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WEIL-CHATELET GROUPS OVER LOCAL FIELDS

By J. S. MILNE.

Let K be a local field (i. e. a field which is locally compact for the topo-
logy defined by a non-trivial discrete valuation) and let A be an abelian

variety over K with Picard variety A. Tate has defined a continuous
pairing of the group of K-rational points on A with the Weil-Chételet

group of A into the Brauer group of K, and has proved ([12], [13]) that
this pairing is non-degenerate except possibly on the p-primary compo-
nents of the groups when K has characteristic p > o. We will show that
it is always non-degenerate irrespective of the characteristic, when A has
potential good reduction.

If A does not have potential good reduction, but is an elliptic curve,
then Tate’s theory of the p-adic theta functions gives a description of the
rational points on A and this enabled Shatz [11] to prove the non-degene-
racy in this case also. Thus, the non-degeneracy of the pairing is now
completely proved for elliptic curves, and it is to be hoped that, once
the appropriate generalization of Tate’s description of the rational points
is proved, then the non-degeneracy in general will follow from the case
proved in this paper.

One immediate consequence of our results is that Lichtenbaum’s solu-
tion of the period-index problem for elliptic curves [5] holds over any

local field.

Notatron. — K is a local field with separable algebraic closure K
and ring of integers R. All group schemes are commutative. H/(R, —)
and H'(K, —) refer to cohomology with respect to the flat (f.p.q.f.)
topology on specR and specK (if G is a smooth group scheme, then its
flat cohomology groups can be computed using the étale topology [1]
and, in particular, H!(K, —) can be identified with the usual Galois
cohomology groups). If Z is an abelian group, then Z, is the subgroup
of elements killed by m and Z(p) is the p-primary component of Z,
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N denotes the Cartier dual of a finite flat group scheme N and Z* the
Pontryagin dual of a locally compact abelian group Z.

Let A be an abelian variety over K, and consider the exact sequences,
0>Y(A) >Z(A) S A(K) o,
0>Y(R)>2(R) S A(K) o,

where Z(A) and Z(A) are the groups of zero cycles of degree zero on A
and AK respectively, and S denotes summation of points on A or A.

A Poincaré divisor D on AXA and its transpose ‘D on AXA define
pairings

Y(A) < Z(R) > K*,

Z(A) < Y(R)—>K*,
which agree on Y(A)Xx Y(A) [12]. Hence ([4], chap. V) there are aug-
mented cup products

Hr (K, A) < Hi—(K, A) - H (K, G,,) ~ Q/Z.
Moreover, for r = o, 1, these are continuous with respect to the canonical
compact topology on H° and the discrete topology on H*.
Taeorem. — (a) The above pairings
(K, A) x H—(X, &) > Q/Z

are non-degenerate for r = o, 1, except possibly on the p-primary compo-
nents of the groups when p is the characteristic of K and A is not isogenous

to a product of elliptic curves and abelian varieties with potential good
reduction.

(b) H (K,A)=o0 for rXa.

The pairing defined above for (A, A) is compatible with that for <A, A>
in the sense that
H" (K, A) < H—(K, A) —> Q/Z

Y

| Hr(Iz, ) xmw—(x,8)—»qQ/z

commutes up to sign (the first vertical arrow is induced by the canonical

isomorphism A — .7&) Thus, to prove part (a) of the theorem, it suffices
to show that the map .
Ok (A) : HY(K,A)—>A (K)*

induced by the first pairing is an isomorphism.
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For any positive integer m, there is an exact commutative diagram,

o—>A(K)/m A (K)—> H! (K, A,) > H (K, A)

>0
OK(A)m

! ; :
° > H! (K, K)fﬁ——> H (K, Km>*—'> (,’& (K)/m A (K) )*_+0

where the rows come from the cohomology sequences of

m
0—>An—>ASA—>o0
and
o>Ap—+>AR Ao

the two end vertical arrows are induced by the pairings in the theorem,
and the middle arrow is induced by cup products from the e,-pairing

A.x A, - G,. The commutativity of the diagram may be checked
directly by using the definition of the e,-pairing (e. g. [3], p. 173) and the
explicit descriptions of cup products. The middle arrow is an iso-
morphism ([13], th. 2.1; [10], th. 5), and so 04(A). is surjective for all m.
Since

H' (K, A) =UH'(K,A),, and A(K) :EE(K(K)/mK(K)),

this shows that
0k (A) : H'(K, A) —>A (K)*
1s surjective.

This is already sufficient to prove part (b) of the theorem, for consider
the exact commutative diagram

H (K, Ay —>H2 (K, A,) —>H*(K, A),,—>o0
lOK(A)
¥

A(K)y* >f‘;m(K)*—————>o

which is just a continuation to the right of the previous diagram. We have
seen that the first vertical arrow is surjective, and the middle arrow is
an isomorphism by ([13]; [10], loc. cit.). A diagram chase now shows
that H*(K, A),.= o for all m and this suffices to show that H*(K, A) = o.
Note finally that H"(K, A) = o for r >2 because K has strict cohomolo-
gical dimension 2 [13].

To prove part (a), it remains to show that
Ok (A) : H!(K, A)— A (K)*
1s injective, and for this it suffices to show that, for all primes p, the map

0k (A), @ H'(K, A),— (A(K)/pA(K))*
1s injective.
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To do this when p 5= char (K). Tate used the following counting argu-
ment. Let M = A(K),. Then,

2 (M) = m = (8) ([9], 11-35).

From the known structure of A(K) (see [6]),

ENCSY/2NCSH
[A(K),]

(AK)/PAK)]

— N d—
AK),] PR

By considering the cohomology sequence of
o>M-—>A(K) 2 A(K)—>o

one gets easily that
(1 (K, A),)=[A(K)/p A (K) ],

and so the surjectivity of 6;(A), implies its injectivity.

This argument fails when p = char (K) because the groups involved
are not finite (nor even compact). )

Lemma 1. — If for some finite Galots extension L of K, 0,(A) is injective,
then O (A) ts injective.

Proof. — Since K is local, the Galois group G of L over K is soluble,
and so we may assume it to be cyclic. There is an exact commutative
diagram
0o—> H' (G, A(L)) —> ' (K, A) —> H' (L, A)6—» Ho(G, A (L)) —»H2(K, A)=o0

lokm lOL(A) l
o Y " A X
o—> Ho(G, A (L))*—> A (K)* > A (Ly*6 >H1 (G, A(L))*—> o

(H° denotes Tate cohomology [8], p. 136) in which the first vertical arrow
is induced by 0x(A) and the fourth vertical arrow is the dual of the map

induced in the same way by 0:(A). The diagram can be obtained from
the diagram in [12] (lemma 3) by passing to the direct limit over the
fields denoted there by L.

From the right hand end of the diagram we get that
He (G, A (L)) - H (G, A(L))*
is an isomorphism and, from the same diagram with A and A interchanged,

we get that
He(G, A(L)) —H' (G, A (L))*
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i1s an isomorphism. This shows that the first vertical arrow is an iso-
morphism, and hence that 6g(A) is an isomorphism.

Lemma 2. — If A and B are isogenous abelian varieties over K, and 0 (A)
is an isomorphism, then O (B) is also an isomorphism.

Proof. — Let N be the kernel of an isogeny 9 : A - B. The cohomology

sequences of
0o>N>A2Bo
and

o>N>B3450
give an exact commutative diagram

H: (K, N) — H! (K, A) —» H! (K, B) —» H2 (K, N) —> 0

[ LOK (A)

Oy (B) l
Y Y

J
Ht (K, R)*—» A (K)* > B (K)* >R (Ky*——>o

in which all vertical arrows are induced by cup products or augmented
cup products. By [13], [10] or assumption, all the vertical arrows are
isomorphisms except possibly 0g(B), and it follows that 0g(B) must be
an 1somorphism.

After these two lemmas and theorem 1 of Shatz [11] we may assume
in proving (a) that A has good reduction over K. Thus, we are reduced to
proving the statement : let A be an abelian variety with good reduction
over K, where K has characteristic p. Then, after possibly replacing K
by a finite separable extension,

Ok (A), : Hi (K, A),—(A(K)/pA(K))*
1s injective.
To say that A has good reduction over K means that there is an abelian

scheme @ over the ring of integers R in K whose generic fibre is A.  There
1s an exact sequence over R,

o—>a,,—>a—”>a—>o
where @, is a finite flat group scheme over R with @,QzK = A,.
By ([1], th. 11.7; [2]) H (R, @) = o for ¢ > o and so, from the cohomo-

logy sequences of the above short exact sequence and the corresponding
sequence over K, we get an exact commutative diagram

a (R) —%> @ (R) — H' (R, @,) >0
1
¥ H@p) l
A(K) 2> A(K) —>H (K, A,) —> H! (K, A),—>0
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in which the vertical arrows are the maps induced on cohomology by the
morphism spec(K) —spec(R). The first two vertical arrows are iso-
morphisms, and so the image of the map :(@,) in H'(K, A,) 1s equal
to the image of A(K) in H!(K, A,). Similarly, the image of t(@,)
in H!(K, A,) is equal to the image of A(K), and so, to complete the
proof of the theorem, we have only to show that im(:(Q,)) 1s the exact
annihilator of im(:(&,)) in the non-degenerate cup product pairing

H (K, Ap) < H!(K, &,) > H? (K, Gn).

To do this, we first need to examine the structure of @,. After possibly
replacing K by a finite separable extension, A, will have a composition
series all of whose quotients have rank p [10]. The following easy lemma
shows that the same will then be true of @,.

Lemma 3. — Let 9U be a finite flat group scheme over R, let N = 9L Q; K,
and let
0—>N-—+>N—>N-—>o0

be an exact sequence of finite group schemes over K. Then there is a unique
exact sequence of finite flat group schemes over R, :

0> > I 9" — o,

whose generic fibre is the first sequence.

We will also need the following lemma of Tate.

Lemma 4. — For any pair a, b€R with ab = o, define R,,, to be the

R
fﬂifc]zf and

R-algebra
d: R,,J,—) -Ra,b®RRa,b

to be the R-algebra homomorphism with

S(F) — N QS
N =f1+1Qf+0b 2‘, iy
i+)=p
1< j<p
Then, with respect to the multiplication induced by 6, 9, ,= specR,,;
is a flat group scheme of rank p over R and any flat group scheme of rank p
over R is isomorphic to such an I, I, is tsomorphic to gy if
and only if there is a unit u in R such that

a=ur'a, b'=u—"7a.

Proof. — See [14].
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It follows that we may assume that €, has a composition series whose
quotients are of the form 9, ,. In fact we may assume more. Let
K=Fk((t) (so R=E[t]]). If a0 then b=o0, and a = ut* (say)
where w is a unit in R. After the adjunction of a (p —1)st root of u
and a (p —1)st root of ¢t to K, 9¢,,, becomes isomorphic to I, , where a’
1s of the form t~="". A similar argument applies when b £ 0. Thus,
we may assume that A, has a composition series over R, each of whose
quotients is of the form 9., Iy o or I, ..

Lemma 5. — Let 9 be one of the group schemes I ., Iy, 4, 08 My ypie
over R, and let N = 9@, K. Then the image of () in H'(K, N) s
the exact annthilator of the vmage of (90 in H' (K, N) under the cup product
pairing

' (K, N) < H (K, R) > H2 (K, G.).

Proof. — The commutativity of the diagram

(R, 91) < H' (R, 8t) — (R, G,,) = o
(%) lu(:n) lz(ﬁ)
Y Y
(K, N) < (K, Q) — 112 (K, G,)

shows that im(:(90)) and im(:(J¢)) do annihilate each other. [H*(R, G,)=0
because, by ([1], th. 11.7), H*(R, G,,) = H*(k, G,) = o]. Let 9T =9, ,.

Then 9t =«, and 9t =«,. There are exact sequences

lf
o—>oa,—>G,—> G,—~>0

over R and K, and their cohomology sequences give a commutative
diagram

R—5 R —s H' (R, @) —> o0

I

K5 K—s 1 (K, a,) —>o0

in which F(«) = a”. Hence the diagram (%) with 9 replaced by a,
can be canonically identified with the diagram,

R/R? < R/R? —— o0

K/Kr > K/Kr—s QJZ

in which the vertical arrows are induced by the inclusion of R in K and

the lower pairving is induced by the pairing KXK - F,CQ,/Z, such

that (f, g) ~> trye, res(fdg) (see [10], p. 433). It is now easy to check
Ann. Ec. Norm., (4), 11I. — Fasc. 3. 37
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that R/R” and R/R”, i. e. im(t(x,)) and im(:(a,)), are exact annihilators
of each other in the lower pairing.

Let 9t = 9, In this case I = I sep—n. There i1s a homo-
morphism ¢ : 9, , — 9T which, for any ring R'"D R, gives the map

(e>tea) : 9y, (R) =9t (R
and whose dual $: 9t - 9, gives the map
(ar>tea) : SL(R) =91, (R).

I, , is the étale group scheme Z/pZ and I, , is p, (although that is not

the usual representation of g,). ¥ and { give isomorphisms ¢, and Jy
on the generic fibres.

From the exact sequences
n
0—>2Z/pZ—>G,>G,—o,
¥
o—>p, —>G,,—>G,—>o0

we get isomorphisms

(=%

K/pK > (K, Z/pZ),
3 KK 10 (K, ).

Thus there are isomorphisms
9 : K/pK —H' (K, N), @ =Ygo 0,
o+ K¥/K¥11(K, N), o=Jx0d,

where we have used ¢ and {, to denote also the maps induced by U

and J, on the cohomology groups. In terms of these isomorphisms,
the pairing
(K, N) < 1'(K, N) > Q/z

can be described as follows (see [10], p. 444) : let a€ H'(K, N) and let
fe€ K be such that qo(f) — a, where [ denotes the residue class of fin

K/pK; let beH'(K, N) and let g€ K* be such that ¢'(g) = b, where g
denotes the residue class of g in K*/K*; then

<(//, [)> = l,l’klrl) ]'CS(/i‘:g) EF/;C Q/Z.
=}

We shall now explicitly compute ¢' (im(1(91))). There is an exact
commutative diagram
0 zZ/pZ G,

bR
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where (on points) p. is the map a— a”— *?""qa, «, is the map a — t°a
and «, is the map a — {"”a. This yields commutative diagrams,

3

R/p R—s 1 (R.Z/pZ)  K/p K—s11' (K, Z/pZ)

R/p.R 1N (R, av) h/peK > 110 (K, N)

which are compatible in an obvious sense. It follows that

o= (Im (1 (90))) = (=7 (o~ im (W (Z/pZ))) = =7 (R/pR)
=1—rR/((t="R)npK).

Beforc we can compute ¢/~' (im(:(91))) we must give an explicit descrip-
tion of ¢ : K'/K* - H'(K, p,). For any element a of a ring contai-
ning R, we will write

,/‘2 “1! ,,/7—!
() =u— :—-i— _——..—
) 3 p—1
and
o (="
ey =14+ad+ — +... ——=
2! (p—0)!

There 1s an exact sequence over R,

0=, —:> G, —l> G, —o.
where (on points) ¢ is the map a+>e(a) and F is the map ar> F(a) =a’.
If a€G,,(R’), R’ some ring containing R, and F (a) =1, then a = ¢(l(a — 1))

H' (K, p,) can be identified with the Cech cohomology group H' (K, /K, u,)
where K,=Fk((s)), s"=1 ([10], prop. 13). Since

CO(K\/K, i) =@, (K)) =0,
H'(K,/K, p,) is a subgroup of
‘ C (K /K, ) =, (K, Qi K)).

An element of this last group is a sum,z(ai@) bi), a;, b;€ K,, such that

S @)= (Bt ) @i=o.

Hence, in the isomorphism (a @b a”@ b E K QK> KX K,
pr(Ki®xK,) maps into the ideal T of KQy K which is the kernel of
the map (a @b+ ab) : KQxpK - K. There 1s an isomorphism

(€@ b>adby : 1/12— Q' 4,
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where g, denotes the module of Kéhler differentials of K/k. By compo-
sing these maps we get an injection v:C'(K,/K, p,) > Qg We now
claim that the diagram

HU (K, ) cCH(K /K, )

b

K*/K#» __dlos Qi

commutes, where dlog(f):%f if f is the residue class of feK*

in K*/K*r. Indeed, let a€K* and choose a,€K] such that a/=a;
then &' (a) =l(a;' @ a1 —1 Q1) and v(3'(a)) = (—i:—l

A principal homogeneous space for a finite flat group scheme over R
which has a point in K, clearly already has a point in R,, the integral
closure of R in K,. It follows that, in particular, H'(R, @,) and H’(R, )
may be identified with the Cech cohomology groups H!(R,/R, 1,) and
H!'(R,/R, 91) respectively. Thus therc is a commutative diagram with
exact rows,

o—> (R, 8t) — C1 (R,/R, It) —> C2(R,/R, 5t)

5
o—> H' (R, p,) —> G (Ry/R, p,) —> C2(Ry/R, @)

RS |

o—> ' (K, @) —C' (K, /K, @) — C2 (K, /K, pp)
in which all the vertical arrows are injective. It follows that,
dlog (6'—tim (¢ (p))) = dlog (K*/K*7) nR dt
and ‘
dlog(¢— im(.(91))) = dlog (K*/K*7) n (¢ R) d.
Finally, it 1s an easy calculation to show that
=R/ ((t—PR)npK) and dlog (K*/K*») n (7 Rdt)
are exact annihilators of each other in the pairing
K/pK x dlog (K¥/K*r) > F,
(/s ) &> trgyp,res(fo).

The case with 9t = 91, .., follows, by symmetry, from the above result.

This. completes the proof of lemma 5.

Let @,=9(,;D5_,D...29(,=0 be a composition series of A,
each of whose quotients is of the form 9., I, or I, ..
We claim that H'(R, 9¢;) =0 for r>1 and all j. Indeed, 9, is a
subgroup scheme of @, and the quotient sheaf @' is representable by an
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abelian scheme over R (cf. [7]). By ([1], th. 11.7;[2])
In"(R, @)y =o=MH"(R, &)
for r>o0, and so H'(R, 9¢)=o0 for r>1. 9¢; fits into a short exact
sequence
N N aA
()—)d,,/,.‘)l/’——)a/,-—>t)Li—>0
) ) N N : N
in which @,[9(; and @, are subgroup schemes of A, and so also
H'(R, 9L;) = o for r>1.
We are now in a position to complete the proof of the theorem. Lemma 5
shows that im(1(9(,)) is the exact annihilator of im(:(9t,)) in
<L S HUK, N) < (K, §) > Q/Z.
We ' shall assume that im(:(9¢;)) is the exact annihilator of im(:(9¢;))
and prove that the same holds for 9, ,.
Consider the exact commutative diagrams,
! (R, 98;) —s HU(R, 9L 4,) — Hi (R, 900, /90;) —> H2 (R, 91;) = o0

ll (9t lt (9t,,) l L (mi+,/mi) l

M (K, N;) =25 1t (K, Njp) =2 1 (K, Ny /Nj) —— H2 (K, N))

and
0<———— H'(R, 8t;) «— H (R, ,az,-+.)<._llt(ﬂ, ;)z,-+./:>z,-)
A A T
l l L (8)) lz (9j44) J(‘(m/'ﬂ/mi)

1 (K, N0 /N) «— 1 (K, 8) <o (K, 8, <2 (K, N, /)

Let ae H'(K, N;,,), and suppose that {a, b>=o for all b€im ((9t,0)).
We must show that a€im(1(9¢;.,)).
. /\
{Bia),b>=<a, 7,(b) >=0o0 for all b-Eilll(L(Nj.H/Ni))

and so, by lemma 5, 8, (a) €im(.(9;,,/9t;)). There is an a’ €im(1(I},))
such that {3, (a’) = B, (a) and so, after subtracting a’ from g, we may assume
that a€ker(B,). Thus, a=7{,(a") for some a"€H'(K,N;. If
beim(:(9,)), there exists ab’€im(:(9t;,,)) such that v,(b") = b, and
so <{a",b>=<a,b’>=o0. Thus a"€im(:(9;)), and the proof is
complete.

CororLrary. — If V is a principal homogeneous space for the elliptic
curve A over a local field K, then the period of V equals its index.

Proof. — This was proved by Lichtenbaum [5] for local fields of charac-
teristic o, but exactly the same proof works in non-zero characteristic
once one has the above theorem.
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WEIL-CHATELET GROUPS
OVER LOCAL FIELDS : ADDENDUM

By James S. MILNE

By using the structure theorems for the Néron minimal model of an
abelian variety with semi-stable reduction, as presented in [2], it is possible
to complete the proof of the following theorem. (Notations are as in [3].)

Tureorem. — Let A be an abelian variety over a local field K (with finite
restdue field) and let A be the dual abelian variety. Then the pairings

H" (K, A)xH'— (K, A) - H (K, G..) ~ Q/Z,

as defined by Tate [4], are non-degenerate for «ll r.

After [3], we need only consider the case where K has characteristic
p # 0. Also we have only to prove that the map

0k (A),: H' (K, A), - (& (K)»)*

is injective, and it suflices to do this after making a finite separable field
extension. Thus we may assume that A and A have semi-stable

reduction ([2], § 3.6) and that

A,, (K) = AI' (K)9 A,, (K) = A/' (K)
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Let @ be the Néron minimal model of A over R. The Raynaud group
A% of @ over R is a smooth group scheme over R such that : (a) there are
canonical isomorphisms A3@ and @' % @ (where JC denotes the
formal completion of a scheme J¢ over R) and (b) there is an exact sequence
0% —>@°—> @ >0 in which @ is an abelian scheme and ® is a
torus ([2], § 7.2). It = (@®), is identified through the isomorphism
in (a) with the maximal finite flat subgroup scheme of the quasi-finite
group scheme A). If we write B=® Q@ K, N=9tQ; K, ..., then
we get a filtration A, = &, Qy KDNDT,>0 of A, in which N/T, ~ B,.

Let &/, @', 9/, ... be the schemes corresponding, as above, to A.
The canonical non-degenerate pairing A, XA, > G, respects the fil-
trations on A, and A,, i.e. N and T, are the exact annihilators of T,
and N’ respectively. Indeed, the induced pairing N X N’ - G,, has a
canonical extension to a pairing NXIN' - G, ([2], § 1.4). This
pairing is trivial on %, and &, and the quotient pairing @,X ®, - G,, ¢
1s the non-degenerate pairing defined by a Poincaré divisorial correspondence
on (B, &') ([2], § 7.4, 7.5). This shows that T, (resp. T)) is the left
(resp. right) kernel in the pairing NXN' - G,. The pairing
AT, x N — G, 1s right non-degenerate. But A,/T, has rank p*"
where n = dim (A) and p. = dim (%) and N’ has rank p**** where
o = dim (@) (cf. [2], § 2.2.7). This shows that the pairing is also left
non-degenerate (because n = p. ++ %), which completes the proof of our
assertion.

Consider the commutative diagram :

ar (R —-H' (R,

J l

A (K —> H' (K, A,)

in  which the horizontal maps are bondary maps in the cohomology
sequences for multiplication by p on A and @°. H' (R, &) ~ H' (R, 9)
because @,/ is smooth over R with zero special fibre and so has zero
cohomology groups ([1], § 11.7) (including in dimension 0). The top arrow
1s an isomorphism because H' (R, A') = 0 (loc. cit). The cokernel of
the left vertical arrow is ®, (k)!”’, where ®, is the group of connected compo-
nents of A @ k (cf. [2], § 11.1). Using all of this, one can extract from
the top diagram on p. 275 of [3] (with m = p) an exact commutative
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diagram :
0— @, () —> H! (K, A,)/H' (R, 9%) —> H' (K, A), —> 0

i g -

0 ———— H' (R, 9v')* > @' (R)* — 0

| |

0 0

It is easy to see that Ox (A), is an isomorphism if and only if
[ker 4] = [A ®)»jaw R)7],  ie. [ker 4] = [®), R)].
We shall show that
[ker 4] = p*,  [®4 ())?] = p* = [®, (k)]

and as [ker 4.][®, (k)] = [ker ¢,], this completes the proof.

Consider first the situation : M is a finite group scheme over K and 9t
and IU are finite flat group schemes over R with given embeddings
N->M, N > M. If 9 = @, for some abelian scheme 3 over R and
M = N, 9 = 9, then

u: H' (K, M)/H' (R, 9) — H' (R, 9U)*,
the map defined by the cup-product pairing
H' (K, M) xH' (K, M) - H: (K, G..),

is an isomorphism [3]. If 9t = p,, M = N, and 9 = 0, then [ker {] = p
because [3]
H' (K, p,)/[H' (R, ) ~ H' (R, Z/p 2)* ~ H' (k, Z|p Z)*.

If M=2/pz, 90 =0, and 9 = p,, then [ker {] = p because [3]
ker ¢ = H' (R, Z/p Z). It follows from this, and the above discussion of
the structures of A, and A, that [ker 4,] = p*.

Finally, let ® = @*/@*’. It is a finite étale group scheme over R
such that ® Q, k = ®,, and there is an exact sequence

0—>.9‘L—>c1;—>(l),,—>0.

cli (R) ~ @, (R), because cl; and A, differ only by a scheme
with empty special fibre, and @, (R) ~ @, (K). It follows that
¢, (K) = A, (K)/N (K) has p* elements. But

P (K)~ @ R)~ b, (k) and so [, ()] = [D, (k)] = p*

ANN. EC. NORM., (4), V. — FAscC. 2 35
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