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28th March 1990.
Dear Deligne,
T am having trouble understanding the choice of sign in your definition of the
canonical model in your Corvallis article (2.2.5). Perhaps you could help me?

Abelian varieties with complex multiplication.

Let E be a CM-algebra, and let (A,i) be an abelian variety over € with complex
multiplication by E. By this I mean that i is an inclusion E <+ End(A)®Q which makes
Hi(A,Q) into a free E-module of rank one. Let X be a polarization of A compatible with i
(i-e., such that the Rosati involution induces complex conjugation ¢ on E).

Let T be the torus over @ such that T(Q) = { a € E*} a-:a € Q*}. The action of E on
Hi(A,Q) defines a representation of T on Hi(A,Q), and the Hodge structure on H,(A,Q) is
defined by a cocharacter u: G — T, Specifically, u(z) € T(C) ¢ GL(H(A,C)) acts as z
on H1® = Tgty(A) and as 1 on HO-L. Let E* be the field of definition of 4, and define N =
N(T,) to be the composite of

ﬂ&)_. Res

) Norm T.

e /(G /g

(Note: no inverse!)

If 7: k < K is an embedding of fields, and Y is a variety (or other algebro-geometric
object) over k, then there is only one possible meaning for 7Y: apply 7 to the equations
defining Y.

Let Vi(A) = (I TRA)®Q.

TreorEM 1. Let (A,i,A) be a polarized abelian variety over € with complex multiplication
by E; let 7 € Aut{C/E*), and let s € A, be such that rec(s) = 7|E*2b; then there is a
unigue isogeny & A — 7A such that:

(a) ais E-inear;

(b) a*(7A) =c-A, c € Q¥

(¢) a(N(s)-x) = 7x, all x € Vi(A), N = N(T,z), (or all x € A(C)yors).

Here rec is the the reciprocity map of class field theory, according to your (current)

normalization, i.e., uniformizing elements go to geometric Frobenius clements. Fors € A, I
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write sy for the projection of s into Ar.

REMARK: To verify the sign, I compare the statement with that in Shimura, Arithmelic
Theory of Automorphic Functions, p 117. There he considers an elliptic curve A. In this
case, B is a quadratic imaginary number field, with a fixed embedding E = (! defined by
the action of E on Tgto(A) (the embedding is a CM-type for E). Moreover, E* = E, T =
"EX", and N(T,z): T — T is the identity map. Let 7 € Aut(C/E), and choose an s ¢ Afp
such that rec(s) = r|Eab. (Thus, this s is the inverse of Shimura’s — he follows Cassels-
Fréhlich for the reciprocity map.) His theorem states that there are isomorphisms
£ Cla— A £7:C[sa— TA

such that 7é(y) = ¢’ (st+y) for y € E/a. Define the isogeny a: A — 7A to be "£70£-1", and
put x = £(y). Then

afsr-x) = £ (ss-3) = 7é(y) = 7%,
as claimed.

Moduii.
Let E be a CM-algebra, and define T as before. Let V be a free E-module V of rank onc,
and let (V,h,7) be a polarized Hodge structure on V (as a Q-vector space) of type
{(-1,0),(0,~1)} such that h(€:¥) ¢ T(R) and ¥(a-x,y) = ¢(x,:a-y) for a € E. Write x for
the cocharacter of T corresponding to h.

Consider quadruples {Ai,A,7) where (A,i,A) is a polarized abelian varicty with
complex multiplication by E for which there exists an E-linear isomorphism

(H(A,Q)h ) ~ (V,h,9)

of polarized Hodge structure, and 7 is an E®As-linear isomorphism V(Ar) — V(A) making
1 correspond to TP/\- (In the first %, 9 and q!),\ only have to correspond up to an clement of
Q% and in the second up to an element of As*) Two such quadruples (A i ),5) and
(A7,i’ A7 n’) are said to be isogenous if there is an E-linear isogeny A — A carrying A
into A* (up to Q) and such that Vi(a)sn = n’. Write [A,i,),7] for the isogeny class of
(A,i,A,n). Define 7(A,i,A) to be the obvious triple, and define 77 to be the composite

V{As) =L Vi(A) I Vi(rA).

TrEOREM 2. Let 7 € Aut(C’/E*), and let s € A g, be such that rec(s) = 7|[E*4b; then
7[A 1,57 = [Ad,A,7N(sp)], N = N(T,p).
Proor: Theisogeny a: A — 7A given by theorem 1 defines an isogeny
(Ai,A,eN(sr)) — T(A1,A,7).

VARIANT: Consider quadruples (A,1,Ak) with k ax{l an isomorphism V(A) — V(As). Then



T[A,A k] = [A,i,A,N(sf) Lok].
This follows immediately from the preceding formula because (A3,A,m) — (AL M) is
bijection from the first set of quadruples to second, commuting with the action of Aut(0).
This formula can be rewritten:
rec(s) [A,i,Ak] = [A,;,A,N(sf)"tek], N = N(T,p).

I compare this with the "Théoréme de Shimura-Taniyama" 4.19 in your Bourbaki talk
#389, 1971. There ¢(s) is the inverse of rec(s) (your talk predates Antwerp). For a given
T, b, p, the map 1(T,h) in your Bourbaki talk is N(T, )1, i.e., 1{T,h)(x) = N(T,u)(x)! (sce
the definition of r(T,h) on p140 of your talk), but the x of your Bourbaki talk also the
reciprocal of my u — thus we actually have r(T,h) = N(T,z), h e pt. Thus formula
(4.19.1) of your talk can be written (with the current conventions)

rec(st) [Ai,A k] = [A,i,A,N(sf)ek],
which agrees with the above formula.

Shimura Varieties.

Con31der Shlmura variety Sh(G,X) of Hodge type. This means that there is an embedding
(G,X) = (GSp ¥) where (GSp,¥) is the pair corresponding to a symplectic space (V,) as
in your Corvallis talk 1.3.1. Let 5 = (s;) be a family of tensors such that G is the subgroup
of GSp "fixing" the tensors.

Let A(G,X,V) be the set of isogeny classes of triples (A,{,7) where A is an abelian
variety over C, t is a set of Hodge cycles on A, and 7 is a level structure V(Af) — Vi(A)
satisfying the obvious conditions. There is a canonical right action of G(Af) on 4(G,X,V),
namely,

[Atn)-a = [At,70a], a€ G(Ay).

LemMA: There is a canonical G(As)-equivariant bijection A(G,X,V) — Sh(G,X).

Proor: If (A,t,n) represents an element of A(G,X,V), then there exists an isomorphism
fHi(AQ)—V

carrying elements of { to corresponding elements of s (up to the correct scalar) and such

that h, s hy for some x € X. Define g to be the composite

v(an Lvia) L viag,
and map (A,t,7) to [x,g]. A different choice ofﬁ replaces (x,g) with q-(x,g), q € G(Q).

There is a natural action of Aut(C/E*(G,X)) on 4(G,X,V), namely, 7[A,t,n] =
[TA,7t,mn] with 77: V(Af) — Vi(rA) the map x v 7(n(x)), which we can transfer to
Sh(G,X). In the case of (T,h) considered above, the action is

rec(s) [x,a] = [x, a-N(sf)].



Thus, if x is a special point of X, we should have

rec(s) [x,1] = [x, N(s¢)].
Unfortunately, the definition on p269 of Corvallis article (as T understand it) has N(s¢)
replaced with its reciprocal.

COMMENTS: (a) Changing the identification Sh(G,X) with a moduli set doesn’t seem to
affect the sign, provided the identification is G(Ar)-equivariant — both acting on the
right. (At least, taking ¥ to consist of Hodge structures of type {(1,0),(0,1)}, or taking
level structures to be maps V(A) — V(As), doesn’t seem to make any difference.)
(b) The formulas defining the canonical models are precisely the same in your

Bourbaki talk and your Corvallis talk. However, there appear to be three changes of sign:

(i) the reciprocity map;

(ii) the maps h and y associated with a Hodge structure;

(iii) the action of G(Af) has been changed from the left to the right.

Yours sincerely

-

J.5. Milne
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