extension of fields, and let A be an abelian variety
over K. Then there exists an abelian variety B over k and a homomorphism f:Bg — A
with finite kernel having the following universal property: for any abelian variety B’
and homomorphism f': By — A with finite kernel, there exists a unique homomorphism
@:B" — B such that f' = fogg.

PROOF. Consider the collection of pairs (B, /) with B an abelian variety over k and f
a homomorphism Bg — A with finite kernel, and let A* be the abelian subvariety of A
generated by the images the f. Consider two pairs (B, f1) and (B3, f2). Then the identity
component C of the kernel of ( f1, f2):(B1 X B2) gk — A is an abelian subvariety of Bj x B>,
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which (20.4) shows to be defined over k. The map (B X B2/C)x — A has finite kernel
and image the subvariety of A generated by f1(B1) and f>(B). It is now clear that there
is a pair (B, f) such that the image of f is A*. Divide B by the largest subgroup scheme
N of Ker(f) to be defined over k. Then it is not difficult to see that the pair (B/N, f)
has the correct universal property (given f’: B} — A, note that for a suitable C contained
in the kernel of (B/N)g x By — A, the map b+~ (b,0): B/N — (B/N)x B’/C is an
isomorphism). u]

REMARK 20.6. The pair (B, f) is obviously uniquely determined up to a unique isomor-
phism by the condition of the theorem; it is called the K/ k-trace of A. (For more details on
the K/ k-trace and the reverse concept, the K/ k-image, see Lang 1959, VIIIL.)

PROPOSITION 20.7. Let A be an abelian scheme of relative dimension g over S, and let
n 4 be multiplication by n on A. Then n 4 is flat, surjective, and finite, and its kernel A, is a
finite flat group scheme over S of order n>8 . Moreover n 4 (and therefore its kernel) is étale
if and only if n is not divisible by any of the characteristics of the residue fields of S.

PROOF. The map n 4 is flat because A is flat over S and multiplication by 7 is flat on each
fibre of A over S (see §8). (For the criterion of flatness used here, see SGA 1,1V, 5 9.2 or
Bourbaki AC, 111, 5.4, Prop.2.3.) Moreover n 4 is proper (Hartshorne 1977, 11, 4.8e) with
finite fibres, and hence is finite (see, for example, Milne 1980, I, 1.10). It follows that A, is
flat and finite, and (8.2) shows that it has order 72 . The remaining statement also follows
from (8.2). o

COROLLARY 20.8. Let S be a connected normal scheme, and let A be an abelian variety
over the field of rational functions k of S. Assume that A extends to an abelian scheme
over S, and let n be an integer which is prime to the characteristics of the residue fields of
S. Then for any point P € A(k), the normalization of S in k(n—' P) is étale over S. (By
k(n=1'P) we mean the field generated over k by the coordinates of the points Q such that
nQ =P~P.)

PROOF. The hypotheses imply that .A,, is étale over S. Let k' be the composite of the fields
of rational functions of the components of .4, and let k” be the Galois closure of k’. Then
the normalization of S in k” is étale over S and A, (k") has n?8 elements. We may replace
k with k” and so assume that A has all of its points of order n rational in k. The point P
extends (by the valuative criterion of properness) to a section s of A over S. The pull-back
of the covering n 4: A — A to S by means of the section s is a finite étale covering S’ — S,
and s lifts to a section in A(S”). Let S¢ be any connected component of S’; then the field K
of rational functions of S contains k(n~! P), and Sy is the normalization of S in K. o

REMARK 20.9. Let S be an integral Noetherian scheme, and let A be an abelian variety
over its field of rational functions K. Choose a projective embedding A < P" and let A be
the closure of A in P%t. Then 7: . A — S is projective, and its generic fibre is a smooth variety.
As Og — 4O 4 is an isomorphism at the generic point and Og and 7O 4 are coherent,
there will be an open subset over which it is an isomorphism and therefore over which =
has connected fibres (Hartshorne 1977, 111, 11.5). The existence of a section implies that the
fibres will be geometrically connected there. Also there will be an open subset over which .4

9Revétements étales et groupe fondamental. Séminaire de géométrie algébrique du Bois Marie 1960-61.
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is smooth (ibid. III, Ex. 10.2), and an open subset where the group structure extends. These
remarks show that there is an open subset U of S such that A extends to an abelian scheme
over U.

When § is locally the spectrum of a Dedekind domain, we can be more precise. Then the
projective embedding of A determines a unique extension of A4 to a flat projective scheme
w: A— S (ibid. 11T, 9.8). The R-module 7, O 4 is finitely-generated (because 7 is proper)
and torsion-free (because  is flat). It is therefore a projective R-module, and its rank is one
because its tensor product with K is I'(4,04) = K. Now, as before, the geometric fibres of
A are connected. We conclude: the choice of a projective embedding defines a flat projective
extension A of A to S; A will be an abelian scheme over an open set U of S.

It is clear from looking at the example of an elliptic curve, that the extended scheme A
over S depends on the choice of the projective embedding of A, but its restriction to U does
not (see Artin 1986, 1.4). The purpose of the theory of Néron models is to replace A by a
“minimal” (nonproper) extension which is unique.

Using the above results, it is possible to give a short proof of a weak form of the
Mordell-Weil theorem.

THEOREM 20.10. Let A be an abelian variety over a number field k, and let n be an integer
such that all points of A of order n are rational over k. Then A(k)/n A(k) is a finite group.

PROOF. Leta € A(k), and let b € A(k) be such that nb = a. For o in the Galois group of
k over k, define ¢, (0) to be b —b. Then a — ¢, defines an injection

A(k)/nA(k)— Hom(G, Ap (k)).

Let Spec(R) be an open subset of the spectrum of the ring of integers of k such that
A extends to an abelian scheme A over Spec(R) and n is invertible in R. Let k” be the
maximal abelian extension of k of exponent n unramified outside the finite set of primes not
corresponding to prime ideals of R. Then (20.8) shows that ¢, factors through the group
Gal(k’/ k) for all a. This proves the theorem because k' is a finite extension of k. o

REMARK 20.11. Using the theory of heights, one can show that for an abelian variety over
a number field &, the finiteness of A(k)/nA(k) implies that A(k) is finitely generated (see
Silverman 1986). As the hypothesis of (20.10) always holds after a finite extension of k, this
proves the Mordell-Weil theorem: for any abelian variety A over a number field k, A(k) is
finitely generated.

REMARK 20.12. Let A and B be polarized abelian varieties over a number field k, and
assume that they both have good reduction outside a given finite set of primes S; let / be an
odd prime. If A and B are isomorphic over k (as polarized abelian varieties), then they are
isomorphic over an extension k’ of k, unramified outside S and /, and of degree at most the
square of the order of GL,¢ (IF7). (Because the [-torsion points of A and B are rational over
such a k’, and we can apply (17.7).)

In contrast to abelian varieties, abelian schemes are not always projective, even if the
base scheme is the spectrum of an integral local ring of dimension one or an Artinian ring
(see Raynaud 1970, XII). If A is projective over S, then the dual abelian scheme A" is
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known to exist (see Grothendieck 1961/62'%); if £ is not projective then A" exists only as
an algebraic space'! (see Artin 1969). In either case, a polarization of A is defined to be a
homomorphism A:.4 — A" such that, for all geometric points 5 of the base scheme S, A5 is
of the form ¢, for some ample invertible sheaf A on Ag. Alternatively, A is a polarization if
As: Ag — AY is a polarization of abelian varieties for all s € S. If S is connected, then the
degree of Ay is independent of s and is called the degree of A.

For a field k and fixed integers g and d, let F 4, be the functor associating with each
k-scheme of finite type the set of isomorphism classes of polarized abelian schemes of
dimension g and which have a polarization of degree d?.

THEOREM 20.13. There exists a variety Mg 4 over k and a natural transformationi: F g g —
Mg 4 such that:
(@) i(K):Fg,a(K)— Mg 4(K) is a bijection for every algebraically closed field K
containing k ;
(b) for any variety N over k and natural transformation j:F 4 4 — N, there is a unique
morphism ¢: Mg g4 — N such thatpoi = j.

PROOF. This one of the main results of Mumford 1965. o

The variety My 4 is uniquely determined up to a unique isomorphism by the conditions
of (20.13); it is the (coarse) moduli variety for polarized abelian varieties of dimension g
and degree d 2. By introducing level structures, one can define a functor that is representable
by a fine moduli variety — see Chai 1986.

10Grothendieck, A.: Technique de descente et théorémes d’existence en géométrie algébrique V. Les schémas
de Picard: Théoremes d’existence. Séminaire Bourbaki, Exposé 232, 1961/62. See also Kleiman'’s article in
Fundamental algebraic geometry. Grothendieck’s FGA explained. Mathematical Surveys and Monographs, 123.
American Mathematical Society, Providence, RI, 2005.

" fact, Raynaud showed that it exists as a scheme.
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