1976a Duality in the flat cohomology of surfaces

(Ann. Sci. Ecole Norm. Sup. 9 (1976), 171-202).
By the early 1960s, the fundamental importance of the cohomology groups

H' (X (Z/UZ)(m) = H' (Xet ™)
for the study of the arithmetic of algebraic varieties was already clear. However, there was a
gap in the theory: the groups are only defined when £ # p (the characteristic of the ground
field k). What should the groups H' (X, (Z/ p" Z)(m)) be? Crystalline cohomology doesn’t
provide the answer, because it is the analogue of de Rham cohomology, and is not (directly)
useful, for example, in studying the Brauer group of a variety.
For m = 0 there is no problem: one can take

H'(X,(Z/p"7)(0)) € H (Xer, 2/ " 7).

For m = 1, the sheaf 1, is zero on X, but its flat cohomology has the correct properties:
one can take
] def 1
HY(X.(Z/p"Z)(1)) = H' (Xn. ppr).

This suggested trying

?7?

H (X.(Z/p"Z)(m) Z H (Xq. u &)

where ufrm is the sheaf ppr ® -+ ® ppr on Xy, but this is not promising because the sheaf
Ppr @+ @ Wpr is a big mess (in contrast, gr @ -+ & fugr is just a twist of Z /L7 Z).

In my thesis, I studied the flat cohomology of 1 ,~ in the following way. Let f: X — X
be the “continuous” map defined by the identity map. The exact sequence of sheaves on Xy

0—>Mpf—>GmL>Gm—>0

provides an exact sequence of sheaves on X

Oef*GmLf*Gm —>R1f*upr -0—>0—>---.
Therefore R/ fipipr = 0 for j # 1, and so
H (Xp, ppr) = H ™ (Xet,vr)
where v, is the étale sheaf R! fiupr ~ Gp/p" Gpy. In my thesis, I studied vy using the
exact sequence
1-C
0— v _>~Q)1(,c1 — Ry —>0 ®
where C is the Cartier operator. Eventually, this suggested the following to me:
(a) Instead of looking for the mythical flat sheaves “;Lff’,m”, one should posit that R/ f*“u‘g’m Y=

pr
0 for j # m (since this is true m = 0,1), and instead look for the étale sheaf

vy (m) d:ef“Rmf*Mfrm”. Thus, conjecturally,

def

H (X, (Z] p"Z)(m)) = H ™™ (Xer, vr(m))).



(b) To study v;(m), one should look for a sequence like (*).

In 1969, when Tate visited London (from Paris) to give a lecture, I told him that £2?
should play the role of the mythical cohomology group H?2(Xg,u » @ ip). A few days later,
he sent me a letter (see below) saying that my idea seemed to be correct, because he had
been able to define a new symbol (now called the Tate symbol) with values in £22 analogous
to the Galois symbol which takes values in H?(k, /L?z).

In the early 1970s, Artin conjectured a flat duality theorem for the cohomology of 1 pr
on a smooth projective surface. I succeeded in proving the conjecture for r = 1 by using
the sequence (*). In fact, for an arbitrary smooth projective variety X, I defined the étale
sheaves vy (m) by the sequence

-C
0—vi(m)— 'QS(n,cl 1—) Q? — 0. (**%)

and proved a duality theorem for the groups H' (X, (Z/pZ)(m)) & gi-m (Xet, v1(m))).
Since v1(1) =~ R! fipp, this gave Artin’s conjecture for a surface, but only for sheaves
killed by p.

Spencer Bloch spent 1974-1976 at the University of Michigan. In 1974, when I told him
that I had a good theory for the groups H' (X, (Z/ p" Z)(m)) for r = 1 using the sheaves of
differentials £2/, but that I didn’t know how to extend it for 7 > 1 because the sheaves £2' are
killed by p, he was able to tell me that he had defined sheaves of differentials that are killed
only by p”. This was his work on what became known as the de Rham-Witt complex. Using
Bloch’s work, I was able to complete the proof the duality theorem for surfaces (Artin’s
conjecture). Moreover, for varieties of arbitrary dimension, I showed that the five-lemma
would (trivially) extend the proof of the duality theorem from » = 1 to all r once one had
exact sequences

b4
0—vi—> v, — v >0 (¥*%)

(cf. Remark 3.14 of the paper; also 1.7 and 1.11 of my 1986 AJM paper). Bloch’s definition
of the de Rham-Witt complex was difficult to work with (typical curves on K-groups).
Deligne suggested a much simpler construction, and in working out the details of Deligne’s
idea, Illusie was able to prove (¥**).1 See also Milne1987, notes.

Both Bloch and I spoke on our work at the AMS Summer Institute on Algebraic Geome-
try, Arcata 1974, but neither of us was invited to contribute to the published proceedings? of
the Institute.

The sheaves v, (m) have proved to be very successful in playing the role of “R™ f, ;L?,m”.
See, for example, the notes for my papers 1986a and 1988b and my joint papers with Niranjan
Ramachandran.

Francophiles may prefer the exposition of the proof of the duality theorem (case of
surfaces only) in Berthelot 1981.3

1Illusie, of course, is aware of all this, but nevertheless credits the duality theorem to one of his students.

2 Algebraic Geometry — Arcata 1974 (Proc. Sympos. Pure Math., Vol. 29), Amer. Math. Soc., Providence,
R.I, 1975.

3Berthelot, P. Le théoréme de dualité plate pour les surfaces (d’apres J. S. Milne). Algebraic surfaces (Orsay,
1976-78), pp. 203-237, Lecture Notes in Math., 868, Springer, Berlin-New York, 1981.



Erratum

Conditions on p. I only needed the assumptions on p (e.g., p186, p > 2,m) because I had
to rely on Bloch’s paper for the de Rham-Witt complex and he makes those assumptions (I
should have made that clear). Once Illusie’s paper became available they could be dropped,
as Berthelot made clear when he rewrote my paper in the case of surfaces (see footnote
above).

. . . l _ l . . .
Remark 1.2, assumes that is if S is perfect, then £2 X/s = 2 X/F," This is incorrect, as

illustrated by X = S = SpecF (). The remark isn’t used anywhere.

Timo Keller point out that there is no (1.16) (cited on p176). Further:
¢ In the statement of Lemma 1.7 it should read d .QS’;/_S’ —1 (add-1);
¢ alsoon p. 177 in the middle diagram, and in the diagram before Corollary 1.10: +1
should be -1.
¢ In the diagram in the proof of Lemma 1.7, it should read Fi(£2% / g) (move the ) up)
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Mathematics Department,
University of Michigan,
Ann Arbor, MI 48109.
21st July, 1987.

Dear Mr Suwa,

The statement in your letter that "the duality for the logarithmic
Hodge-Witt complex was a folklore" has prompted me to review its origins.
- (a) In my thesis (1967) I showed the duality between the cohomology of
z/prﬁ_ and ypn over a curve. I also showed at the time (to the surprise of

Artin) that the cohbmology of cxp was not self-dual (in the naive éense),when
the grourd field was infinite. This suggested that the flat cohomology of pp

on a surface over an aigebraicaily closed field is not self—dﬁal in any naive
sense,
(b) By 1969 I had the idea that 92 should saomehow play the role of

2 . . : s .
R f*pp@,up, where f: Xfl — xet' I don't know if this is what gave Tate the

idea for his symbol, but shortly after I told him the idea, he sent me a
letter (14/5/69) saying that it seemed to be "the right pl’ulosophy“ and

defining the Tate symbol K2F — rz2.

{(c) Sometime in the early 70's, I found the duality theorem for vl(r) on

a variety over a finite field. Bloch was spending a year at Michigan and
noted that he was able to define (using K-theory) sheaves of "differentials"
killed by pn (his IHES paper). Also Artin sent me a preprint of the paper
(Ann ENS 1974) in which he conjectured the flat duality‘theorem for a surface
over an algebraically closed field. 1In 1975 I wrote my Ann ENS paper proving
my theorem. The purpose of the paper was to prove what was needed for Artin's
paper and my 1975 Annals paper.

Of course, at the time I wrote the paper I regarded the definition of
the vn(r) as being tentative when n and r > 2: in (3.14) of the paper I noted

that they should be defined so that there are exact sequences

(r) — un(r) — 0,

v
0 — Yo (r) — n+n'

and predicted that the logarithmic differentials should have this property (at
the time, no one was clear on the difference between the Milnor and Quillen



K-groups). Of course the "de RhamWitt complex" didn't exist, except in
Bloch's version, in 1975. When Illusie wrote his paper (1979) he effectively
verified my prediction (without saying so). Then, of course, a trivial
induction argument allows one to pass from vl(r) to vn(r) in the general case.

(d) Throughout the 1970's, I promoted the philosophy that that vn(r)
should be thought of er*,u;f;. This has many implications, most notably:
(1) it suggests the notation Hi(x,zp(r)) = lim Hi’r(x,un(r));

@
(11) it suggests a purity statement, which should lead to,cycle map into
2r(x z (r)), and therefore into crystalline cohomology; )

(i.‘ll) it suggests that there should be an analogue

0— v (r) — ® LV (r)k(x)

of the Bloch-Ogus sequence.
I verified parts of these, for example (ii) for v (r), and informed the Paris

mathematicians (Gabber, Illusie,...) about them, but published nothing except
for my 1982 Compositio paper, which is the substance of my talk at the 1978
Rennes conference (except that I didn't know 4.1 at the time).

" Since 1977 my research has concentrated on Shimura varieties, but in
1982 I was inspired by Lichtenbaum's talk at the Durham conference (see his
1983 paper) to generalize my 1975 Annals paper to varieties of dimension > 2
(and values other than 1). This entailed completing and writing up some of my
earlier work, done in the mid 70's, and constitutes my AJM paper.

Illusie had always seemed sceptical of the significance of the
cohomology of the un(r) 's. Consequently I was surprised to receive Gros's

thesis in 1983 which carries out part of the philosophy in order to define
also a cycle map. Moreover, I was angered to find that the Introduction of
the first version of the thesis didn't mention my work (except, perhaps,
anonymously in the second last sentence), and gave the impression (second
paragraph) that the whole subject of the "cohomology plus fins" H‘i(x,un(r))

began with Illusie's 1979 paper. This was corrected in the published version.
In conclusion, while the philosophy and its implications may seem
obvious now (even folklore), I think it is well to remember that this was not
always the case.
Concerning the other points in your letter: Good exposition requires



good notation, and wnrsi log is very clumsy notation; I chose un( i) because of
its simplicity and it similarity with ypn(i); I see no need to change it. I

think I have explained above the conjectural origins of the complex you prove
in your paper.

IshouldsaythatIvashappytoseetheexcellentnewresults that you
and Gros obtained in your paper. There is obviously still a great deal to be
done concerning logarithmic cohomology; perhaps the most immediate problem is
that of extending the duality theorem to noncomplete varieties. It always
seemed to me that it should be possible to do this using [Hartshorne, Math,
Ann 1972] or Deligne's Appendix to SLN 20, but I' never carried it out. ’

Yours sincerely,
] A Wi

J. S. Milne




