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This is a TgXed version of the article published in: Arithmetic and Geometry, Papers
dedicated to I.R. Shafarevich on the occasion of his sixtieth birthday, Progress in Math.
35 (1983), Birkhauser Verlag, 239-265. Minor misprints have been fixed. The footnotes,
except for the first, have been added to the original. Last TgXed April 8, 2025.

In [8, pp. 232-233]!, Langlands made a very precise conjecture describing how an
automorphism of C acts on a Shimura variety and its special points. The results of Milne—
Shih [15], when combined with the result of Deligne [5], give a proof of the conjecture
(including its supplement) for all Shimura varieties of abelian type (this class excludes only
those varieties attached to groups having factors of exceptional type and most types D).
Here the proof is extended to cover all Shimura varieties. As a consequence, we obtain a
complete proof of Shimura’s conjecture on the existence of canonical models. The main new
ingredients in the proof are the results of Kazhdan [7] and the methods of Borovoi [2].

In the preprint [7], Kazhdan shows that the conjugate (by an automorphism of C) of the
quotient of a hermitian symmetric domain by an arithmetic group is a variety of the same
form. (For a precise statement of what we use from [7], see 3.2 below.2). In §2 and §3 we
apply this result to prove the following weak form of Langlands’s conjecture:

(0.1) Let® Sh°(G, X +) be the connected Shimura variety defined by a simply
connected semisimple algebraic group G and hermitian symmetric domain X T;
then, for every automorphism t of C, there is a connected Shimura variety
Sh°(G’, X’T) such that there exist compatible isomorphisms

$:TSh°(G,X 1) — Sh°(G', X'™)
W:GAJ«- — Gi&f.

In [2], Borovoi shows that the analogue of 0.1 for non-connected Shimura varieties
implies the existence of canonical models for all Shimura varieties. We adapt his methods to
show, in §§4,5,6, that 0.1 implies Langlands’s conjecture for all connected Shimura varieties.

In the final section, we review the main consequences of this result: the conjecture of
Langlands in its original form; the existence of canonical models in the sense of Deligne; the

This work was completed while the author was at The Institute for Advanced Study and supported in part by
NSF grant MCS 8103365

IMisprint fixed.

2 At the time the article was written, Kazhdan’s proof was incomplete. It was completed in Clozel, Laurent,
On limit multiplicities of discrete series representations in spaces of automorphic forms, Invent. Math. 83 (1986),
no. 2, 265-284.

3Denoted M°(G,X ) in the original.
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conjecture of Langlands describing the action of complex conjugation on a Shimura variety
with a real canonical model; the existence of canonical models in the sense of Shimura.
An expository account of this, and related material, can be found in [11].
I am indebted to P. Deligne for several valuable conversations and, especially, for
suggestions that led to the elimination of a hypothesis on the congruence nature of arithmetic
subgroups in the statement of the main theorem.

NOTATION

The notation is the same as [4]. In particular, a reductive group G is connected with centre
Z(G). A superscript + denotes a topological connected component, and G(Q)+ denotes
the inverse image of G*(R)™ under G(Q) — G*(R). The symbol S denotes Resc /R Gm,
and, for any homomorphism 4:S — G, we let uj denote the restriction of Ac to the first
factor in S¢ = G, x Gyy,.

If (G,X) and (G', X’) are two Shimura data,* then a morphism (G, X) — (G', X') is
a homomorphism G — G’ carrying X into X’. An inclusion (7, /) < (G, X) will always
mean that 7 is a maximal torus of G.

If G is an algebraic group over Q, then G; = G, . By a homomorphism G, , — GA/,
we mean a family of homomorphisms of algebraic groups Gy — Gé whose product maps
G(Ay)into G'(Ay). Asusual, A r = (LiilZ/nZ) Q.

We say that an algebraic group G satisfies the Hasse principle for H' if the map of
Galois cohomology groups H (Q,G) — [ILH (Qg.G) is injective, where £ runs through
all primes of Q including £ = oo. The closure of G(Q) in G(A ) is denoted by G(Q)™.

If V is an algebraic variety over a field k and t:k < K is an inclusion of fields, then
TV denotes V Qg ; K =V Xgpeck Spec K.

The main definitions concerning connected Shimura varieties are reviewed in the Ap-
pendix.

1 Statement of the first theorem

To a pair (G, X ) satisfying (C) (see the appendix), a special point 4 € X T, and an automor-
phism 7 of C, Langlands [8] attaches another pair (*G,? X 1) also satisfying (C) , a special
point *h € *X T, and an isomorphism ¥, = (g — *g): G(Ay) —T"G(Ay). (Seealso [14];
in general, we shall use the definitions of [14] and [15] rather than [8].)

THEOREM 1.1. Assume that G is simply connected. Then, with the above notation, there
exists an isomorphism
¢r:7Sh°(G,XT) > Sh°(*G,*X ™)

such that
(@) ¢ (z[h]) =["h] (for the particular special h), and
() ¢ (t[gx]) ="gp:(x), allx € Sh°(G,XT), allg e G(Ay).

REMARK 1.2. This is a weak form of part (a) of conjecture C° [15, p. 340]. In §6, we shall
see that it leads to a proof of the full conjecture.

4called “pairs defining Shimura varieties” in the original.
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REMARK 1.3. The real approximation theorem [3, 0.4] shows that G(Q)+ is dense in

G(R)y. Therefore, for any x € X+, G(Q)4x is (real) dense in X ™, and its image in
'\ X Tis Zariski dense. It follows that there is at most one map ¢, satisfying the conditions
of the theorem.

REMARK 1.4. Let G be a semisimple group over Q, and let i: T < G be the inclusion of
a maximal torus. Then Aut(G,i) = T ¥ T/Z(G). Fix a finite Galois extension L/Q and
consider triples (G’,i’,v), where (G’,i’: T’ < G’) is isomorphic to (G,i) over L and v
is an isomorphism (G,i)s , — (G'.i’)a , (i.e., an isomorphism G , — Gl’&f carrying iy ,
into i Af). Given such a triple, choose an isomorphism a:(G,i);, — (G’,i’), and define
B =B(Gi".¢) e T(Ar QL) by the equation ¥ o f = a. Let B be the image of f in
T(Ay®L)/T(L). Then (G'.i',y) — B(G’.i’,yr) defines a one-to-one correspondence

{isomorphism classes of triples (G',i",¥)} < (T (A s ® L)/T (L))

Now consider i: (T, h) < (G, X 1). The element (<, jtj,) explicitly defined in [14, 3.18]
corresponds to a pair (°G,%i:T < G) together with an isomorphism ¥:: G, , — "Gy,
carrying 7 into *i . These are the objects in (1.1). The composite

Th

S— T 3,

h Ti

is the homomorphism whose associated cocharacter is Ty, and X T is the TG (R)™"-
conjugacy class containing “/.

One other fact we shall need concerns the class y of (*G,%i) in H'(Q, T) (equal to the
image of B(t, 1) under

(T(Ay®L)/T(L)SEL/Q N H'(Gal(L/Q,T(L)) - H'(Q,T).

The existence of ¥ shows that the image of y in H 1(Q, T) is zero for all finite £. Its image
in H'(R, T) is represented by tu(—1)/u(—1) [14, 3.14].

REMARK 1.5. Theorem 1.1 (in fact, Conjecture C°) is proved in ([5], [15]) for Shimura
varieties of abelian type. Since we shall need to make use of this result for groups of type A,
we outline the main steps in its proof. For a pair (G, X T) with G the symplectic group and
X the Siegel upper half-space, Theorem 1.1 is shown in [15, 7.17] to be a consequence
of a statement about abelian varieties of CM-type. This statement is proved in [5]. Let G
be of type A, and suppose that G is almost simple over Q. Then G can be embedded in a
symplectic group ([4, 2.3.10]), and the following easy lemma applied.

PROPOSITION 1.6. Let (G, X ™) satisfy (C) , and let H be a reductive subgroup of G,
Suppose that some h € X1 factors through Hg, and let X;; be the H*(R)™ -conjugacy
class containing the composite h' of h with H — H*. Assume that H* satisfies (C3), and
let H be the simply connected covering group of H*. Then (H, X I‘;) satisfies (C), and there
is an embedding Sh°(H, X;) <> Sh°(G. X ) compatible with H(A y) < G(A f) under
which [h'] + [h]. If h is special, then so also is h’, and if (1.1) holds for (G, X ™) and h,
then it does also for (H, X;_FI) and h'.
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2 Morphisms of Shimura varieties

We say that a morphism ¢:Sh°(G, X ) — Sh°(G’, X'*) of connected Shimura varieties is
finite and étale if, for every I’ € X(G’), there exists a I' € X(G) such that

¢r.r:I\X1T —T\X'"
is finite and étale.

PROPOSITION 2.1. Let (G,X ") and (G', X'%) satisfy (C), and let y:G» , — G, , bean

isomorphism such that  (G(Q)7) = G'(Q) 7. For any finite étale morphism ¢: Sh° (G Xt -
Sh®(G’, X'") compatible with , there exists an element g € G(Q)7. and an isomorphism
Yo:G — G’ such that ¢ = Sh° (o) o g. In particular, ¢ is an isomorphism.

PROOF. Choose an h € Xt and write ¢([h]) = g'[1'], some I’ € X'T, ¢’ € G(Q)] (see the
appendix). Let g=! = ¥~ 1(g’); then

$og:Sh°(G,XT) — Sh°(G’, X'T)
Yoadg:Gy, — Gf&f

satisfy the same conditions as ¢ and ¥, and ¢ o g[h] = [A']. It therefore suffices to prove the
following proposition. O

PROPOSITION 2.2. In addition to the hypotheses of Proposition 2.1, suppose that there exist
heX*tandh' e X't such that ¢([h]) = [']. Then y is defined over Q, and ¢ = Sh° (V).

PROOF. There exists a unique isomorphism 5 : Xt — X'T lifting all the maps
¢ri.r:I\XT —>T\X"™*

and sending & to i’. Let ¢ be the map o > poaod—L: Aut(X T) — Aut(X'"). For any
o€ GQT CAu(X ),

$+ () induces an automorphism of Sh°(G’, X’1); in particular, it lies in the commensu-
rability group of any I'’ € X (G’) and therefore belongs to> G"*4(Q) (see [1, Thm 2]).
Consider a ¢ € G(Q)+, and write goo and ¢ for its images in G¥(Q)4 and GQ).
Then ¢oo and g define the same automorphism of Sh°(G, X *), and so (}5* (90) and
V(¢ ) define the same automorphism of Sh°(G’, X'T). They therefore have the same
image in G'*(Q)*\(rel G') = G'(Q7 *6+ G*(Q)*. Therefore ¥(qr) € G'(Q)+
(and @« (goo) = V(g £)in G (Q)T). As G(Q) is Zariski dense in G, we conclude that v/
is defined over Q. Write Vo for ¥ regarded as a Q-rational map, and consider

Sh°(Y9) ' 0¢:Sh°(G,X ) — Sh°(G, X ™).

It remains to show that this map is the identity. We know that it is finite and étale, maps
[h] to [5 ! o '], and commutes with the action of G(Q). We have therefore to prove
the proposition in the case that G = G’ and v is the identity map. The equality noted
parenthetically in the last paragraph shows that in this case 5* (@) =qforqe GQ)+/Z (Q).
The real approximation theorem [3, 0.4] states that G(Q) 4. is dense in G(R), and so b is
the identity map on G*(R)T. As ¢4 = ad ¢, this means that ¢ centralizes G*(R)*, which
implies that ¢ = id [18, 11 2.6]. u]

Sms has a +
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COROLLARY 2.3. The map

G(Q7 *6@, G QT — Aut(Sh°(G. X 1))

induces an isomorphism
{gxa|adg =o' in GY(A )} —> Autg(g), (Sh°(G, X ).

PROOF. An automorphism of Sh°(G, X ™) commuting with the action of G(Q) 4 commutes
(by continuity) with the action of G(Q) . It can therefore be written g o Sh°(«) for some
g € G(Q)] and @ € Aut(G). In order for this map to commute with the actions of G(Q)+,
o ! and ad g must be equal. In particular, & must be an inner automorphism, i.e., o € G (Q),
and so the map is that defined by g * «. O

COROLLARY 2.4. If Z = Z(G) satisfies the Hasse principle for H', then
Autg (), (Sh°(G. X 1)) = Z(A ) N GQ7T/Z(Q):
for example, if G is an adjoint group, then
Autg(g), (Sh°(G. X)) =1.

PROOF. The hypothesis implies that if an element of® G*(Q)™ lifts to an element of
G (A y), then it lifts to an element of G(Q). o

EXAMPLE 2.5. The last corollary applies to Shimura varieties defined by simply connected
groups without factors of type 4, n > 8 (see 3.8 below). For these groups, G(Q)] =
G(Ay), and so

Autg(g), (Sh°(G. X)) = Z(Af)/Z(Q).

The proposition can also be used to compute the automorphism groups of non-connected
Shimura varieties.

COROLLARY 2.6. Let (G, X) satisfy’ [4, 2.1.1.1-2.1.1.3]; then the canonical map
(G(A£)/Z(@)7) *6() G*(Q) = Aut(Sh(G, X))
induces an isomorphism
{gxaladg =a " inGY(As)} = Autgs ) (Sh(G, X)).

PROOF. Let ¢ € Autg(y ,)(Sh(G, X)).Then there exists a g € G(A y) such that g o ¢ maps
[,1] to [h,1] for some h € X+ and h’ € X'T. Then go¢ maps Sh°(G%", XT) into
Sh°(GY%r, X 1), so that we can apply Proposition 2.2. o

COROLLARY 2.7. Assume in 2.6 that the centre Z of G satisfies the Hasse principle for
H? for finite primes. Then

Autga ) (SN(G, X)) = Z(Af)/Z(Q)".

PROOF. This follows from 2.6 in the same way that 2.4 follows from 2.3. O

5ms has no +
TThat is, be a Shimura datum.
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3 Proof of a weak form of 1.1

This section is devoted to proving the following result.

PROPOSITION 3.1. Let (G, X ™) satisfy (C), and assume that G is simply connected; then,
for any automorphism t of C, there is a pair (G, X'") satistying (C) for which there exist
compatible isomorphisms

¢:T1Sh°(G, X 1) — Sh°(G', X'™)
WIGA_/. - G;&f'

We begin by recalling a theorem of Kazhdan. Let X ™ be a hermitian symmetric domain,
so that the identity component G of Aut(X ™) is a product of connected non-compact simple
real Lie groups. For I" an arithmetic subgroup of G, the quotient I"\ X T carries a unique
structure of an algebraic variety, and so t(I"\ X T) is defined, t € Aut(C).

THEOREM 3.2 (KAZHDAN). (a) The universal covering space X'* of t(I'\X ") is a her-
mitian symmetric domain.

(b) Let G’ be the identity component of Aut(X'"), and identify the fundamental group
I’ of t(I'\X ) with a subgroup of G'; then I’ is a lattice in G'.

PROOF. The assumption that I is an arithmetic subgroup of G means that there exists an
algebraic group G over Q and a surjective homomorphism f:G1(R)™ — G with compact
kernel carrying an arithmetic subgroup of G into a group commensurable with I". If G
is the symplectic group, then the theorem follows from the theory of moduli varieties of
abelian varieties. If G has no Q-simple factor G¢ such that Gor is of type Eg or E7 or
has factors of both types D® and D™, then the Q-simple factors of G1 can be embedded in
symplectic groups, and this case follows from the last case. When I"'\ Xt is compact (so
that G has Q-rank zero), the theorem is proved in [6] (it apparently also follows from Yau’s
theorem [21] on the existence of Einstein metrics). The remaining cases are treated in [7].o

REMARK 3.3. If I' is irreducible (for example, if G is Q-simple), then I'’ is also irre-
ducible because otherwise (I"\X ™), and hence I'\ X *, would have a finite étale covering
that was a product. Consequentely, when rankg G’ > 1, Margulis’s theorem [10, Thm. 1]
shows that I is arithmetic.

Let (G, X ) be as in the statement of 3.1. In proving the proposition, we can assume
that G is almost simple over (Q and is not of type A (because when G is of type A, we known
much more — see 1.5). This last assumption implies that G, is not compact for any £.

Choose a compact open subgroup K of G(A ¢) containing Z(Q), andlet I' = G(Q)N K
be the corresponding congruence subgroup. Then

Shi% (G, XT) =GQ\XT xG(As)/K=T\XT.
On applying 3.2, we obtain a symmetric hermitian domain X 1+ , areal Lie group G’ such that
G’ = Aut(X;")™T, and an irreducible lattice I’ in G’ such that T Sh°(G, X T) = I'"\ X
Forany g€ G,let Iy =TI’ Ng~'Ig. There are two obvious maps Lgl,\XT =

'\ X T, namely, the projection map and the projection map preceded by left multiplication
by g. On applying 7, we obtain maps

T(Fg\X ™) %; t(M\X+) =r"\Xx;.
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Choose X 1+ —1(Ig\X *) s0 as to make the following diagram commute with the upper
arrows, and choose g to make it commute with the lower arrows:

id

o
l ¢ l (3.3.1)

(1)
t(Fg\X+) —= "\Xx;".
7(g)
The double coset I"gI"" C Aut(X;") is well-defined, and we let

= |J rer.
2€G(Q)

Then Iy is a subgroup of Aut(X 1+ ) and is independent of the choice of K. (In [7], it is
denoted by G°.)

Thereisamap y — yr:I'o — G(A r)/Z(Q) that can be characterized as follows: for
all I' = KN G(Q) (as above), and all g € G(Q) Ny K, the diagram (3.3.1) commutes with
g replaced by y. We therefore have a canonical embedding

¥ = (Yoo, v): To = Aut(X{) x G(A )/ Z(Q).

Both yo and y ¢ act on TM °(G, X *), the first through its action on X 1+ and the second
through its action on M°(G, X ™). These actions are equal.

LEMMA 3.4. Regard I'y as a subgroup of G(A r)/ Z(Q).
(a) I'pisdensein G(Ar)/Z(Q).
(b) ToNZ(As)/Z(@Q) = 1.
(c) For any compact open subgroup K of G(A r) containing Z(Q),

tSh% (G, X 1) = (NN K/Z@Q)\ X, = I\ X;" xG(As)/K.

PROOF. (a) It is clear from the definition of y + y s that, for any K, the map Iy —
G(Ar)/Z(Q)K is surjective.

(b) Suppose that the element y of I'y is such that y r € Z(A )/ Z (Q).8. Then the remark
preceding the statement of the lemma shows that y, centralizes Iy in G’. As I has finite
covolume in G’, this implies that y is in the centre of G’ [17, 5.4, 5.18], and s0 Yoo = 1.

(c) We can assume that K is the group used in the construction of . It is then clear
that I'’ = I'o N K/ Z(Q). The second equality follows from the first and (a). o

Later we shall show that I is contained in the identity component G’ of Aut(X 1+ ), but
for the present we define I';f = Iy N G'.
We now fix an integral structure on G and define, for any finite set S of finite primes,

GlAgs)=[]G@x]]G@.

LteS L¢S

Let I'os = IoNG(Afg); then F0+S € TosN F0+ can be regarded as a subgroup of
va d:ef G/ X HZES G(

8Misprint fixed



3 PROOF OF A WEAK FORM OF 1.1 8

LEMMA 3.5. The group F0+S is an irreducible lattice in G.

PROOF. It follows from 3.4(c) that I is a discrete subgroup of G’ x G(A ¢), and therefore
FOJ’FS is a discrete subgroup of G’ x G(A f,5). As [] ¢£s G(Zy) is compact, the projection
Gy x H€¢S G(Zy) — Gy takes discrete groups to discrete groups [20, p. 4], and so FOJ’FS is
discrete in G§.

Let U be a compact open subgroup of [ [,cg G¢, and let

r=Wx[[G@ynry.
LES

Then UTy s\G = I""\G’, which carries a finite invariant measure. It follows that I g is
of finite covolume in G.
Our assumption that G is almost simple over Q implies that Iy s is irreducible (cf. 3.3).0

Now assume that S is nonempty and sufficiently large that rank(GY) > 2.Then Mar-
gulis’s theorem [10, Thm 7] shows that I 0+S is arithmetic. More precisely, there is the
following result.

LEMMA 3.6. There exists an algebraic group Gy over Q and a map ¥s:G1s — G, where
Gis = Gir X[ [yes G1,¢,having the following properties:
(a) there exists an S -arithmetic subgroup I's in G1(Q) such that ¥s(['s) is commensu-
rable with I OTS;
(b) write s = VYoo X [ [yes Ve; then Yo is surjective with a compact kernel, and each
Yy is an isomorphism.

Moreover, (G, V) is uniquely determined by the conditions (a) and (b).

Margulis’s theorem gives us a pair (G, ¥g) satisfying (a) and such that g is surjective
with compact kernel. We can suppose that s is irreducible. Then G is almost simple over
@, and so cannot be of type A. Therefore, G4 does not have any compact factors and ¥
must be an isomorphism.

Let A be a subgroup of Iy s of finite index, and let

Ax={(foe]]

Then, for all sufficiently small A, A 4 is independent of A and Spec A 4 = G;. The proves
the uniqueness.

When we enlarge S, to S’ say, then G; does not change and ¥5/|G1 s = ¥s. We
therefore get a map

1es T(G.06) | t() € Q. fr() = fe (M), all .47 € S, A € A}

V=Yoo X¥r:GrxG1a, > G xGy,

such that, for all finite S, ¥ s (G1,s is commensurable with I s, where G, 5 = G1(Q) N
G1(Ayg). Let Giomp be the product of the anisotropic factors of G g, and consider’

G1(R) — (G1/G"™")(R) x G1(Ay)

I

Iy — Aut(X;") xG(Af)/Z(Q)

9Misprint fixed.
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def

For any finite set S, Iy, s & ¥ ~!(Ip,s) is commensurable with G1(Q)s. Ultimately, we
shall show that Iy = G1(Q)/Z(Q), but we begin with a weaker result.

LEMMA 3.7. The group Iy C ¥ (G1(Q))-Z(Ass).

PROOF. Lety € Iy, and let y € Aut(X 1+ ) X G1(A y) map to y regarded as an element of
Aut(X1+) X G(A )/ Z(Q). For large enough S, y € I'y,s, and ad y maps fo,S into 1:0,5.
Choose an irreducible representation 7': G‘i‘d — GL, of G?d, and consider the represen-
tation ady o T of fo,S N G1(Q). The Zariski closure of (ady o T)(I:O,S N G1(Q)) in GL,
is T(G?d), and so [10, Thm 8] can be applied to show that there is a morphism &: G — G'j‘d
whose restriction to I o0,s is ady. Lift @ to an isomorphism «:G1 — G1. Then o and
ady agree on a subgroup of Fo,s of finite index (therefore, also on a subgroup of G;(Q)g
of finite index). As I g is dense in [[;cg G(Q¢)/Z(Q), this shows that @ = ady on
[1G6(Qg)/Z(Q). In particular, « is an inner automorphism i.e., @ € Gi‘d(Q). Moreover, o
has the property that it lifts to G;(Qy) for all £ € S, and hence for all £ because we can
extend S. The next lemma shows that this implies that « lifts to an element @1 € G1(Q).
This element «; has the same image as y in Aut(X 1+ ) x GM(A £), which completes the
proof. o

LEMMA 3.8. Let G be a simply connected semi-simple group over a number field k, and let
Z = Z(G). Then' HY(k,Z) = T1, finice H ' (kv, Z) is injective provided G has no factors
of type Ay, n > 4.

PROOF. We can assume that G is absolutely almost simple. Then Z (k) = Z/27 x 7./ 27
orZ/nZ,n<4.1f Z k)y=2 (k), then the result is obvious from class field theory. In any
case, Z(k) = Z(L) for L a Galois extension of k with Galois group S3 or Z/nZ, n < 3.
The exact sequence

0—>HYL/k,Z)—> H" *&,Z)— HY(L,Z)

shows that it suffices to prove that H(L/k,Z) — [], H'(Ly/ kv, Z) is injective. In fact,
it suffices to do this with k replaced by the fixed field of a Sylow subgroup of Gal(L/k).
But then the Galois group is cyclic, and the result is obvious. O

Lemma 3.7 implies that Iy and G(Q) have the same image in G*(A f)= Gi‘d(A £)-
If we form the quotient of Sh°(G, X ) by the action of Z(A £), we get that

Z(Af)\Sh°(G,XT) = Sh°(G*, X ).
Therefore,
TSh(G™, X 1) =T Z(Ap)\X; xG(Ay)
=G1(Q)-Z1(Ap)\X{ xG1(Ay)
= Sh°(G¥, X ;).

We have proved Proposition 3.1 with G replaced by G*. An argument of Borovoi (see
5.2a below; it is not necessary to assume there that G is simply connected) shows that
the map ngf — Gi“jv defined by ¥ identifies G‘lid with an inner form of G*. Therefore,

1OMisprint fixed.
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Vr:Ga, — Gy,r has the same property, and so ¥ r|Z(G) is defined over Q, i.e., ¥
identifies Z & Z(G) with Z1 £ Z(G,).

From 3.4 we know that Iy N Z(A )/ Z(Q) = 1. Therefore any element g of G1(Q)/Z(Q)
can be written uniquely as g =y -zg, y € I, zg € Z(Ay)/Z(Q). The map g > zg is a
homomorphism

G1(Q)/Z(Q) — Z(Ay).

If we knew, as is conjectured, that G1(Q)/ Z(Q) is simple, then this homomorphism will have
to be zero, and we will have achieved out immediate goal of showing that Gy D G1(Q)/Z(Q).
Instead, we argue as follows.

Let F be a totally real Galois extension of Q with Galois group A; let G« = Resp/q GF
and let X be such that there is an embedding

(G.XT) = (G, X;).
815eee
Then A acts on G« and X, and G is the unique subgroup of G such that [[sc 4 GF (1—>)
(Gx)F is an isomorphism. The group A continues to act when we make the above construc-

tions for (G«, X;7). In particular, A acts on G4 and there is an inclusion G; < G4 that
identifies G1x with Resg g G1. We can conclude:

LEMMA 3.9. Forany F as above, the diagram

G1(Q)/Z(Q) 255 7(a4)/Z(Q)

[ [

G1+(Q)/Z4(Q) E758 Zu(A )/ Z4(Q)
commutes, where Z , = Resr /g Z.

Let y € G1(Q); we shall show that y(mod Z(Q)) € I'.

LEMMA 3.10. There exist fundamental maximal tori T; C G1,i = 1,...,k, and elements
yi € Ti(Q) such thaty = yy .

PROOF. Let U be the set of g € G1(R) such that the centralizer of g is a compact maximal
torus. Then, the usual argument using the Lie algebra, shows that U is open in G (R).
Moreover, U generates G1(R). Let y = yj---y; with y/ € U. According to the real
approximation theorem, the set G1(Q) N U is dense in U. We can therefore choose y; €
G (QNU,i=2,3,....k, so close to y/ that y; E y(ya---yr) L also lies in U. As
y1 € G1(Q), the elements yy,..., y; fulfill the requirements of the lemma. O

Thus, we can assume that y € T(Q) C G(Q), where T is a maximal torus such that
T (R) is compact. This last condition on 7" implies that 7" splits over a CM-field L, which
can be chosen to be Galois over Q. Let F be the maximal totally real subfield of L and let
G+« = Resp/qG. The construction of Borovoi recalled below in §4 gives a reductive group
H,, of type A; such that T C Hy C G1x. After possibly extending F, we can assume that
no (Hy)y is anisotropic. Consider

y€G61(Q)/Z(Q —— Z(Ay)/Z(Q)

] ]

G1x(Q)/Z+(Q) —— Z«(A )/ Z+(Q).
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Note that y € Hy (Q)/Z+(Q) N Hy(Q). A theorem of Platonov and Rapinchuk [16] shows
that H,(Q) has no non-central normal subgroup. Therefore, the lower map is zero on
Hy(Q)/Z«(Q) N Hy(Q) and so y maps to zero. It therefore lies in 1.

We have shown that Iy D G1(Q)/Z(Q). Therefore, for any compact open K C G(A r)
containing Z(Q), we have a finite étale map

Lo\X{ xG(As)/K — GL(Q\X{ xG1(As)/K.
We therefore have a finite étale map
tSh°(G,X 1) — Sh°(Gy1, X;),

which is G(A r)-equivariant when we identify Ga , with G154 , by means of ¥ r. When we
apply 7! to this map, and repeat the whole of the above construction for (G, X 1+ ) and

=1, we obtain maps

Sh°(G, X 1) — 71 Sh°(G1, X{").
The composite map satisfies the hypotheses of 2.1 and therefore is an isomorphism. This
implies that the first map

Sh°(G,X*) — 7' Sh°(Gy, X))

1

is an isomorphism and, on applying ™, we get that

tSh°(G,X 1) — Sh°(G1, X;H)
is an isomorphism. This is what we had to prove.

COROLLARY 3.11. Suppose in 3.2 that I' is a congruence subgroup, i.e., that there exists a
simply connected semisimple group G over Q and a surjective homomorphism f:G(R) —
G with compact kernel carrying a congruence subgroup of G(Q) into a subgroup of I’
with finite index. Then w(I"\X ™) is the quotient of a hermitian symmetric domain by a
congruence group.

4 Embedding forms of SL, into G.

In this section, we recall some results of Borovoi [2] . Let (G, X ™) satisfy (C), and let
(T,h) C(G,X).

4.1. Throughout this section, we assume that the following conditions hold:
(a) G =Resp/qgG’, where F is totally real and G’ is absolutely almost simple;
(b) the maximal torus 7" C G’ such that Resg/o T’ = T splits over a quadratic, totally
imaginary extension L of F.

REMARK 4.2. The condition (b) implies that 7’, and any subtorus, is a product of one-
dimensional tori, and therefore satisfies the Hasse principle for H!.

As T is split, we can write

LieGy = LieT; & (P (Lie G} )a.

o®€R
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where R = R(G,T(.). An « € R is said to be totally compact if it is a compact root of
(G' ® F,¢ R)¢ for all embedding o: R — R. Let R"® denote the set of roots that are not
totally compact. Then, for @ € R™,

L 2 LieT; & (LieGy)a @ (LieGh)—qa

o —

is defined over F', and we let H/, denote the corresponding connected subgroup of G’. Write
Hy =Resp/g Hy and Zy = Z(Hy).

PROPOSITION 4.3 (BOROVOI, ONISCIC).

Z(G) = () Za

e RlllC

PROOF. From the formula [p,p] = b, valid whenever g = b @ p is the Cartan decomposition
of a non-compact real Lie algebra, it follows that R™® 4+ R"® > R. Thus

(| zH)= () Ker(@) = [ Ker(e) = Z(G"),
€ Rne o€ Rute ®€ER

and the proposition follows by applying Res g q. O

COROLLARY 4.4. LetT =T/Z and Zo = Zo/ Z, where Z = Z(G). Regard Zo (A 1)/ Zo(Q)
as a subgroup of T (A r)/T (Q). Then

N Za(Ay)/Zo(@) = 1.
a€RMe

PROOF. This follows easily from the fact that ﬂae Rt Za =1. o

S Completion of the proof of Theorem 1.1

In this section, we use the methods of Borovoi [2] to deduce 1.1 from 3.1.
Let (G, X ") satisfy (C), and let (T,h) C (G,X ™). For any g € T(Q), q[h] = [h], and
so there is a representation p;, of 7 on the tangent space t; to Sh°(G, X ) at [h].

LEMMA 5.1 (cf. [2, 3.2, 3.3]). (a) We have p,, ~ P, @ € R(Gc, Tc), (o, up) = 1.
(b) Suppose that (G, X'") also satisfies (C), and that (T',h") C (G, X'"); if p, ~ pp'»
thenh=h (and X't = XT).

PROOF. (a) According to (C1), there is a decomposition of g = Lie(G),
gc=g"@pt@p”

such that Ad (z) acts trivially on g%°, as z on p™*, and as z~! on p. Thus, go C p™ if and
only if a((z)) = z, i.e., {a, ) = 1. The canonical maps p —> t; and p < pc =pT G p~
induce a C-linear equivariant isomorphism p™ —=> t;, (see [4, 1.1.14]).

(b) It follows from [4, 1.2.7] that X’T = X . Since

{a [{a, pp) =13 = {o | (o, ppr) = 15,

h and h’ define the same Hodge filtration on Lie(G), but this implies that they are equal [4,
p. 254]. o
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PROPOSITION 5.2 (BorovoI [2]). Let (G,X71), (G, X’"), and t,¢, and  be as in 3.1.

Consideri:(T,h) < (G, X ™).
(a) There exists an inclusioni’: T < G’ and a g € G(A ) such that Y oad(g) oip , = lAf
(b) There exists an h' € X' factoring through i’ such that W = Ty (as maps into T).
(c) The pair (G, j') is a form of (G, j); its class in H'(Q,T), T ¥ T/ Z(G), has image
zero in H'(Qy, T') for all £ # oo and is represented by tjup(—1)/wp(—1) for £ = oo

PROOF. (a) Let ¢(t[h]) = ¢'[I'], i’ € X'T, g’ € G(Ay) (see the appendix). For any
t € i(T(Q)), t[h] = [h], and so Y (1) g'[I'] = g'[']. iie.,

(&g =[],

This implies that g~y (1)g’ € G'(Q). Let g = ¥~ (g’ !); then Yy oadgoi: T, — Gimf
maps T(Q) into G'(Q). As T(Q) is Zariski dense in 7', this means that ¥ oad g oi is defined
over QQ; we denote it by i’.

(b) Let 4’ be as in (a); then p,r = tpp, because (¢ o g)(t[h]) = [A'] and ¢p o g is T(Q)-
equivariant. Therefore (b) follows from 5.1(b).

(c) As Y oadg is an isomorphism (G,i)s , == (G',i’)a ,, it is clear that the class of
(G,i)in HY(Qy,T) is trivial for all finite £. The element ad ;t(—1) is a Cartan involution
on G; therefore the class of u(—1) in H(R, T) corresponds to the (unique) compact form
of G¢. Similarly, the class of 7/.(—1) corresponds to the compact form of G. = G¢. The
conclusion is now clear. a]

REMARK 5.3. If in 5.2, we replace ¢ with ¢ o g and ¥ with ¥ oad(g), then ¢ and v are
still compatible, but now ¢ (z[h]) = ['] and Y oi =i’.

COROLLARY 5.4. Consider (T, h) <s (G X™T), and assume that G is s1mp1y connected and

that T ¥ T/Z(G) satisfies the Hasse principle for H'. Let (T,%h) ;> (*G,*X 1) be asin
§ 1. Then there exist isomorphisms

¢:1Sh°(G,X1) — Sh°(*G,* X ™)
w: GAf —> IGAf

such that
(@) ¢(z[h]) =[*h]:
(b) ¢ and y are compatible;
(€) Yoin, ="Tia,.

PROOF. Let (G',X'T)beasin3.1,andleti’:T’ < G’ and i’ € X’T be as in 5.2(a) and
5.2(b). Choose ¢ and ¥ as in 5.3. Then 5.2(c) shows that there exists an isomorphism
(G',i") = (*G,%i) (cf. 1.4), and 5.2(b) shows that the isomorphism carries 4’ into */. The
corollary is now clear. o

We now prove Theorem 1.1. Let (G, X T), h, and 7 be as in the statement of 1.1. We can
assume that G is almost simple over Q. Then G = ResF, /g G1 for some totally real field F;
and absolutely almost-simple group G;. Let (T,h) C (G, X ) and let 77 be the maximal
torus in G such that Resg, /o771 = T'. As Tg is anisotropic, 77 splits over a CM-field
L D F. Let F be the maximal totally real subfield of L, and let G« = Resg/q G’, where
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G’ = GF. Let hy be the composite of & with the canonical inclusion G <> G«. Then the
G«(R)"-conjugacy class X, containing /4, together with G, satisfy (C), and 1.6 shows
that it suffices to prove 1.1 for (G, X«) and h.. This allows us to assume that the original
objects, (T, h) < (G, X ™), satisty 4.1.

Let ¢ and ¢ be isomorphisms as in 5.4. As both ¥ and ¥; (see §1) are isomorphisms
(G.i)a, — (°G,%i)a,, there exists a 1 € T(Af) such that ¥; = ad(¢) o ¥. To any non
totally compact root «, there corresponds a subgroup H, of G containing T (see §4).

h
Let H, = HS', and let X be the H(R)"-conjugacy class containing hy £ (S —>

a s
Hy — H3Y). Then ¢ maps t Sh®(H}, X;7) into Sh°(F Hy, " X,;|) because it map t(g[hq]) to
adr ™1 (Y (g))["he] forall g € H) (A z) and H} (A r)-[hy] is dense in Sh°(HJ. X,). Since
H|/, is of type A1, we know 1.1 for it: there exists an isomorphism ¢: 7 Sh®(H}, X ;) —
Sh®(tH},*X;), compatible with ¥r;, and taking t[hq] to [*h]. The map

v (@7 0p):Sh°(H. X;5) — Sh°(H},. X;))

fixes [h] and is compatible with adz: H, (A r) — Hy (A 7). Therefore, 2.2 shows that adz,
regarded as an element of Hgd(Af), lies in Hgd((@), ie,t € Zy(Ar)/Zy(Q). Now 4.4
shows that t € T(Q), and so ¢ ot and ad(z) o ¢ fulfill the requirements of the theorem.

6 Compatibility of the maps ¢, for different special
points.

Let (G, X ) satisfy (C), and let (7,/) C (G, X ™). Then Langlands’s constructions lead to
the definition of a map

Vo= (g~ "8): G QT (rel. G) — TGM(Q) T (rel. 7G)
that is compatible with the maps of the same name,
G(Ar)—"G(Ay), G™(Ap)—T"G*(Ay)

(see [14, §8])).

PROPOSITION 6.1. Assume that G is simply connected, and let ¢, be an isomorphism
7Sh°(G,X ) — Sh°(*G,* X ) with the properties (a) and (b) of 1.1. Then 1.1(b) holds
for all g € GM(Q) T (rel. * G).

PROOF. Let G« = Resp;q(GF) for some totally real field F', and let 1« be the composite
of h with G < G.. Then there is a commutative diagram

tSh°(G, X ) —2" 5 she(G,7x )

[ [

TSh°(Ge, XT) —255 Sh°(TG4, X ).

Here (°G,*X ™) and (*G«,* X;) are defined using & and /.. This shows that ¢, (for G)
is compatible with the action of g for all g € G«(A¢) (any F) and all g € Hy (@7 (any
Hy C Gy; see §4), but these elements generate a dense subgroup of G(Q)*"(rel. G). o
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REMARK 6.2. Theorem 1.1 and 6.1 prove part (a) of Conjecture C° (see [14, p. 340]) for

simply connected groups.

We shall now need to consider two special points 4 and A’ for a given (G, X T).To
distinguish the objects *G, T X, ¢, ...constructed relative to 4 from the similar objects
constructed relative to /4’, we shall write the form “"G, “t X+ S

Let B(z,h) and B(z,h’) be the elements of (Gad(Af ® L)/G"‘d(L))Gal(L/Q) correspond-
ing to & and ' respectively (see 1.4). Then images of B(z, /) and B(t, k') in H'(Q, G*%) are
trivial at the finite primes and are equal at the infinite primes (see [15, p. 315-318]). As G*
satisfies the Hasse principal for H! ([9,VIL6], this shows that B(, /) and B(z, /) have the
same image in H ' (Q, G*Y) and therefore B £ B(z,h’) B(z,h')~! lies in G(Af)/G*(Q).
Moreover, there is an isomorphism f Th G %h" G such that

fay =VewoBoy " G(Ag) > G(Ay).

Define -

¢°(v: 1, h):Sh° (PG, %G (A ) —> Sh° (PN G, P G(A 4))
to be (%" B)~1 o Sh°( /). It carries the action of g, g € G (A y), into the action of wh g
(See [15, p. 312-318].)

THEOREM 6.3. Assume that G is simply connected; then, for any special h,h’ € X T, the
diagram

TSh°(G, X +) 222y she(hG ok x+y

\ Jocn
b
She (r,h’G’ r,h’X+)

commutes.

PROOF. We first prove this under the assumption that 2’ = adg ok, g € G*(Q)™. In this
case, B = ¢ (see [15, 9.1]), so that

Sh°(f) = (""'q) 0 ¢°(r: ' .h) = §°(z:h'.h) o (“g).
Consider the diagram

tSho(G, X +) 25y spe(hG mh x

lt(q) l”’ q
Sh°(f)

tSh°(G, X ) 22y she(whG ok x T

°(z;h',h
m lqs (w:h )

She (r,h’G’r,h/ X+)

The upper square commutes because of (6.1). The outside of the diagram commutes because
both maps send [/2] to [*A’] = [ f o h] and the action of 7(g) to that of “*g. Thus, the lower
triangle commutes. o

Before proving the general case, we need some lemmas.
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LEMMA 6.4. Consider an inclusioni:(G,X ") < (G’,X'"). Theorem 6.3 holds for h and
h' (as elements of X ) if and only if it holds fori oh andioh’.

PROOF. Since i induces an embedding Sh°(G, X ) < Sh°(G’, X’*) and the maps ¢, ;op,
Gzion» and ¢ (t;i oh’,i oh) restrict to ¢ jon, P ion» and ¢(t;i oh’,i o h’) the sufficiency
is clear. The necessity follows from the facts that G'(Q)[i o h] is dense in Sh°(G’, X'T)
and ¢ jop and ¢ (z;i 0 h',ioh)o ¢+,ion have the same behaviour with respect to the Hecke
operators. o

LEMMA 6.5. If (6.3) is true for the pairs (h,h’) and (h,h"), then it is also true for the pair
(h,h").

PROOF. This is immediate, since ¢ (t;h”,h')op(t; 1, h) = ¢(z;h”, h). O

LEMMA 6.6 (BOROVOI). Let G be a simple noncompact group over R, and let X be a
G (R)-conjugacy class of homomorphisms S — G satistying (C1) and (C2). Suppose that the
elements h,h’ of X factor through the same maximal torus T C G. Then h’ = h or h—1.!

PROOF. Let K be the centralizer of /(S). Then [4, 1.2.7], Koo is a maximal connected
compact subgroup of G. The pair (G, T') determines the set of compact roots in R(G¢, Tc),
which determines K. The centre Z of K is 1-dimensional (loc. cit.), and % defines an
isomorphism S/ G, — Z; it is therefore determined up to sign. O

We now complete the proof of 6.3. As usual, we can assume that G is almost simple over
Q, and therefore that G = Res /g G1, where F is totally real and G is absolutely almost
simple. Let (7,h) C (G,X ") and (T',h') C (G,X ™), and let Ty, T{ C G be such that
Resp/pT1 =T and Resp;qg 7| = T'. There exists a CM-field L splitting both 7 and 77.
After replacing G with G« = Resp//g G1.F’, where F' is a maximal totally real subfield of
L, and using 6.4, we can assume that L is a quadratic extension of F. As 77, and Tl” I
are split, there exists a 8 € G{(L) such that BT 87! = T{. Let cg = B~!.0B, where o
generates Gal(L/F). Then ¢; € N(L), where N is the normalizer of T, and so it defines a
classc € HY(L/F,N). As y; ' -v(B) € N(C) and

v(co) = (yy - v(B) vyt u(B)),

where ¢« denotes complex conjugation, we see that ¢ maps to 1 in H'(L,/F,,N). Let w,
be the image of y, 1 -v(B) in W(L,), where W = N/ T. The image w of ¢; in W(L) is ¢
because v(w) = w; ! - 1w, and ¢ acts trivially on W(Ly) (see [15, p. 307]). Thus ¢s € T(L)
and
c €Ker(H'(L/F.T) > P H"(Ly/Fy.N).
v

The following diagram is useful:

N(F) — W(F) — HY(L/F,T) —— HY(L/F,N)

| | | |

B, N(Fy) — B, W(Fy) — P, H (Ly/Fy.T) — @, H (Ly/Fy.N).

"Misprint fixed.
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We now prove 6.3 by induction on / =), I(wy), where /(wy) is the length of w, as
an element of W(C). Suppose first that / = 0. Then y, ! -v(B8) € T(Ly) and so ¢ maps
to 1 in H'(L,/F,,T) for all v. Note that T ~ U" for some r, where U is the unique
one-dimensional non-split F-torus split by L, and therefore H'(L/F,T) ~ (F*/NL*)".
The penultimate assertion shows that ¢ is represented by a family (cy,...,c,) of totally
positive elements of F* . After adjoining Jceito Foi=1,...,r, we can assume ¢ = 1.
Then ¢y =t~ !0t for some ¢ € T(L), and so, after replacing B with B¢~!, we can assume
that it lies in G1(F'). Regard B as an element of G(Q). Lemma 6.5 and the first part of the
proof show that we need only prove the theorem for ad B o i and /’. This means that we can
assume that 2 and &’ factor through the same torus. But then they must be equal, because, in
the context of 6.6, h~! does no lie in the same connected component as /.

Finally, suppose that [(wy,) # 0, say wy, = sqw, Wwith [(wy, ) < [(wy,) and sy the
reflection corresponding to the root «. If o is compact at v, then sy lifts to y, € N(Fy)
(see [15, p. 308]) and we can replace yy,, with vy, Y, 1. Then wy, 1s replaced with a),’)o and
we can apply the induction hypothesis. Suppose therefore that « is not compact at v and
define H), C G1, H, D T, H}, of type A1, as in §4. Let Hy be the derived group of H/, and
let Ty = Hy N T. Then Ty ~ U, which implies that H'(L/F,Ty) — @, H'(Ly/Fy, Ty)
is surjective. Choose ¢y € H(L/F,T,) mapping to (cy), where ¢, = 1 for v # v, and
Cv, = 8(8¢), where § is the boundary map

Wa(Fv(,) - Hl(Lvu/Fv(,,Ta)7 Wo = No/ Ta,

Ny = Norm(T). Then cq maps to 1 in @, H'(Ly/Fy, Ny). The Hasse principle therefore
shows that ¢, splits in H'(L/F, Hy): (cq)o =g ' 0g, g € Hy(L). Lift 54 to ng €
Ny (L); then vy((cq)o) = n;l -tngy and so gno_l1 € Hy(R). Since we know the theorem
for Res p/q Ho, Lemma 6.4 allows us to replace (7, i) with (adgo T, ad(gny')oh). This
replaces B with Bg™1, yy, With yy,neg ™!, yu with v g1, v # vy, wy, With gs; twy, g 7! =
ga);o g~ !, and w,with gwy,g ™!, v # v,. Thus >, [(wy) is diminished, and we can apply
the induction hypothesis.

7 Conclusions

We have shown that Conjecture C° of [15,p. 340-341] is true for (G, X ) whenever G is
simply connected. As remarked in [15, 9.6], this implies the general case.

THEOREM 7.1. The conjecture of Langlands [8, p. 232-233] (see also [15, p. 311]) is true
for all Shimura varieties.

PROOF. In [15, 9.4], it is shown that this conjecture is equivalent to Conjecture C°. O
THEOREM 7.2. Canonical models (in the sense of [4, 2.2.5]) exist for all Shimura varieties.

PROOF. This follows from Theorem 7.1 by Weil’s descent theory ([8, p. 233-234], [15,
§70).12 O

THEOREM 7.3. The conjecture of Langlands describing the action of complex conjugation
on a Shimura variety having a real canonical model [8, p. 234] is true.

12Better: Milne, J.S., Descent for Shimura Varieties, Michigan Math. J., 46 (1999), pp. 203-208
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PROOF. This again follows from Theorem 7.1. o

THEOREM 7.4. The main theorems of [13], namely, 4.6 and 4.9, are true for all Shimura
varieties.

PROOF. They are proved in [13] under the assumption that G is classical and the canonical
model exists, but the first assumption is only used to simplify the proof of [13, Thm 1.3],
and we can instead deduce this theorem from Proposition 2.1 above. o

REMARK 7.5. Theorem 7.4 gives a definitive answer to the question of Shimura [19, p. 347].

REMARK 7.6. For Shimura varieties of abelian type, 7.1, 7.2, and 7.3 were first proved in
([5], [15]), [4], and [12] respectively.

8 Appendix

We say that (G, X ) satisfies (C) if G is a semisimple algebraic group over Q and X T is a
G(R) ™ -conjugacy class of homomorphisms S — G%d for which the following hold:
(C1) forall h € X, the Hodge structure on Lie(Gg) defined by £ is of type

{(=1.1).(0,0).(1.=D};

(C2) adh(i) is a Cartan involution on G%;
(C3) G™ has no nontrivial factors defined over Q that are anisotropic over R.

Such a pair (G, X *) defines a connected Shimura variety Sh°(G, X 7). The topology
7(G) on G*(Q) is that for which the images of the congruence subgroups of G(Q) form a
fundamental system of neighbourhoods of the identity, and

° 1 +
Sh°(G. X ") =limM\x*,

where the limit is over the set X (G) of torsion-free arithmetic subgroups of G*¢(Q) that
are open relative to the topology 7(G). For h € X, [h] and [h] denote the images of / in
Sh°(G,XT)and rSh°(G, X T) ¥ M\ x+.

Every a € G(Q)™ acts on Sh°(G, X 1) by transport of structure:

afhlr = oo hlar).

Every g € G(Q)7 acts as follows: let I' € X(G) and let K be a compact open subgroup of
G (A y) such that I" contains the image of K N G(Q)+; then g € gK for some g € G(Q) +,

and

glhlr = ladgohlypg-1.
These actions combine to give an action of G(Q)7 x G*(Q)™* (semi-direct product for the
obvious action of G*/(Q)* on G(Q)7). The map ¢ > (¢,adg ") identifies G(Q)4 with a

normal subgroup of the product, and the quotient

G(Q)7 *6@@, G QT L GQF %G QT /GQ)+

continues to act on Sh°(G,X*). The completion of G2(Q)* for the topology 7(G),
G¥(Q) T (rel G) is equal to G *6@)4 G*(Q)T, and this identification is compatible
with the actions of the groups on Sh°(G, X ) (see [4, 2.1.6.2]).
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Any x € Sh°(G, X ) can be written x = g[h] for some g € G(@Q7 and h € X*. For
suppose x = [h]; then, forany Iy C I", xp, =y, [h] some yp, € I';lety = Fliml Yrys
1—>

and let y = g x x; then x = y[h] = g[a(h)].
If G is simply connected, then G(Q)] = G(A ¢); moreover,

rSh°(G.XT)=\XT=GQ\X" xG(As)/K

if K is a compact open subgroup of G (A r) containing Z(Q) and I" is the image of K N G(Q)
in GM4Q)T.
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