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Preface

[Lie] did not follow the accepted paths...I
would compare him rather to a pathfinder in
a primal forest who always knows how to find
the way, whereas others thrash around in the
thicket. .. moreover, his pathway always leads
past the best vistas, over unknown mountains and
valleys.
Friedrich Engel.

Lie algebras are an essential tool in studying both algebraic groups and Lie groups.
Chapter I develops the basic theory of Lie algebras, including the fundamental theorems of
Engel, Lie, Cartan, Weyl, Ado, and Poincaré-Birkhoff-Witt. The classification of semisim-
ple Lie algebras in terms of the Dynkin diagrams is explained, and the structure of semisim-
ple Lie algebras and their representations described.

In Chapter II we apply the theory of Lie algebras to the study of algebraic groups in
characteristic zero. As Cartier (1956) noted, the relation between Lie algebras and algebraic
groups in characteristic zero is best understood through their categories of representations.

For example, when g is a semisimple Lie algebra, the representations of g form a tan-
nakian category Rep(g) whose associated affine group G is the simply connected semisim-
ple algebraic group G with Lie algebra g. In other words,

Rep(G) = Rep(g) )]

with G a simply connected semisimple algebraic group having Lie algebra g. It is possible
to compute the centre of G from Rep(g), and to identify the subcategory of Rep(g) corre-
sponding to each quotient of G by a finite subgroup. This makes it possible to read off the
entire theory of semisimple algebraic groups and their representations from the (apparently
simpler) theory of semisimple Lie algebras.

For a general Lie algebra g, we consider the category Rep™!(g) of representations of g
such that the elements in the largest nilpotent ideal of g act as nilpotent endomorphisms.
Ado’s theorem assures us that g has a faithful such representation, and from this we are
able to deduce a correspondence between algebraic Lie algebras and algebraic groups with
unipotent centre.

Let G be a reductive algebraic group with a split maximal torus 7. The action of T on
the Lie algebra g of G induces a decomposition

g=ho 0% b=Lie®)

of g into eigenspaces g* indexed by certain characters @ of 7', called the roots. A root «
determines a copy sq of sl in g. From the composite of the exact tensor functors

1
Rep(G) — Rep(g) — Rep(sq) < Rep(Sa),

we obtain a homomorphism from a copy Sy of SL, into G. Regard « as a root of Sy ; then
its coroot &V can be regarded as an element of X, (7). The system (X*(T),R,a — a)
is a root datum. From this, and the Borel fixed point theorem, the entire theory of split
reductive groups over fields of characteristic zero follows easily.



Although there are many books on algebraic groups, and even more on Lie groups,
there are few that treat both. In fact it is not easy to discover in the expository literature
what the precise relation between the two is. In Chapter III we show that all connected
complex semisimple Lie groups are algebraic groups, and that all connected real semisimple
Lie groups arise as covering groups of algebraic groups. Thus readers who understand the
theory of algebraic groups and their representations will find that they also understand much
of the theory of Lie groups. Again, the key tool is tannakian duality.

Realizing a Lie group as an algebraic group is the first step towards understanding the
discrete subgroups of the Lie group. We discuss the discrete groups that arise in this way in
an appendix.

At present, only the split case is covered in Chapter I, only the semisimple case is
covered in detail in Chapter II, and only a partial summary of Chapter III is available.

Notations; terminology

We use the standard (Bourbaki) notations: N = {0,1,2,...}; Z = ring of integers; Q =
field of rational numbers; R = field of real numbers; C = field of complex numbers; F,, =
7./ pZ = field with p elements, p a prime number. For integers m and n, m|n means that
m divides n, i.e., n € mZ. Throughout the notes, p is a prime number, i.e., p = 2,3,5,....

Throughout k is the ground field, usually of characteristic zero, and R always denotes
a commutative k-algebra. A k-algebra A is a k-module equipped with a k-bilinear (mul-
tiplication) map A x A — k. Associative k-algebras are required to have an element 1,
and {cl | ¢ € k} is contained in the centre of the algebra. Unadorned tensor products are
over k. Notations from commutative algebra are as in my primer. When k is a field, k%P
denotes a separable algebraic closure of k and k% an algebraic closure of k. The dual
Homy_jinear (V. k) of a k-module V is denoted by VY. The transpose of a matrix M is de-
noted by M’. We define the eigenvalues of an endomorphism of a vector space to be the
roots of its characteristic polynomial.

We use the terms “morphism of functors” and “natural transformation of functors” in-
terchangeably. When F and F’ are functors from a category, we say that “a homomorphism
F(a) — F'(a) is natural in @”” when we have a family of such maps, indexed by the objects
a of the category, forming a natural transformation F — F’. For a natural transformation
a: F — F', we often write ag for the morphism «a(R): F(R) — F’(R). When its action on
morphisms is obvious, we usually describe a functor F' by giving its action R ~~ F(R) on
objects. Categories are required to be locally small (i.e., the morphisms between any two
objects form a set), except for the category AY of functors A — Set. A diagram A — B = C
is said to be exact if the first arrow is the equalizer of the pair of arrows; in particular, this
means that A — B is a monomorphism.

The symbol — denotes a surjective map, and < an injective map.

We use the following conventions:

X CY Xisasubsetof Y (not necessarily proper);
def

X =Y X isdefined tobe Y, or equals Y by definition;

X ~Y X isisomorphic to Y;

X ~Y X andY are canonically isomorphic (or there is a given or unique isomorphism);
Passages designed to prevent the reader from falling into a possibly fatal error are sig-

nalled by putting the symbol ;f'; in the margin.
ASIDES may be skipped; NOTES are often reminders to the author.



Prerequisites

The only prerequisite for Chapter I (Lie algebras) is the algebra normally taught in first-
year graduate courses and in some advanced undergraduate courses. Chapter II (algebraic
groups) makes use of some algebraic geometry from the first 11 chapters of my notes AG,
and Chapter III (Lie groups) assumes some familiarity with manifolds.
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CHAPTER I

Lie Algebras

The Lie algebra of an algebraic group or Lie group is the first linear approximation of the
group. The study of Lie algebras is much more elementary than that of the groups, and
so we begin with it. Beyond the basic results of Engel, Lie, and Cartan on nilpotent and
solvable Lie algebras, the main theorems in this chapter attach a root system to each split
semisimple Lie algebra and explain how to deduce the structure of the Lie algebra (for
example, its Lie subalgebras) and its representations from the root system.

The first nine sections are almost complete except that a few proofs are omitted (refer-
ences are given). The remaining sections are not yet written. They will extend the theory to
nonsplit Lie algebras. Specifically, they will cover the following topics.

¢ Classification of Lie algebras over R their representations in terms of “enhanced”
Dynkin diagrams; Cartan involutions.

¢ Classification of forms of a (split) Lie algebra by Galois cohomology groups.

¢ Description of all classical Lie algebras in terms of semisimple algebras with involu-
tion.

¢ Relative root systems, and the classification of Lie algebras and their representations
in terms relative root systems and the anisotropic kernel.

In this chapter, we follow Bourbaki’s terminology and exposition quite closely, extract-
ing what we need for the remaining two chapters.
Throughout this chapter & is a field.

1 Definitions and basic properties

Basic definitions

DEFINITION 1.1 A Lie algebra over a field k is a vector space g over k together with a
k-bilinear map

[.l:gxg—g
(called the bracket) such that

(@) [x,x]=0forall x €g,
(®) [x.[y.zl]+[y.[z.x]l + [z.[x. ]| = O forall x, y,z € g.

11



12 CHAPTER 1. LIE ALGEBRAS

A homomorphism of Lie algebras is a k-linear map «: g — g’ such that
a([x,y]) = [a(x),x(y)] forallx,y € g.

Condition (b) is called the Jacobi identity. Note that (a) applied to [x + y,x + y] shows
that the Lie bracket is skew-symmetric,

[x,y] =—[y.x],forall x,y € g, 2

and that (2) allows us to rewrite the Jacobi identity as

[x. [y, 2l] = [lx, ], 21 + [y, [x, 2]] (€)

or
[[x,y],z]=[x,[y,z]]—[y,[x,z]] (4)

A Lie subalgebra of a Lie algebra g is a k-subspace s such that [x, y] € s whenever
X,y €5 (i.e., such that! [s,s] C s). With the bracket, it becomes a Lie algebra.

A Lie algebra g is said to be commutative (or abelian) if [x,y] = 0 for all x, y € g. Thus,
to give a commutative Lie algebra amounts to giving a finite-dimensional vector space.

An injective homomorphism is sometimes called an embedding, and a surjective homo-
morphism is sometimes called a quotient map.

We shall be mainly concerned with finite-dimensional Lie algebras. Suppose that g has
a basis {e1,...,en}, and write

n
lei.ej] = Zafjel, afj ek, 1<i,j<n. ®))
=1

The af i 1 <i,j,l <n, are called the structure constants of g relative to the given basis.
They determine the bracket on g.

DEFINITION 1.2 Anideal in a Lie algebra g is a subspace a such that [x,a] € aforall x € g
and a € a (i.e., such that [g,a] C a).

Notice that, because of the skew-symmetry of the bracket
[g,0] Ca < [a,g] Ca < [g,a] Caand[a,g] Ca
— all left (or right) ideals are two-sided ideals.

Examples

1.3 Up to isomorphism, the only noncommutative Lie algebra of dimension 2 is that with
basis x, y and bracket determined by [x, y] = x (exercise).

1.4 Let A be an associative k-algebra. The bracket

[a,b] =ab—ba (6)

"'We write [s, ] for the k-subspace of g spanned by the brackets [x, y] with x € s and y € t.
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is k-bilinear, and it makes A into a Lie algebra [A] because [a,a] is obviously 0 and the
Jacobi identity can be proved by a direct calculation. In fact, on expanding out the left side
of the Jacobi identity for a, b, ¢ one obtains a sum of 12 terms, 6 with plus signs and 6 with
minus signs; by symmetry, each permutation of a, b, c must occur exactly once with a plus
sign and exactly once with a minus sign.

1.5 In the special case of (1.4) in which A = M, (k), we obtain the Lie algebra gl,,. Thus
gl,, consists of the n x n matrices A with entries in k endowed with the bracket

[A,B] = AB — BA.

Let E;; be the matrix with 1 in the ijth position and 0 elsewhere. These matrices form a
basis for gl,,, and

Eijr ifj =i
[E,'j,El'/jf] = —Ei/j ifi =j/ (7)
0 otherwise.

More generally, let V' be a k-vector space. From A = Endj_jj,ear(V) We obtain the Lie
algebra gly, of endomorphisms of V' with

o f] = 0 f— o

1.6 Let A be an associative k-algebra such that k = k1 is contained the centre of A. An
involution of A is a k-linear map a + a*: A — A such that

(a+b)*=a*+b*, (ab)*=b*a*, a**=a
for all a,b € A. When * is an involution of A4,
A+ ZlaecAd|ata* =0}
is a Lie k-subalgebra of [A], because it is a k-subspace and

[a,b]* = (ab—ba)* =b*a™ —a*b* = ba—ab = —[b,a).

1.7 Let V be a finite-dimensional vector space over k, and let
B VXV >k
be a nondegenerate k-bilinear form. Define *:End(V) — End(V') by
B(av,v') = B(v,a™v’), acEnd(V),v,v €V.

Then (¢ +b)* =a™ +b* and (ab)* = b*a™. If B is symmetric or skew-symmetric, then *
is an involution, and [End(V), %] is the Lie algebra

g={xegly | B(xv,v)+ B(v.xv') =0allv,v € V}.
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1.8 The following are all Lie subalgebras of gl,,:

sly = {A € My (k) | trace(A) = 0},
0n ={A € My(k) | Ais skew symmetric, i.e., A + A" =0},
spp = {A € My(k) [ (L §) A+A"(_] §) =0},
by ={(cjj) | cij =0if i > j} (upper triangular matrices),
n, ={(cij) | cij =0ifi > j} (strictly upper triangular matrices),
0, =1{(cij) | cij =0ifi # j} (diagonal matrices).

To see that sl, is a Lie subalgebra of gl,, note that, for n x n matrices A = (a;;) and
B = (bij),

trace(AB) = Z
Therefore [A, B] = AB — BA has trace zero. Similarly, the endomorphisms with trace 0 of

a finite-dimensional vector space V' form a Lie subalgebra sly of glj,. Both 0, and sp,, are
special cases of (1.7).

ajjbj; = trace(BA). ()

1<i,j<n

NOTATION 1.9 We write (a,b,...) for Span(a,b,...), and we write {a,b,...|R) for the
Lie algebra with basis a, b, ... and the bracket given by the rules R. For example, the Lie
algebra in (1.3) can be written (x, y | [x, y] = x).

NOTES Although Lie algebras have been studied since the 1880s, the term “Lie algebra” was intro-
duced by Weyl only in 1934. Previously people had spoken of “infinitesimal groups” or used even
less precise terms. See Bourbaki LIE, Historical Note to Chapters 1-3, IV.

Derivations; the adjoint map

DEFINITION 1.10 Let A be a k-algebra (not necessarily associative). A derivation of A is
a k-linear map D: A — A such that

D(ab) = D(a)b+a D(b) foralla,be A. C)]

The composite of two derivations need not be a derivation, but their bracket
[D,E]=DoE—-EoD

is, and so the set of k-derivations A — A is a Lie subalgebra Dery (A4) of gl4. For example,
if the product on A is trivial, then the condition (9) is vacuous, and so Dery (A) = gl4.

DEFINITION 1.11 Let g be a Lie algebra. For a fixed x in g, the linear map
y[x.ylg—g

is called the adjoint (linear) map of x, and is denoted ady(x) or ad(x) (we sometimes omit
the parentheses) .

For each x, the map ady(x) is a k-derivation of g because (3) can be rewritten as

ad(x)[y,z] = [ad(x)y, z] +[y.ad(x)z].
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Moreover, adg is a homomorphism of Lie algebras g — Der(g) because (4) can be rewritten
as

ad([x, y])z = ad(x)(ad(y)z) —ad(y)(ad(x)z).
The kernel of ady: g — Derg (g) is the centre of g,

z(g) ={x €g|[x,g] = 0}.

The derivations of g of the form ad x are said to be inner (by analogy with the inner auto-
morphisms of a group).

An ideal in g is a subspace stable under all inner derivations of g. A subspace stable
under all derivations is called a characteristic ideal. For example, the centre z(g) of g
is a characteristic ideal of g. An ideal a in g is, in particular, a subalgebra of g; if a is
characteristic, then every ideal in a is also an ideal in g.

The isomorphism theorems

When a is an ideal in a Lie algebra g, the quotient vector space g/a becomes a Lie algebra
with the bracket
[x+a,y+a=[x,y]+a

The following statements are straightforward consequences of the similar statements for
vector spaces.

1.12 (Existence of quotients). The kernel of a homomorphism g — g of Lie algebras is
an ideal, and every ideal a is the kernel of a quotient map g — ¢.

1.13 (Homomorphism theorem). The image of a homomorphism «: g — g’ of Lie algebras
is a Lie subalgebra ag of g/, and « defines an isomorphism of g/ Ker(«) onto ag; in partic-
ular, every homomorphism of Lie algebras is the composite of a surjective homomorphism
with an injective homomorphism.

1.14 (Isomorphism theorem). Let ) and a be Lie subalgebras of g. If [h,a] C a, then h+a
is a Lie subalgebra of g, h N a is an ideal in h, and the map

x+hNar>x+ah/pNna—(BH+a)/a

is an isomorphism.

1.15 (Correspondence theorem). Let a be an ideal in a Lie algebra g. The map h — h/a
is a bijection from the set of Lie subalgebras of g containing a to the set of Lie subalgebras
of g/a. A Lie subalgebra b containing a is an ideal if and only if h/a is an ideal in g/a, in
which case the map

g/b— (g/a)/(b/a)

is an isomorphism.
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Normalizers and centralizers

For a subalgebra § of g, the normalizer and centralizer of Iy in g are
ng(h) = {x € g| [x.h] C b}
cg(h) ={x eg|[x.h] =0}

These are both subalgebras of g, and n4(h) is the largest subalgebra containing b as an ideal.
When b is commutative, c4(h) is the largest subalgebra of g containing b in its centre.

Extensions; semidirect products
An exact sequence of Lie algebras
0—-a—>g—>b—0

is called an extension of b by a. The extension is said to be central if a is contained in the
centre of g, i.e., if [g,a] = 0.

Let a be an ideal in a Lie algebra g. Each element g of g defines a derivation a — [g,a]
of a, and this defines a homomorphism

¢:g — Der(a), g+>ad(g)|a.

If there exists a Lie subalgebra q of g such that g — g/a maps q isomorphically onto g/a,
then I claim that we can reconstruct g from a, ¢, and ¢|q. Indeed, each element g of g can
be written uniquely in the form

g=a+q, aca, (gEq,

— here ¢ must be the unique element of Q mapping to g 4+ a in g/a and @ must be g —q.
Thus we have a one-to-one correspondence of sets

1-1
g<—axq,

which is, in fact, an isomorphism of k-vector spaces. If g = a +¢ and g’ = a’ + ¢’, then
[g.8'=la+q.a"+4']
=la.a']+[a.q'1 +1g.a'l +q.4']
= ([a.a'l +¢qa’ — pga) +[g.4'].
which proves the claim.

DEFINITION 1.16 A Lie algebra g is a semidirect product of subalgebras a and q, denoted
g = axq, if a is an ideal in g and the quotient map g — g/a induces an isomorphism

q—g/a.
We have seen that, from a semidirect product g = a < ¢, we obtain a triple

(a,9,¢:q9 — Derg(a)),

and that the triple determines g. We now show that every triple (a, q,¢) consisting of two
Lie algebras a and ¢ and a homomorphism ¢: ¢ — Dery (a) arises from a semidirect product.
As a k-vector space, we let g = a @ q, and we define

[(a.9).(a".q"] = ([a.a] + ¢qa’ — pgra.[q.9']). (10)
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PROPOSITION 1.17 The bracket (10) makes g into a Lie algebra.
PROOF. Routine verification. O

We denote g by a x4 q. The extension
0—a—axggq—>q—>0

is central if and only if a is commutative and ¢ is the zero map.

Examples

1.18 Let D be a derivation of a Lie algebra a. Let q be the one-dimensional Lie algebra
k, and let
g=axgq,
where ¢ is the map ¢ = ¢D:q — Dery (a). For the element x = (0, 1) of g, adg(x)|a = D,
and so the derivation D of a has become an inner derivation in g.

1.19 Let V be a finite-dimensional k-vector space. When we regard V' as a commutative
Lie algebra, Derg (V') = gly . Let ¢ be the identity map glyy — Derg (V). Then V' x4 gly is
a Lie algebra, denoted af(V).> An element of af(V') is a pair (v,x) withv € V and u € gly,
and the bracket is

[((v.u), " u)] = (@) —u' (). [u.u)).

Let h be a Lie algebra, and let 6:h — af(}') be a k-linear map. We can write 8 = (¢, 1)
with ¢:h — V and n:h — gly linear maps, and 6 is a homomorphism of Lie algebras if and
only if 1 is a homomorphism of Lie algebras and

E([x. D) =n(x)-Z(y)—n(y)-¢(x) (11)

for all x, y € b (we have written a - v for a(v), a € gly, v € V).
Let V! =V &k, and let

h={wegly |wlV)CV}
Then h is a Lie subalgebra of gly /. Define

n:b—gly, n(w)=wlV,
¢:h—=V, L(w)=w(,1).

Then 7 is a homomorphism of Lie algebras, and (¢, 1) satisfies (11), and so

0:5 = af(V), w> (E(w).n(w))

is a homomorphism of Lie algebras. The map 6 is bijective, and its inverse sends (v,u) €
af(V’) to the element
(v',c) > (@) +cv,0)

of hh. See Bourbaki LIE, I, §1, 8, Ex. 2.

21t is the Lie algebra of the group of affine transformations of ¥ — see Chapter II.
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The universal enveloping algebra

Recall (1.4) that an associative k-algebra A becomes a Lie algebra [A] with the bracket
[a,b] = ab—ba. Let g be a Lie algebra. Among the pairs consisting of an associative
k-algebra A and a Lie algebra homomorphism g — [A], there is one, p:g — [U(g)], that is
universal:

g —> U(g)
| Hom(g,[A]) =~ Hom(U(g),A).

Lie | associative aop < «
|
v
A

In other words, every Lie algebra homomorphism g — [A] extends uniquely to a homo-
morphism of associative algebras A — U(g). The pair (U(g), p) is called the universal
enveloping algebra of g.

The algebra U(g) can be constructed as follows. Recall that the tensor algebra T'(V') of
a k-vector space V' is

TV)=kaVae(lVV)e(VRVeV)sd:--
with the k-algebra structure
(X1®®x) ()1 R RYs) =X1 R QX QY1 @+ ® Vs.

It has the property that every k-linear map V — A with A an associative k-algebra extends
uniquely to a k-algebra homomorphism 7' (V) — A. We define U(g) to be the quotient of
T (g) by the two-sided ideal generated by the tensors

X®y—y®x—[x,y], x,ye€g. (12)

Every k-linear map «: g — A with A an associative k-algebra extends uniquely to k-algebra
homomorphism 7'(g) — A, which factors through U(g) if and only if « is a Lie algebra
homomorphism g — [A4].

If g is commutative, then (12) is just the relation x ® y = y ® x, and so U(g) is the
symmetric algebra on g.

Assume that g is finite-dimensional, and let (all. j)lgz‘, j,i<n be the family of structure

constants of g relative to a basis {e1,...,e,} (see (5)); let &; be the image of ¢; in U(g);
then U(g) is the associative k-algebra with generators ¢1,... ,&, and relations
n
£iEj —Ej& =Zafj81. (13)
=1

We study the structure of U(g) later in this section (Theorems 1.30, 1.31).

Representations

A representation of a Lie algebra g on a k-vector space V is a homomorphism p:g — gly.
Thus p sends x € g to a k-linear endomorphism p(x) of V, and

p([x,y]) = p(x)p(y) — p(y)p(x).
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We often call V' a g-module and write xv or xy v for p(x)(v). With this notation

[x. ylv = x(yv) = y(xv). (14)
A representation p is said to be faithful if it is injective. The representation
xadx:g— glg
is called the adjoint representation of g (see 1.11).
Let W be a subspace of V. The stabilizer of W in g is
gwdéf{xegMWCW}.
It is clear from (14) that gy is a Lie subalgebra of g.
Let v € V. The isotropy algebra of v in g is
gvdéf{xeg|xv:0}.

It is a Lie subalgebra of g. An element v of V is said to be fixed by g, or invariant under g,
if g =gy, 1.e.,if gv =0.

Let g be a Lie algebra over a field k. The representations of g on finite-dimensional
k-vector spaces form an abelian category, which we denote Rep(g).

Every homomorphism g — gl of Lie algebras extends uniquely to a homomorphism
U(g) — Endyg_jinear (V) of associative algebras. It follows that the functor sending a repre-
sentation p: U(g) — Endy_jinear (V) of U(g) to p|g is an isomorphism(!) of categories

Rep(U(g)) — Rep(g).

1.20 Let V and W be finite-dimensional g-modules.

(a) There is a unique g-module structure on V' ® W such that
xv@w)=xpr@w+vR®xyw, xeg,veV, welW

(b) The following formula defines a g-module structure on Hom(V, W):

xf=xwf—fxy., xeg, fe€Hom(V, W),

1.€.,
xfHv)y=x-f(v)— f(x-v), forvelV.

In particular, V'V has natural g-module structure:
(xf)w) = f)=f(x-v), veV.

These statements can be proved directly, or they can be deduced from similar statements
for the enveloping algebras. For example, Hom(V, W) is a U(g)°PP ® U(g)-module, and the
map
x> —x®1+1Qx:g— U(g)°*®® @ U(g)

preserves the bracket, and so Hom(V, W) acquires a g-module structure, which is that in
(b).

We sometimes write py ® pw for the representation in (a) and Hom(py, pw) for that
in (b).

See Bourbaki LIE, I, §3, for much more on such things.



20 CHAPTER 1. LIE ALGEBRAS

Jordan decompositions

1.21 Let o be an endomorphism of a finite-dimensional k-vector space. For an eigenvalue
a of a, the primary space V¢ is

fveV |(a—a)™v =0somem > 1}.

If o has all of its eigenvalues in k, i.e., if its characteristic polynomial splits in k[X],? then
V = @ae] V@, where I is the set of eigenvalues of o (see AGS, X, 2.1).

PROPOSITION 1.22 Let V' be a finite-dimensional vector space over a perfect field. For
any endomorphism o of V', there exist unique endomorphisms o and «,, of V' such that

(@) a = as+an,
(b) ayowa, = ay 0wy, and
(c) oy is semisimple and ay, is nilpotent.

Moreover, each of ag and «, is a polynomial in o.

PROOF. Assume first that « has all of its eigenvalues in k, so that V' is a direct sum of the
primary spaces, say, V = @,y V¢. Define oy to be the endomorphism of V' that acts as

a on V@ for each a € I. Then «; is a semisimple endomorphism of V', and o, & — ol
commutes with «g (because it does on each V'¢) and is nilpotent (because it is so on each
V4). Thus «y and «, satisfy the conditions (a,b,c).
Let n, denote the multiplicity of the eigenvalue a. Because the polynomials (T —a)"4,
a € I, are relatively prime, the Chinese remainder theorem shows that there exists a Q(T') €
k[T] such that
O(T)=amod (T —a)"

for all @ € I. Then Q(«) acts as a on V, for each i, and so oy = Q(). Moreover,
ap =a—Q0(a).

In the general case, because k is perfect, there exists a finite Galois extension k’ of k
such that « has all of its eigenvalues in k’. Choose a basis for V', and use it to attach matrices
to endomorphisms of V and k€’ ® V. Let A be the matrix of «. The first part of the proof
allows us to write A as the sum A = Ay + A, of a semisimple matrix A; and commuting
nilpotent matrix A4, with entries in k’; moreover, this decomposition is unique.

Let o € Gal(k'/ k), and for a matrix B = (b;;), define 0B to be (0b;;). Because A has
entries in k, 04 = A. Now

A=0As+0A,

is again a decomposition of A into commuting semisimple and nilpotent matrices. By
the uniqueness of the decomposition, 04y = Ay and 04, = A,. Since this is true for all
o € Gal(k'/ k), the matrices A5 and A, have entries in k. Now « = ag + @y, where o and
oy are the endomorphisms with matrices A5 and A,, is a decomposition of « satisfying (a)
and (b).

Finally, the first part of the proof shows that there exist a; € k’ such that

As=ag+a1A+-+ay_1 A" ! (n =dimV).

30r, as Bourbaki likes to put it, & is trigonalizable over k.
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The a; are unique, and so, on applying o, we find that they lie in k. Therefore,
oy =ag+ara+--+ap_1a" € klal.

Similarly, oy, € k|o]. 0

REMARK 1.23 (a) If 0 is an eigenvalue of «, then the polynomial Q(7') has no constant
term. Otherwise, we can choose it to satisfy the additional congruence

O(T)=0mod T

in order to achieve the same result. Similarly, we can express o, as a polynomial in «
without constant term.
(b) Suppose k = C, and let a denote the complex conjugate of . There existsa Q(T) €
C[T] such that
Q(T)=a mod (T —a)"*

for all a € I. Then Q(«) is an endomorphism of V' that acts on V; as a. Again, we can
choose Q(T) to have no constant term.

A pair (o, 0p) of endomorphisms satisfying the conditions (a,b,c) of (1.22) is called
an (additive) Jordan decomposition of «. The endomorphisms o and o, are called the
semisimple and nilpotent parts of o.

PROPOSITION 1.24 Leta be an endomorphism of a finite-dimensional vector space V over
a pertect field, and let o« = a5 + oy, be its Jordan decomposition. The Jordan decomposition
of
ad(a):End(V) > End(V), p+|o,B]=af —pa,
is
ad(«) = ad(ay) + ad(ey).

In particular, ad(«) is semisimple (resp. nilpotent) if « is.

PROOF. Suppose first that o is semisimple. After a field extension, there exists a basis
(éi)1<i<n of V for which the matrix of « is diagonal, say, equal to diag(ay,...,a,). If
(eij)1<i,j<n 1s the corresponding basis for End(V'), then ad(«)e;; = (a; —a;)e;; for all
i, j. Therefore ad(«) is semisimple.

Next suppose that « is nilpotent. Let 8 € End(V'). Then

[0,8] = @0 f—Boa
[a,[e, B]] = @? 0B —200Boa+ Poa?
[, [o, [o. B]]l = > 0 B —3a? 0 Boa+3a0Boa’—Boa’

In general, (ada)™(B) is a sum of terms +a/ o foa™ "/ with 0 < j < m. Therefore, if
a” = 0, then (ada)?" = 0.

For a general «, the Jordan decomposition o = a5 + ¢, gives a decomposition ad(«) =
ad(ag) +ad(ay ). We have shown that ad(a;) is semisimple and that ad(c,) is nilpotent; the
two commute because

[ad(es), ad(en)] = ad([ees, an]) = 0.

Therefore ad(«) = ad(as) 4+ ad(oy,) is a Jordan decomposition. O
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1.25 Let g be a Lie subalgebra of gly,. If o € g, it need not be true that o and o, lie in
g. For example, the following rules define a five-dimensional (solvable) Lie algebra g =

@15;‘551”51':
[x1,x2] = x5, [x1,x3] = X3, [x2, x4] = x4, [x1,X4] = [x2,X3] = [x3,x4] = [x5,9] =0

(Bourbaki LIE, I, §5, Exercise 6). For every injective homomorphism g < gly, there exists
an element of g whose semisimple and nilpotent components (as an endomorphism of V')
do not lie in g (ibid., VII, §5, Exercise 1).

Extension of the base field

Let k' be a field containing k. If g is a Lie algebra over k, then g/ Y ® g becomes a Lie
algebra over k’ with the obvious bracket. Since much of the theory of Lie algebras is linear,
most things extend in an obvious way under k — k’. For example, if a is a Lie subalgebra
of g, then ag/ is a Lie subalgebra of g/, and

Ny (agr) =ng(a) (15)
Copr(agr) = cg(a)gr. (16)

Moreover, when g is finite-dimensional,

Ugr) = U(g)i- (17)

The filtration on the universal enveloping algebra

Let g be a Lie algebra over k. The universal enveloping algebra U(g) of g is not graded (the
tensor (12) is not homogeneous), but it is filtered.

Let T™ be the k-subspace of T (g) of homogeneous tensors of degree n, and let 7, =
Y i<n T'. The T,,’s make T'(g) into a filtered k-algebra:

and
T(@ = JTw> - DTh41 DTy DD Ty DTy ={0}.

Let U, be the image of T; in U(g). Then the U,,’s make U(g) into a filtered k-algebra.
Let G be the graded algebra defined by the filtration (Uy),>—1 on U(g). Thus,

G=(D G". G"=Us/Up
with the obvious product structure, namely, for u, + U,—; € G" and u}, + Uj,—1 € G™,
(un +Up—1) (u;n +Un—1) = unu;n +Un+m—1-

For each n, we have a canonical map ¢,

def

T" - Uy - Up/Uy—1 = G",

Sdn
and hence k-linear map ¢:7(g) = P, T'" —¢> bD,6"=G.
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PROPOSITION 1.26 The map ¢ is a surjective homomorphism of k -algebras, and it is zero
on the two-sided ideal generated by the elements x Q y —y ® x, x,y € g.

PROOF. Each map ¢, is surjective, and so ¢ is surjective. That ¢(¢t') = ¢(¢)p(¢') for

t € Ty, t' € Ty, follows from the definition of the product in G. The image of x® y —y ® x

in Uy C U(g) is equal to that of [x, y], which lies in U; C U,. Therefore the image of
ef

x®y—y®xinU2/U1d=G1iszero. &)

By definition, the symmetric algebra of g (as a k-vector space) is the quotient of 7'(g)
by the two-sided ideal generated by the elements x ® y — y ® x, x,y € g. The proposition
shows that ¢ defines a surjective homomorphism

w:S(g) > G. (18)

PROPOSITION 1.27 If g is finite-dimensional, then the k-algebra U(g) is left and right
noetherian.

PROOF. The symmetric algebra of a vector space of dimension r is a polynomial algebra
in r symbols, and so it is noetherian (Hilbert basis theorem). Quotients of noetherian rings
are (obviously) noetherian, and so G is noetherian. The filtration (Uy)n>—1 on U(g) is
exhaustive, i.e., U(g) = U,,~_; Un. and it defines discrete topology on U(g)). We can now
apply the following standard result. [Actually, it would be easy to write out a direct proof.]g

LEMMA 1.28 Let A be a complete separated filtered ring whose filtration is exhaustive. If
the associated graded ring of A is left noetherian, then so also is A.

PROOF. Bourbaki AC, II1, §2, 9, Cor. 2 to Proposition 12. o

COROLLARY 1.29 Lety,..., Iy, be left ideals in U(g). If each I; is of finite codimension
in U(g), then so also is I1--- I,.

PROOF. Since Iy--- I, = I1(I2--- Ip), it suffices to prove this for m = 2. Let uy,...,un
be elements of U(g) generating U(g)/ I as a k-vector space, and let vq,..., v, be elements
of I, generating I, as a left U(g)-module. Then the elements u;v; + 11> generate 11/111>
as a k-vector space. Now

dlmk(U/Illz):dlmk(U/11)+dlmk(11/1112)<OO O

The Poincaré-Birkhoff-Witt theorem

Throughout this subsection, g is a finite-dimensional Lie algebra over a field k of charac-
teristic zero.

THEOREM 1.30 (POINCARE, BIRKHOFF, WITT) Let {ey,...,e,} be a basis for g as a k-
vector space, and let &; = p(e;). Then the set

(el ey el | my,...,my €N} (19)

is a basis for U(g) as a k-vector space.
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For example, if g is commutative, then U(g) is the polynomial algebra in the symbols
E1,...,E&r.

As U(g) is generated as a k-algebra by e1,...,&, it is generated as a k-vector space by
the elements &;, &, -+ €;,,, 1 <i; <r,m € N. The relations (13) allow one to “reorder” the
factors in such a term, and deduce that the set (19) spans U(g); the import of the theorem is
that the set is linearly independent. In particular, the set {€1,..., &} is linearly independent.

For each family M = (m;)1<i<r, m; € N, let

IM|=my+---+m,

M=eP" @@ eT(g)

M = 8(18’"1 ®---®& € U(g).

The theorem says that the elements eM form a basis for U(g) as a k-vector space.
We defer the proof of Theorem 1.30 to the end of the subsection.

THEOREM 1.31 The homomorphism w: S(g) — G (see (18)) is an isomorphism of graded
k-algebras.

PROOF. The elements ¢ with | M| < n span U,, and (1.30) shows that they form a basis
for U,. Therefore, the elements ¢ + U,_; with |M| = n form a basis of G". Let sM

denote the image of ¢ in S(g). Then the elements s™ with |[M | = n form a basis for the

k-vector space of homogeneous elements in S(g) of degree n. As w maps s to ™, we

see that it is an isomorphism. o

The following are all immediate consequences of Theorem 1.30.

1.32 The map p:g — U(g) is an isomorphism of g onto its image.
1.33 For any Lie subalgebra g’ of g, the homomorphism U(g') — U(g) is injective.

1.34 If g = g1 & g» with g1 and g, subalgebras of g, then U(g) >~ U(g1) ® U(gz) as
k-vector spaces (not algebras).

1.35 The only invertible elements of U(g) are the nonzero scalars.
1.36 The algebra U(g) has no nonzero zero divisors.

Proof of Theorem 1.30

The following is the key lemma.

LEMMA 1.37 Let{ey,...,e;} be a basis for g as a k-vector space, and let ¢; = p(e;). If
p:g — U(g) is injective, then the set {e™ | M € N"} is a basis for U(g).

PROOF. The following is copied verbatim from Sophus Lie Exposé 1 (Cartier).
We have to show that, if the &; are linearly independent, then so also are eM . As p is
injective, we can use the same letter for an element of g and its image in U(g).
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The map
x> x@1+1®x:g—>Ug®@U(g)

is a Lie algebra homomorphism, and so it extends to a homomorphism of associative k-
algebras
H:U(g) = U(g) ®U(g).

We have
H™) = 1+1 m_— p 4
"M =x® ®Xx) E R (p)x ® x

because x ® 1 and 1 ® x commute. Moreover, for M € N7,

M= -10M-Mal= (Ag)eP@eQ (20)
P+0O=M, P,O0+#0

(#) =T ()

The proof proceeds by induction on |M|. By hypothesis, the &V are linearly indepen-
dent if | N| = 1; suppose that they are linearly independent for |N| <m and |M| <m + 1.

where

Then the y ¢ L P @62 occurring in the expression for ™ are linearly independent in
U ® Uy, No tM is zero if m > 1 (we are in characteristic 0!), and if M =M (m>1),
then 1M and 1M’ do not involve the same yP€ because 1M involves only yF-2 with
P+ Q =M and ™ involves only y©€ with P + Q = M’ # M they are therefore
linearly independent.

Suppose that there exists a linear relation ) a meM = 0 between the ¢M . We deduce

that
ZaMtM = ZaMH(eM)—l@)ZaMsM—ZaMsM ®1,

which implies that ap; = 0 unless |[M| = 1. But then ¢ = &; for some i, and we are
assuming that the ¢; are linearly independent. Therefore all the ajs are zero, and the e
are linearly independent. O

NOTES

1.38 Suppose that g admits a faithful representation y:g — gl,, = [My]. Then y =aop
for some homomorphism a: U(g) — M, of associative k-algebras. As y is injective, so also
as p. Therefore, Theorem 1.30 for g follows from Lemma 1.37. As Ado’s theorem (6.27
below), shows that every finite-dimensional Lie algebra admits a faithful representation,
this completes the proof of Theorem 1.30. (Corollary 1.29 is used in the proof of Ado’s
theorem, specifically, in the proof of the Zassenhaus extension theorem (6.28), but nothing
from this subsection.)

1.39 The Poincaré-Birkhoff-Witt theorem holds also for infinite-dimensional Lie alge-
bras: for any totally ordered basis (e;);es for g, the elements M MeN ( ), form a basis
for U(g) as a k-vector space. Lemma 1.37 (and its proof) hold for infinite-dimensional Lie
algebras, and so the infinite-dimensional theorem follows from the next two statements: if
the PBW theorem holds for a Lie algebra g, then it holds for every quotient of g; if g is a
free Lie algebra, then the map p: g — U(g) is injective. See Sophus Lie Exposé 1, Lemme
1, Lemme 3.
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1.40 In the form (1.31), the PBW theorem holds for all Lie algebras g over a commutative
ring k such that g is free as a k-module. See Bourbaki LIE, I, §2, 7.

1.41 For the proof of the PBW theorem, see Casselman, Introduction to Lie algebras, §15,
and the discussion in mo87402.

Nilpotent, solvable, and semisimple Lie algebras

A Lie algebra is nilpotent if it can be obtained from commutative Lie algebras by successive
central extensions, and it is solvable if it can be obtained from commutative Lie algebras by
successive extensions, not necessarily central. For example, the Lie algebra n,, of strictly
upper triangular matrices is nilpotent, and the Lie algebra b, of upper triangular matrices is
solvable. The Lie algebra

(x,y [ [x,y] = x)

is solvable but not nilpotent (the extension
0— (x) = {x,y) = {x,y)/(x) >0
is not central), and the Lie algebra
(x.y.z|[x.y] =z.[x.z2] = [y.2] = 0)
is nilpotent, hence also solvable (the extension
0—(z) > (x,y,z) > (x,y,2)/{z) =0

is central and the quotient is commutative).

The centre of a nontrivial nilpotent Lie algebra is nontrivial. By contrast, a Lie algebra
whose centre is trivial is said to be semisimple. Such a Lie algebra is a product of simple
Lie algebras. In the next three sections, we study nilpotent, solvable, and semisimple Lie
algebras respectively.

2 Nilpotent Lie algebras: Engel’s theorem

In this section, all Lie algebras and all representations are finite dimensional over a field k.

Generalities

DEFINITION 2.1 A Lie algebra g is said to be nilpotent if it admits a filtration
g=ap>Da;D---Da, =0 21

by ideals such that [g,a;] C a;4+1 for 0 <i <r —1. Such a filtration is called a nilpotent
series.
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The condition for (21) to be a nilpotent series is that a; /a; +1 be in the centre of g/a; +1
for 0 <i <r —1. Thus the nilpotent Lie algebras are exactly those that can be obtained
from commutative Lie algebras by successive central extensions

0—aj/ap —>g/a, >g/a; —>0
0—az/az—g/a; —>g/ap —0

In other words, the nilpotent Lie algebras form the smallest class containing the commuta-

tive Lie algebras and closed under central extensions.
The lower central series of g is

i+1

93913923...39 B REXE

i—|—1:[

withg' =[g.g]. 0> =[g.9']..... 0 9.9

PROPOSITION 2.2 A Lie algebra g is nilpotent if and only if its lower central series termi-
nates with zero.

PROOF. If the lower central series terminates with zero, then it is a nilpotent series. Con-
versely, if g D a; D az D --- D a, = 0 is a nilpotent series, then a; D g! because g/a; is
commutative, a; O [g,a;] D [g.g'] = g%, and so on, until we arrive at 0 = a, D g". o

Let V be a vector space of dimension 7, and let
FV=VyoViD>---DV,=0, dimV; =n-—Ii,

be a maximal flag in V. Let n(F) be the Lie subalgebra of gly, consisting of the elements
x such that x(V;) C Vj41 for all i. The lower central series for n(F') has

n(F) ={xegly | x(V;) C Vit1+,}

for j =1,...,n. In particular, n(F’) is nilpotent. For example,
0 *x = 0 0 =x
n3=410 0 x| D70 0 0] D{0},
0 0 O 0 0 O

is a nilpotent series for ns.

2.3 An extension of nilpotent algebras is solvable, but not necessarily nilpotent. For ex-
ample, nj3 is nilpotent and b3 /nj3 is commutative, but b3 is not nilpotent when n > 3.

PROPOSITION 2.4 Letk’ be a field containing k. A Lie algebra g over k is nilpotent if and
only if gi/ % ®x ¢ is nilpotent.

PROOF. Obviously, for any subalgebras b and b’ of g, [h, h']x» = [bx/, b}, ], and so extension
of the base field maps the lower central series of g to that of gy-. O

)G
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PROPOSITION 2.5 (a) Subalgebras and quotient algebras of nilpotent Lie algebras are nilpo-
tent.
(b) A Lie algebra g is nilpotent if g/a is nilpotent for some ideal a contained in z(g).
(c) A nonzero nilpotent Lie algebra has nonzero centre.

PROOF. (a) The intersection of a nilpotent series for g with a Lie subalgebra § is a nilpotent
series for h, and the image of a nilpotent series for g in a quotient algebra q is a nilpotent
series for .

(b) For any ideal a C z(g), the inverse image of a nilpotent series for g/a becomes a
nilpotent series for g when extended by O.

(c) If g is nilpotent, then the last nonzero term a in a nilpotent series for g is contained

in z(g). O

PROPOSITION 2.6 Let hh be a proper Lie subalgebra of a nilpotent Lie algebra g; then

PROOF. We use induction on the dimension of g. Because g is nilpotent and nonzero, its
centre z(g) is nonzero. If z(g) ¢ b, then ny(h) # b because z(g) normalizes h. If z(g) C b,
then we can apply induction to the Lie subalgebra h/z(g) of g/z(g). o

ASIDE 2.7 The proposition is the analogue of the following statement in the theory of finite groups:
let H be a proper subgroup of a nilpotent finite group G; then H # Ng(H) (GT 6.20).

Engel’s theorem

THEOREM 2.8 (ENGEL) Let p:g — gly be a representation of a Lie algebra g. If p(x)
is nilpotent for all x € g, then there exists a basis of V for which p(g) is contained in ny,
n = dim V; in particular, p(g) is nilpotent.

In other words, there exists a basis eq,..., e, for VV such that
gei C (e1,...,ei—1), all i. (22)
Before proving Theorem 2.8, we list some consequences.

COROLLARY 2.9 Let p:g — gly be a representation of g on a nonzero vector space V. If
p(x) is nilpotent for all x € g, then p has a fixed vector, i.e., there exists a nonzero vector v
in V such that gv = 0.

PROOF. Clearly e is a nonzero fixed vector. O

2.10 Let g be a Lie algebra over k. If the n + Ist term g" ™! of the lower central series of
g is zero, then

[x1,[x2,...[xn,¥]...]] =0
forall x1,...,x,,y € g. In other words, ad(x1) o---oad(x,) = 0, and, in particular, ad(x)" =
0. Therefore, if g is nilpotent, then ad(x) is nilpotent for all x € g. The converse to this
statement is also true.
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COROLLARY 2.11 A Lie algebra g is nilpotent if ad(x): g — g is nilpotent for every x € g.

PROOF. We may assume that g # 0. On applying (2.9) to the representation ad: g — glg,
we see that there exists a nonzero x € g such that [g,x] = 0. Therefore z(g) # 0. The
quotient Lie algebra g/z(g) satisfies the hypothesis of (2.11) and has smaller dimension
than g. Using induction on the dimension of g, we find that g/z(g) is nilpotent, which
implies that g is nilpotent by (2.5b). O

2.12 Let p:g — gly be a representation of a Lie algebra g. If p(g) consists of nilpotent
endomorphisms of V, then p(g) C n(F) for some maximal flag F in V and p(g) is nilpotent
(2.8). Conversely, if g is nilpotent and p is the adjoint representation, then p(g) consists
of nilpotent endomorphisms (2.10), but for other representations p(g) need not consist of
nilpotent endomorphisms and p(g) need not be contained in n(F) for any maximal flag.
For example, if I has dimension 1, then g = gl is nilpotent (even commutative), but there
is no basis for which the elements of g are represented by strictly upper triangular matrices.

2.13 Let p:g — gl be arepresentation of a Lie algebra g. The set of x € g such that p(x)
is nilpotent need not be an ideal in g, but in Corollary 2.22 below we show that, there exists
a largest ideal n in g such that p(n) consists of nilpotent elements.

Proof of Engel’s Theorem

We first show that it suffices to prove 2.9. Let p: g — gl satisfy the hypothesis of (2.8). If
V # 0, then (2.9) applied to p shows that there exists a vector e¢; # 0 such that ge; = 0; if
V' # (e1), then (2.9) applied to g — gly(,) shows that there exists a vector e ¢ (e1) such
that geo C (eq). Continuing in this fashion, we obtain a basis eq,...,e, for V satisfying
(22).

We now prove (2.9). For a single x € g, there is no difficulty finding a fixed vector:
choose any nonzero vector vg in V, and let v = x™vg with m the last element of N such
that x™ vy # 0. The problem is to find a vector that is simultaneously fixed by all elements
x of g.

By induction, we may assume that the statement holds for Lie algebras of dimension
less than dim g. Also, we may replace g with its image in gly,, and so assume that g C gl .

Let b be a maximal proper subalgebra of g. Then ny(h) = g (2.6), and so b is an ideal
in g. Let xg € g\ b; then h + (x¢) is a Lie subalgebra of g properly containing h, and so it
equals g.

Let W = {v eV | hv = 0}; then W # 0 by induction (dimh < dimg). For 4 € h) and
wewWw,

h(xow) = [h, xo]w + xo(hw) =0,

and so xoW C W. Because xg acts nilpotently on W, there exists a nonzero v € W such

that xov = 0. Now gv = (h+ (xo))v =0.

ASIDE 2.14 Engel sketched a proof of his theorem in a letter to Killing in 1890, and his student
Umlauf gave a complete proof in his 1891 dissertation (Wikipedia; Hawkins 2000, pp.176-177).
The statement 2.11 is also referred to as Engel’s theorem.

2
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Representations of nilpotent Lie algebras

Let p: g — gly be a representation of Lie algebra g. For a linear form A on g, the primary
space V* is defined to be the set of v € V such that, for every g € g,

(p(g)—A(g)*v=0
for all sufficiently large n.

THEOREM 2.15 Assume that k is algebraically closed. If g is nilpotent, then each space
V* is stable under g, and
— A
V= @A:gek Ve

PROOF. When g is commutative, the elements p(g) form a commuting family of endo-
morphisms of V, and this is obvious from linear algebra. In the general case, the p(g) are
“almost commuting”. For the proof in the general case, see Bourbaki LIE, I, §5, Exercise
12; Bourbaki LIE VII, §1, 3, Proposition 9; Jacobson 1962, II, Theorem 7; Casselman,
Introduction to Lie algebras, 10.8 (or the next version of the notes). o

NOTES It is not necessary for k to be algebraically closed — it suffices that every endomorphism
p(g2), g € g, have all of its eigenvalues in k (i.e., that each endomorphism p(g) be trigonalizable).

NOTES As an exercise, compute the affine group scheme attached to the tannakian category Rep(g),
g nilpotent. For the case that g is one-dimensional, see II, 4.17 below.

Nilpotency ideals and the largest nilpotent ideal
Review of Jacobson radicals

Let A be an associative ring. The Jacobson radical R(A) of A is the intersection of the
maximal left ideals of A. A nilideal in A is an ideal whose elements are all nilpotent.

2.16 The following conditions on an element x of A are equivalent:

(a) x lies in the radical R(A) of A;
(b) 1 —ax has a left inverse for alla € A;
(¢c) xM = 0 for every simple left A-module M.

(a) =(b): Let x € R(A). If 1 —ax does not have a left inverse, then it lies in some max-
imal left ideal m (by Zorn’s lemma). Now 1 = (1 —ax) 4+ ax € m, which is a contradiction.

(b) =(c): Let M a simple left A-module. If xM # 0, then xm £ 0 for some m €
M. Because M is simple, Axm = M in particular, axm = m for some a € A. Now
(1—ax)m = 0. But (1 —ax) has a left inverse, and so this contradicts the fact that m # 0.

(c) =(a): Let m be a maximal left ideal in A. Then A/m is a simple left A-module, and
s0 x(A/m) = 0. Therefore x € m.

2.17 (NAKAYAMA’S LEMMA) Let M be a finitely generated A-module. If R(A)-M =
M, then M = 0.
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Suppose M # 0. Choose a minimal set of generators {ey,...,e,}, n > 1, for M and write
ey =aie; +--+auey, a; € R(A).

Then
(1—ay)ey = azes +---+aney.

As 1 —aq has aleft inverse, this shows that {e,,..., e, } generates M, which contradicts the
minimality of the original set.

2.18 R(A) contains every left nilideal of A.

Let n be a left nilideal, and let x € n. For a € A4, ax is nilpotent, say (ax)" = 0, and
(A+ax+-+@x)" H1—ax)=1.
Therefore (1 —ax) has a left inverse for all a € A, and so x € R(A) (by 2.16).

2.19 If A is a finite k-algebra, then R(A)" = 0 for some n.

Let R = R(A). As A is artinian, the sequence of ideals R O R? D --- becomes stationary,
say R” = R"*! = .... The ideal R" is finitely generated (even as a k-module), and so
Nakayama’s lemma shows that it is zero.

Nilpotency ideals
DEFINITION 2.20 Let p:g — gly be a representation of a Lie algebra g. A nilpotency
ideal of g with respect to p is an ideal a such that p(x) is nilpotent for all x in a.

When we regard V' as a g-module, the condition becomes that xy is nilpotent for all
x € a (and we refer to a as a nilpotency ideal of g with respect to V).

PROPOSITION 2.21 Let p:g — gly be a representation of a Lie algebra g. The following
conditions on an ideal a of g are equivalent:

(a) a is a nilpotency ideal with respect to p;
(b) for all simple subquotients M of V, aM = 0;

(c) Iet A be the associative k-subalgebra of End(V) generated by p(a); then p(a) C
R(A).

PROOF. (a)=(b). Let M be a simple subquotient of V', and let
N={meM|am =0}

(k-subspace of M). The elements of a act nilpotently on V', and hence on M, and so (2.9)
shows that N # 0. The subspace N of M is stable under g, because

a(xn) =la,x]n+x(an) =0

foraca,xeg,andn € N. As M is simple, N = M.
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(b)=(c). By definition, A is the associative k-subalgebra of End(V') generated by
{xv | x €a}. Let
V=VW>oV>:--D2V,=0

be a filtration of V' by g-submodules such that each quotient V;/V; 41 is simple. If x € a,
then xy V; C V;4p forall0 <i <n—1, and so x’{, = 0. It follows that, for any x € a, Axy
is a left nilideal in A, and so Axy C R(A) (2.18).

(¢)=(a). According to (2.19), some power R(A) is zero; therefore xy is nilpotent for
all x € a. O

COROLLARY 2.22 Let (V,p) be a representation of g, and let
n={x € g| xM = 0 for all simple subquotients M of V'}.

Then n is a nilpotency ideal of g with respect to V', and it contains all other nilpotency
ideals.

PROOF. Obviously n is an ideal in g, and the remaining statements follow from the propo-
sition. o

The ideal n in (2.22) is the largest nilpotency ideal of g with respect to p. We denote it
by n,(g). It contains the kernel of p, and equals it when V' is semisimple (obviously), but
not in general otherwise. It need not contain all x € g such that p(x) is nilpotent, because
the set of such x need not form an ideal.

The largest nilpotent ideal in a Lie algebra

We say that an ideal a in a Lie algebra g is nilpotent if it is nilpotent as a Lie algebra.

PROPOSITION 2.23 The nilpotent ideals of g are exactly the nilpotency ideals of g with
respect to the adjoint representation.

PROOF. If ady(x) is nilpotent for all x € a, then so also is ad4(x), and so a is nilpotent by
Engel’s theorem (see 2.11). Conversely, if a is nilpotent and x € a, then ad,(x)” = 0 for
some 7 (see 2.10); as [x,g] C a, this implies that ady(x)"*1 = 0. o

COROLLARY 2.24 Every Lie algebra has a largest nilpotent ideal, containing all other
nilpotent ideals.

PROOF. According to the proposition, the largest nilpotency ideal of g with respect to the
adjoint representation is also the largest nilpotent ideal of g. O

The Hausdorff series

For a nilpotent n x n matrix X,

exp(X) & 1+ X +X2/204+ X3 /31 + -
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is a well defined element of GL, (k). Moreover, when X and Y are nilpotent,
exp(X)-exp(¥) = exp(W)

for some nilpotent W, and we may ask for a formula expressing W in terms of X and Y.
This is provided by the Hausdorff series*, which is a formal power series,

H(X,Y)= Z H™(X,Y), H™(X,Y)homogeneous of degree m,
m=>0
with coefficients in Q. The first few terms are
HY (X, Y)=X+Y
5 1
H?(X.Y) = [X.Y].
If x and y are nilpotent elements of GL;, (k), then

exp(x) -exp(y) = exp(H (x,y)),
and this determines the power series H (X, Y') uniquely. See Bourbaki LIE, II, §6.

NOTES The classification of nilpotent Lie algebras, even in characteristic zero, is complicated.
Except in low dimensions, there are infinitely many, and so it is a question of studying their moduli
varieties. In low dimensions, there are complete lists. See mo21114 for a discussion of this.

3 Solvable Lie algebras: Lie’s theorem

In this section, all Lie algebras and all representations are finite dimensional over a field k.

Generalities
DEFINITION 3.1 A Lie algebra g is said to be solvable if it admits a filtration
g=apDa;D--Da,=0 (23)

by ideals such that [a;,a;] C a;+1 for 0 <i <r —1. Such a filtration is called a solvable
series.

The condition for (23) to be a solvable series is that the quotients a; /a; 41 be commuta-
tive for 0 <i <r —1. Thus the solvable Lie algebras are exactly those that can be obtained
from commutative Lie algebras by successive extensions,

0—aj/ap —>g/a, >g/ag —0
0—az/az —g/az; —>g/ax —0

In other words, the solvable Lie algebras form the smallest class containing the commutative
Lie algebras and closed under extensions.

“4This is Bourbaki’s terminology — others write Baker-Campbell-Hausdorff, or Campbell-Hausdorff, or
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The characteristic ideal [g, g] is called the derived algebra of g, and is denoted Dg.
Clearly Dy is contained in every ideal a such that g/a is commutative, and so g/Dyg is the
largest commutative quotient of g. Write D?g for the second derived algebra D(Dg), D3g
for the third derived algebra D(D?g), and so on. These are characteristic ideals, and the
derived series of g is the sequence

gDDgDngj---.
We sometimes write g’ for Dg and g for D"g.
PROPOSITION 3.2 A Lie algebra g is solvable if and only if its derived series terminates

with zero.

PROOF. If the derived series terminates with zero, then it is a solvable series. Conversely, if
gDa; Daz D---Da, =0is asolvable series, then a; D g’ because g/a; is commutative,
az D a} D g” because aj/a; is commutative, and so on until 0 = a, D g, o

Let V' be a vector space of dimension 7, and let

FV=VoD>V1D2:-DV,=0, dimV; =n—1i,

be a maximal flag in V. Let b(F) be the Lie subalgebra of gly, consisting of the elements
x such that x(V;) C V; for all i. Then D(b(F)) = n(F), and so b(F) is solvable. For
example,

0 0 =x
b3 = D410 0 O D {0}
0 0 0

o o ¥
o ¥ ¥
* * %
V)
o oo
o o ¥
O ¥ ¥

is a solvable series for bs.

PROPOSITION 3.3 Let k' be a field containing k. A Lie algebra g over k is solvable if and
only if gi/ % ® g is solvable.

PROOF. Obviously, for any subalgebras b and b’ of g, [h,b']x- = [bx, b} ], and so, under
extension of the base field, the derived series of g maps to that of gy . O

We say that an ideal is solvable if it is solvable as a Lie algebra.

PROPOSITION 3.4 (a) Subalgebras and quotient algebras of solvable Lie algebras are solv-
able.

(b) A Lie algebra g is solvable if it contains an ideal n such that both n and g/n are
solvable.

(c) Let n be an ideal in a Lie algebra g, and let by be a subalgebra of g. If n and b are
solvable, then b + n is solvable.

PROOF. (a) The intersection of a solvable series for g with a Lie subalgebra f is a solvable
series for b, and the image of a solvable series for g in a quotient algebra q is a solvable
series for q.

(b) Because g/n is solvable, g C n for some m. Now g™+ c n™ which is zero
for some n.

(¢) This follows from (b) because h +n/n >~ h/hNn (see 1.14), which is solvable by

(). O
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COROLLARY 3.5 Every Lie algebra contains a largest solvable ideal.

PROOF. Let n be a maximal solvable ideal. If b is also a solvable ideal, then §h+n is
solvable by (3.4¢), and so equals n; therefore h C n. O

DEFINITION 3.6 The radical v = r(g) of g is the largest solvable ideal in g.

The radical of g is a characteristic ideal.

Lie’s theorem

THEOREM 3.7 (LIE) Let p:g — gly be a representation of a Lie algebra g over k, and
assume that k is algebraically closed of characteristic zero. If g is solvable, then there
exists a basis of V for which p(g) is contained in b, n = dim V.

In other words, there exists a basis e1,..., e, for VV such that
ge; C (e1,...,e;),alli. (24)
Before proving Theorem 3.7 we list some consequences and give some examples.

COROLLARY 3.8 Under the hypotheses of the theorem, assume that V # 0. Then there
exists a nonzero vector v € V such that gv C (v) (i.e., there exists a common eigenvector
in V for the elements of g).

PROOF. Clearly e; is a common eigenvector. o

COROLLARY 3.9 If g is solvable and k is algebraically closed of characteristic zero, then
all simple g-modules are one-dimensional.

PROOF. Immediate consequence of (3.8). o

COROLLARY 3.10 Let g be a solvable Lie algebra over a field of characteristic zero, and
let p: g — gly be a representation of g.

(a) Forally €[g,g], p(y) is a nilpotent endomorphism of V.
(b) Forallx egandy € [g,9],

Try (p(x) o p(y)) =0

PROOF. We may suppose that k is algebraically closed (3.3). According to Lie’s theorem,
there exists a basis of V' for which p(g) is contained in b,, n = dim V. Then p([g,g]) C
[o(g), p(g)] C ny,, which consists of nilpotent endomorphisms of V. This proves (a), and
shows that in (b),

p(x)op(y) € by -ny Cny. a)

COROLLARY 3.11 Let g be a solvable Lie algebra over a field of characteristic zero; then
[g, g] is nilpotent.



lo Jo

)G

36 CHAPTER 1. LIE ALGEBRAS

PROOF. We may suppose that k is algebraically closed (3.3). As ad(g) is a quotient of g
with kernel z(g), D(ad(g)) is a quotient of D(g) with kernel z(g) N D(g). In particular,
D(g) is a central extension of D(ad(g)), and so it suffices to show that the latter is nilpo-
tent. This allows us to assume that g C gly, for some finite-dimensional vector space V.
According to Lie’s theorem, there exists a basis of V' for which g is contained in bgj, .
Then [g, g] C ngim v, Which is nilpotent. o

In order for the map v + xv be trigonalizable, all of its eigenvalues must lie in k. This
explains why k is required to be algebraically closed in Lie’s theorem. The condition that
k have characteristic zero is more surprising, but the following examples shows that it is
necessary.

3.12 In characteristic 2, sl, is solvable but for no basis is it contained in b,.
3.13 Let k have characteristic p # 0, and consider the p x p matrices
010 0 0 0 0 0
0 0 1 0 0 1 0 0
x=1: s V= 5
000 1 00 p—2 0
1 00 0 00 0 p—1
Then
010 0 0 00 0
0 0 2 0 0 01 0
.yl=]: + + - S el I R : =X
000 -+ p—1 0 00 -+ p=-2
00 0 - 0 p—1 0 0 - 0

(this uses that p = 0). Therefore, g = (x, y) is a solvable subalgebra of gl,, (cf. the example
p.26). The matrices x and y have the following eigenvectors:

1 0 0
0 1 0

X ’ y 0 ’ O ’ ’
1 0 0 1

Therefore g has no simultaneous eigenvector, and so Lie’s theorem fails.

3.14 Even Corollary 3.10(a) fails in nonzero characteristic. Note that it implies that, for
a solvable subalgebra g of gl,, the derived algebra [g, g] consists of nilpotent endomor-
phisms. Example (3.2), and example (3.13) in the case char(k) = 2, show that this is false
in characteristic 2. For more examples in all nonzero characteristics, see Humphreys 1972,
84, Exercise 4.
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The invariance lemma

Before proving Lie’s theorem, we need a lemma.

LEMMA 3.15 (INVARIANCE LEMMA) Let V' be a finite-dimensional vector space, and let
g be a Lie subalgebra of gly,. For all ideals a in g and linear maps A:a — k, the eigenspace

Vi={veV]|av=A(a)v foralla € a}

is invariant under g.

PROOF. Let x € g and let v € V. We have to show that xv € V), but fora € a,
a(xv) = x(av) + [a,x](v) = A(a)xv + A(Ja, x])v.
Thus a nonzero V), is invariant under g if and only if A([a,g]) = 0.
Fix an x € g and a nonzero v € V), and consider the subspaces

i—1

(v) C (v,xv) C--- C (v, xv,...,.x" " "v) C -

of V. Let m be the first integer such that (v,...,x" 1v) = (v,...,x™v). Then

Wdéf(v,xv,...,xm_lv)

has basis v, xv, ...,x™ v and contains x’v for all i .

We claim that an element a of a maps W into itself and has matrix

Ala) * *
0 Aa)
0 0 - Aa)

with respect to the given basis. We check this column by column. The equality
av = Ala)v
shows that the first column is as claimed. As [a,x] € qa,

a(xv) = x(av) +[a,x]v
= AMa)xv+A([a. x])v,

(25)

and so that the second column is as claimed (with x = A([a,x])). Assume that the first i

columns are as claimed, and consider
a(x'v) =ax(x'") = (xa +[a, x])x' " tv.
From knowing the ith column, we find that

a(x71v) = Ma)x' v +u

[a, x](x" 1) = Ala, xDx" o+

(26)

(27)
(28)
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with u,u’ € (v,xv,...,x'72v). On multiplying (27) with x we obtain the equality
xa(x' ") = Aa@)x"v + xu (29)

with xu € (v, xv,.. .,xi_lv). Now (26), (28), and (29) show that the (i + 1)st column is as
claimed.
This completes the proof that the matrix of @ € a acting on W has the form claimed,
and shows that
Trw (a) = mA(a). (30)

We now complete the proof of the lemma by showing that A([a,g]) = 0. Let a € a and
x € g. On applying (30) to the element [, x] of a, we find that

mA([a,x]) = Trw ([a,x]) = Try (ax —xa) =0,

and so A([a,x]) = 0 (because m # 0 in k). o

Proof of Lie’s theorem

We first show that it suffices to prove (3.8). Let p: g — gl satisfy the hypotheses of Lie’s
theorem. If V' 3 0, then (3.8) applied to p shows that there exists a vector e; 7 0 such that
gey € (e1);if V # (e1), then (3.8) applied to g — gly/(.,) shows that there exists a vector
es ¢ (e1) such that ge, C (e1,e2). Continuing in this fashion, we obtain a basis eq,..., e,
for V satisfying (24).

We now prove (3.8). We may replace g with its image p(g), and so suppose that g C gly .
We use induction on the dimension of g, which we may suppose to be > 1. If dimg =
1, then g = kx for some endomorphism x of V, and x has an eigenvector because k is
algebraically closed. Because g is solvable, its derived algebra g’ # g. The quotient g/g’ is
commutative, and so is essentially just a vector space. Write g/g’ = a @ (X) as the direct
sum of a subspaces of codimension 1 and dimension 1. Then g = a® (x) with a the inverse
image of a in g (an ideal) and x an inverse image of x. By induction, there exists a nonzero
w € V such that aw C (w), i.e., such that aw = A(a)w, all a € q, for some A:a — k. Let
V), be the corresponding eigenspace for a (25). According to the Invariance Lemma, V), is
stable under g. As it is nonzero, it contains a nonzero eigenvector v for x. Now, for any
element g =a+cx €g,

gv = Ala)v+c(xv) € (v).

ASIDE 3.16 We used that k has characteristic zero only at the end of the proof of the Invariance
Lemma where we concluded that m # 0. Here m is an integer < dim V' regarded as an element
of k. Hence if k has characteristic p, then Lie’s theorem (together with its proof) holds provided
dimV < p. This is a general phenomenon: for any specific problem, there will be a pg such that the
characteristic p case behaves as the characteristic 0 case provided p > po.

NOTES The proof of Lie’s theorem in Casselman, Introduction to Lie algebras, 10.6, looks simpler.

Cartan’s criterion for solvablity

Recall that for any n x n matrices A = (a;;) and B = (b;;),

Tr(AB) = Zi,j aijbj; = Tr(BA). (31)
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Hence, Try (x o y) = Try (¥ o x) for any endomorphisms x, y of a vector space V', and so

Tr([x,y]oz) =Tr(xoyoz)—Tr(yoxoz)
=Tr(xoyoz)—Tr(xozoy) (32)
=Tr(xo[y,z]).

THEOREM 3.17 (CARTAN’S CRITERION) Let g be a subalgebra of gly,, where V is a
finite-dimensional vector space over a field k of characteristic zero. Then g is solvable
if Try(xoy) =0 forall x,y € g.

PROOF. WEe first observe that, if k" is a field containing k, then the theorem is true for
g C gly if and only if it is true for gx- C gly,, (because g is solvable if and only if gz
is solvable (3.3)). Therefore, we may assume that the field & is finitely generated over Q,
hence embeddable in C, and then that k = C.

We shall show that the condition implies that each x € [g, g] defines a nilpotent endo-
morphism of V. Then Engel’s theorem (2.8) will show that [g, g] is nilpotent, in particular,
solvable, and it follows that g is solvable because g = (Dg)*—1.

Let x € [g,g], and choose a basis of V' for which the matrix of x is upper triangular.
Then the matrix of x; is diagonal, say, diag(ay,...,an), and the matrix of x, is strictly
upper triangular. We have to show that x; = 0, and for this it suffices to show that

C_llal + "'+anan = O
where a is the complex conjugate of a. Note that
Try (Xso0x) = ajay +---+anan,

because X has matrix diag(ay,...,a,). By assumption, x is a sum of commutators [y, z],
and so it suffices to show that

Try(Xso[y,z]) =0, ally,zeg.
From the trivial identity (32), we see that it suffices to show that
Try ([Xs,y]oz) =0, ally,zeg. (33)

This will follow from the hypothesis once we have shown that [xs, y] € g. According to
(1.23(b)),
Xs = c1X +cax2 4+ cpx”, for some ¢; €k,

and so
[Xs.0lCg
because [x,g] C g. 0

COROLLARY 3.18 LetV be a finite-dimensional vector space over a field k of characteris-
tic zero, and let g be a subalgebra of gly,. If g is solvable, then Tryy(xoy) =0 forall x € g
and y € [g,g]. Conversely, if Try(x o y) = 0 for all x,y € [g, g], then g is solvable.

PROOF. If g is solvable, then Try (xoy) = 0 for x € g and y € [g,g] (by 3.10). For the
converse, note that the condition implies that [g, g] is solvable by (3.17). But this implies
that g is solvable, because g™ = (Dg)*~D. o
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In the language of the next section, Cartan’s criterion says that a Lie algebra is solvable
if the trace form of some faithful representation is zero.

ASIDE 3.19 In the above proofs, it is possible to avoid passing to the case k = C. Roughly speak-
ing, instead of complex conjugation, one uses the elements of the dual of the subspace of k generated
by the eigenvalues of x;. See, for example, Humphreys 1972, 4.3. Alternatively, see the proof in
Casselman, Introduction to Lie algebras, 14.4 (following Jacobson).

4 Semisimple Lie algebras

In this section, all Lie algebras and representations are finite-dimensional over a field k of
characterstic zero.

Definitions and basic properties

DEFINITION 4.1 A Lie algebra is semisimple if its only commutative ideal is {0}.

Thus, the Lie algebra {0} is semisimple, but no Lie algebra of dimension 1 or 2 is
semisimple. There exists a semisimple Lie algebra of dimension 3, namely, sl, (see 4.9
below).

Recall (3.6) that every Lie algebra g contains a largest solvable ideal r(g), called its
radical.

4.2 A Lie algebra g is semisimple if and only if its radical is zero.

If r (g) = 0, then every commutative ideal is zero because it is contained in 7 (g). Conversely,
if r(g) # 0, then the last nonzero term of the derived series of r(g) is a commutative ideal
in g (it is an ideal in g because it is a characteristic ideal in r(g)).

4.3 A Lie algebra g is semisimple if and only if every solvable ideal is zero.

Since r(g) is the largest solvable ideal, it is zero if and only if every solvable ideal is zero.

4.4 The quotient g/ r(g) of a Lie algebra by its radical is semisimple.

A nonzero commutative ideal in g/r(g) would correspond to a solvable ideal in g properly
containing r(g).

4.5 A productg = g1 X ---x g, of semisimple Lie algebras is semisimple.

Let a be a commutative ideal in g; the projection of a in g; is zero for each i, and so a is
zZero.
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Trace forms

Let g be a Lie algebra. A symmetric k-bilinear form 8:gx g — k on g is said to be invariant
(or associative) if
Blx,yl.z) = B(x,[y,z]) forallx,y,zeg,

that is, if
B(x,y],z)+ B(y,[x,z]) =0 forall x,y,z €g.

In other words, B is invariant if

B(Dy.z)+ p(y.Dz) =0 (34)

for all inner derivations D of g. If (34) holds for all derivations, then § is said to be
completely invariant (Bourbaki LIE, I, §3, 6).

LEMMA 4.6 Let B be an invariant form on g, and let a be an ideal in g. The orthogonal
complement a of a with respect to f is again an ideal. If f is nondegenerate, then a N at
is commutative.

PROOF. Leta € a,a’ € at, and x € g, and consider

B([x.,al,a’) + B(a,[x.a']) = 0.

As [x,a] € a, B([x,a],a’) = 0. Therefore B(a,[x,a’]) = 0. As this holds for all a € a, we
see that [x,d’] € at, and so al is an ideal.

Now assume that 8 is nondegenerate. Then b ©analis an ideal in g such that 8|b x
b=0.Forb,b’ €ebandx €g, B([b,b'].x) = B(b,[b, x]), which is zero because [b’, x] € b.
As this holds for all x € g, we see that [b,b’] = 0, and so b is commutative. o

The trace form of a representation (V, p) of g is
(x.y) = Try (p(x) o p(y)):g x g — k.
In other words, the trace form By :gx g — k of a g-module V is
(x.y) > Try(xyoyy), x,y€g.
LEMMA 4.7 The trace form is a symmetric bilinear form on g, and it is invariant:

Pv(lx.yl.2) = Py (x.[y.z]), allx,y.zeg.

PROOF. Tt is k-bilinear because p is linear, composition of maps is bilinear, and traces are
linear. It is symmetric because traces are symmetric (31). It is invariant because

By ([x,y],2) = Tr([x, y] 0 2) 2 Tr(x o [y, z]) = By (x, [y, 2])

forall x,y,z € g. ]

Therefore (see 4.6), the orthogonal complement at of an ideal a of g with respect to a
trace form is again an ideal.
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PROPOSITION 4.8 If g — gl is faithful and g is semisimple, then By is nondegenerate.

PROOF. We have to show that g = 0. For this, it suffices to show that g is solvable (see
4.3), but the pairing

(x,y) > Try (xy o yy) = By (x, )

1S zero on gl, and so Cartan’s criterion (3.17) shows that it is solvable. o

The Cartan’s criterion for semisimplicity

The trace form for the adjoint representation ad: g — gl is called the Killing form® kg on
g. Thus,
kg(x,y) =Trg(ad(x)oad(y)), allx,ye€g.
In other words, «4(x, y) is the trace of the k-linear map
z[x,[y,z]]:g = g.

EXAMPLE 4.9 The Lie algebra sl, consists of the 2 x 2 matrices with trace zero. It has as
basis the elements®

(01 _(0 0y ,_(1 o0
o o) "7\ o) "T\o <)

[h,x]=2x, [h,y]==2y, [x,y]=h.
Relative to the basis {x, y,h},

and

0 -2 0 20 0 0 0O
adx=|0 0 1), adh=|0 0 O], ady=1[|-1 0 O
0 00 0 0 =2 020

and so the top row (k(x,x),k(x,h),k(x,y)) of the matrix of k consists of the traces of

00 -2 00 O 2 0 0
00 01, 00 21, 02 0
00 O 00 O 00O
0 0 4

In fact, x has matrix | O 8 O |, which has determinant —128.
4 0 0

Note that, for sl,, the matrix of « is n2 — 1 x n? — 1, and so this is not something one
would like to compute by writing out matrices.

5 Also called the Cartan-Killing form. According to Bourbaki (Note Historique to L, II, III), Cartan intro-
duced the “Killing form” in his thesis and proved the two fundamental criteria: a Lie algebra is solvable if its
Killing form is trivial (4.12); a Lie algebra is semisimple if its Killing form is nondegenerate (4.13). How-
ever, according to Helgason 1990, Killing introduced “the roots of g, which are by his definition the roots of
the characteristic equation det(A/ —ad X) = 0. Twice the second coefficient in this equation, which equals
Tr(ad X)?, is now customarily called the Killing form. However, Cartan made much more use of it. ... While
Tr(ad X )? is nowadays called the Killing form and the matrix (a; 7) called the Cartan matrix. .. it would have
been reasonable on historical grounds to interchange the names.” See also Hawkins 2000, 6.2, and mo32554
(james-parsons).

6Some authors write (i, e, f) for (h,x,y). Bourbaki writes (H, X,Y) for (h,x,y) in LIE, 1, §6, 7, and
(H,X4+,—X-)in VIIL §1, 1, Base canonique de sl3, i.e., X .= (_(1) g).
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LEMMA 4.10 Leta be an ideal in g. The Killing form on g restricts to the Killing form on
a,ie.,
kg(x,y) =ka(x,y) allx,y € a.

PROOF. If an endomorphism of a vector space V' maps V into a subspace W of V, then
Try (o) = Try (@| W), because, when we choose a basis for W and extend it to a basis
for V, the matrix for « takes the form (61 g ) with A the matrix of «|W. If x,y € qa, then
adx oady is an endomorphism of g mapping g into a, and so its trace (on g), kg(x,y),
equals

Trq(adx ocad y[q) = Tra(adq x 0 adq y) = ka(x,y). O

EXAMPLE 4.11 For matrices X,Y € sl,,

Ko, (X,Y) =2nTr(XY).
To prove this, it suffices to show that

kg, (X, Y) =2nTr(XY)

for X,Y € sl. By definition, kg, (X,Y) is the trace of the map M (k) — M, (k) sending
T € My(k) to
XYT-XTY -YTX+TYX.

For any matrix A, the trace of each of the maps [4:T +— AT and r4:T — TA is nTr(A),
because, as a left or right M}, (k)-module, M, (k) is isomorphic to a direct sum of n-copies
of the standard M}, (k)-module k". Therefore, the traces of the maps T — XY T and T —
TXY are both n Tr(XY), while the traces of the maps T + XTY and T + Y T X are both
equal to

Tr(lx ory) =n?Tr(X) Tr(Y) = 0.

PROPOSITION 4.12 Ifk4(g,[g,9]) = O, then g is solvable; in particular, g is solvable if its
Killing form is zero.

PROOF. Cartan’s criterion for solvability (3.18) applied to the adjoint representation ad: g —
gl shows that ad(Dg) is solvable. Hence Dy is solvable, and so g is solvable. O

THEOREM 4.13 (Cartan criterion). A nonzero Lie algebra g is semisimple if and only if
its Killing form is nondegenerate.

PROOF. =>: Because g is semisimple, the adjoint representation ad: g — glj is faithful, and
so this follows from (4.8).
«: Let a be a commutative ideal of g — we have to show that a = 0. For any @ € a

and g € g, we have that
adg ada adg ada

g—g—a—a—0,
and so (ada oad g)?> = 0. But an endomorphism of a vector space whose square is zero has
trace zero (because its minimum polynomial divides X ?). Therefore

def

kg(a,g) =Trg(adacadg) =0,

and a C g+ = 0. O
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We say that an ideal in a Lie algebra is semisimple if it is semisimple as a Lie algebra.

COROLLARY 4.14 For any semisimple ideal a in a Lie algebra g and its orthogonal com-
plement a' with respect to the Killing form

gzaGBaL.

PROOF. Because kg is invariant, al is an ideal. Now Kgla = Kkq (4.6), which is nondegen-
erate. Hence aNat = 0. o

COROLLARY 4.15 Let g be a Lie algebra over a field k, and let k" be a field containing k.
(a) The Lie algebra g is semisimple if and only if gy is semisimple.

(b) The radical r(gx/) >~ k' @ r(g).

PROOF. (a) The Killing form of g/ is obtained from that of g by extension of scalars.
(b) The exact sequence

0—r(@—>9—>0/r(@—0
gives rise to an exact sequence

0—r(@r — g — (9/7(9)kr — 0.

As r(g)y is solvable (3.3) and (g/r(g))x is semisimple, the sequence shows that r(g)x- is
the largest solvable ideal in gg/, i.e., that 7(g)x = r (gr)- o

The decomposition of semisimple Lie algebras

DEFINITION 4.16 A Lie algebra g is simple if it is noncommutative and its only ideals are
{0} and g.

For example, sl is simple for n > 2 (see p.92 below).
Clearly a simple Lie algebra is semisimple, and so a product of simple Lie algebras is
semisimple (by 4.5).
Let g be a Lie algebra, and let ay,...,a, be ideals in g. If g is a direct sum of the a; as
k-subspaces,
g=a1d---Day,

then [a;,a;] Ca; Na; =0fori # j, and so g is a direct product of the a; as Lie subalgebras,
g=o0ayX--Xa,.

A minimal nonzero ideal in a Lie algebra is either commutative or simple. As a semisim-
ple Lie algebra has no commutative ideals, its minimal nonzero ideals are simple Lie alge-
bras.

THEOREM 4.17 A semisimple Lie algebra g has only finitely many minimal nonzero ideals
ai,...,a,, and
g=o0ay X Xa,.

Every ideal in a is a direct product of the a; that it contains.
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In particular, a Lie algebra is semisimple if and only if it is isomorphic to a product of
simple Lie algebras.

PROOF. Let a be an ideal in g. Then the orthogonal complement at of a is also an ideal
(4.6), and so aNa~ is an ideal. As its Killing form is zero, a N at is solvable (4.12), and
hence zero (4.3). Therefore, g = a @ at.

If g is not simple, then it has a nonzero proper ideal a. Write g = a@® a™. If one of a or

a' is not simple (as a Lie subalgebra), then we can decompose again. Eventually,

g:al@...@ar

with the a; simple (hence minimal) ideals.
Let a be a minimal nonzero ideal in g. Then [g, a] is an ideal contained in a, which is
nonzero because z(g) = 0, and so [g, a]= a. On the other hand,

[g.a] = [a1.a] & - S [ar.q],

and so a = [a;,a] C a; for exactly one i; then a = a; (simplicity of a;). This shows that
{a1,...a;} is a complete set of minimal nonzero ideals in g.

Let a be an ideal in g. A similar argument shows that a is a direct sum of the minimal
nonzero ideals contained in a. o

COROLLARY 4.18 All nonzero ideals and quotients of a semisimple Lie algebra are semisim-
ple.

PROOF. Any such Lie algebra is a product of simple Lie algebras, and so is semisimple. o
COROLLARY 4.19 Ifg is semisimple, then [g,g] = g.

PROOF. If g is simple, then certainly [g, g] = g, and so this is true also for direct sums of
simple algebras. o

REMARK 4.20 The theorem is surprisingly strong: a finite-dimensional vector space is a
sum of its minimal subspaces but is far from being a direct sum (and so the theorem fails
for commutative Lie algebras). Similarly, it fails for commutative groups: for example, if
Co denotes a cyclic group of order 9, then

CoxCqg={(x,x) € CgxCo}x{(x,—x) € CogxCo}.

If a is a simple Lie algebra, one might expect that a embedded diagonally would be another
simple ideal in a & a. It is a simple Lie subalgebra, but it is not an ideal.

Derivations of a semisimple Lie algebra

Recall that Der (g) is the space of k-linear endomorphisms of g satisfying the Leibniz
condition

D([x,y]D) = [D(x),y] +[x,D(y)].
The bracket
[D,D'|=DoD'—D'oD

makes it into a Lie algebra.
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LEMMA 4.21 For any Lie algebra g, the space {ad(x) | x € g} of inner derivations of g is
an ideal in Dery (g).

PROOF. We have to show that, for any derivation D of g and x € g, the derivation [D, ad x]
is inner. For any y € g,
[D,adx](y) = (Doadx —adxo D)(y)

= D([X,y])—[X,D(y)]

= [D(x),y]+[x, D(y)] = [x. D(y)]

= [D(x).y].
Therefore

[D,ad(x)] = ad D(x), (35)

which is inner. o

THEOREM 4.22 Every derivation of a semisimple Lie algebra g is inner; therefore the map
ad: g — Der(g) is an isomorphism.

PROOF. Let adg denote the (isomorphic) image of g in Der(g), and let (adg)® denote its
orthogonal complement for the Killing form on Der(g). It suffices to show that (ad g)~ = 0.
We have
[(adg)*,adg] C (adg)t Nadg =0

because adg and (ad g) are ideals in Der(g) (4.21, 4.6) and KDer(g)| d @ = Kadg is nonde-
generate (4.13). Therefore

ad(Dx) 2 [D,ad(x)] = 0
if D € (adg)® and x € g. As ad: g — Der(g) is injective,

ad(Dx)=0 forallx = Dx =0 foralx = D =0. O

5 Representations of Lie algebras: Weyl’s theorem

In this section, all Lie algebras and all representations are finite dimensional over a field k.
The main result is Weyl’s theorem saying that the finite-dimensional representations of a
semisimple Lie algebra in characteristic zero are semisimple.

Preliminaries on semisimplicity

Let k be a field, and let A be a k-algebra (either associative or a Lie algebra).
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Semisimple modules

An A-module is simple if it does not contain a nonzero proper submodule.

PROPOSITION 5.1 The following conditions on an A-module M of finite dimension over
k are equivalent:

(a) M is a sum of simple modules;
(b) M is a direct sum of simple modules;
(c) forevery submodule N of M, there exists a submodule N' such that M = N @& N’.

PROOF. Assume (a), and let N be a submodule of M. For a set J of simple submodules
of M,let N(J) =) gc;S. Let J be maximal among the sets of simple submodules for
which

(i) the sum ) ¢ S is direct and
(i) N(J)NN = 0.

I claim that M is the direct sum of N(J) and N. To prove this, it suffices to show that
each S C N + N(J). Because S is simple, S N (N + N(J)) equals S or 0. In the first
case, S C N + N(J), and in the second J U {S} has the properties (i) and (ii). Because J
is maximal, the first case must hold. Thus (a) implies (b) and (c), and it is obvious that (b)
and (c) each implies (a). O

ASIDE 5.2 The proposition holds without the hypothesis “of finite dimension over k£”, but then the
proof requires Zorn’s lemma to show that there exists a set J maximal for the properties (i) and (ii).

DEFINITION 5.3 An A-module is semisimple if it satisfies the equivalent conditions of the
proposition.

LEMMA 5.4 (SCHUR’S LEMMA) If V is a simple A-module of finite dimension over k
and k is algebraically closed, then End4(V) = k.

PROOF. Let a:V — V be A-homomorphism of V. Because k is algebraically closed, o
has an eigenvector, say, «(v) = cv, ¢ € k. Now ¢ —c:V — V is an A-homomorphism with
nonzero kernel. Because V' is simple, the kernel must equal V. Hence o = c. O

ASIDE 5.5 The results of this section hold in every k-linear abelian category whose objects have
finite length.
Semisimple rings

In this subsubsection, all k-algebras are associative and finite (i.e., finite-dimensional as a
k-vector space), and all modules over such a k-algebra are finite-dimensional as k-vector
spaces.

DEFINITION 5.6 A k-algebra A is simple if it has no two-sided ideals except 0 and A.

PROPOSITION 5.7 A k-algebra A is simple if and only if it is isomorphic to a matrix alge-
bra M,,(D) over a division algebra D.
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PROOF. This is a theorem of Wedderburn (GT 7.16, 7.23). o
DEFINITION 5.8 A k-algebra A is semisimple if every A-module is semisimple.

It suffices to check that 44 is semisimple, because every A-module is a quotient of a
finite direct sum of copies of 4A.

PROPOSITION 5.9 The following conditions on a k-algebra A are equivalent:

(a) A is semisimple;
(b) A is a product of simple k -algebras;
(¢) the Jacobson radical R(A) of A is trivial.

PROOF. The equivalence of (a) and (b) is another theorem of Wedderburn (GT 7.34). The
elements of J(A) act trivially on simple A-modules (see 2.16), and hence on semisimple
A-modules. Therefore (a) implies (c). Finally, (c) implies that A acts faithfully on a fi-
nite direct sum M of simple A-modules, and so 44 is a submodule of End(M ), which is
semisimple. o

The centre of a simple k-algebra is a commutative simple k-algebra, which is a field.

PROPOSITION 5.10 Let A be a simple k -algebra with centre C . For any field K containing
C, K ®c A is a simple K -algebra with centre K .

PROOF. See my notes Class Field Theory, IV, 2.15 (for the moment). O

PROPOSITION 5.11 Let A be a k-algebra. If K ®j A is semisimple for some field K con-
taining k, then A is semisimple; conversely, if A is semisimple, then K ®j, A is semisimple
for all fields K separable over k.

PROOF. Suppose that K ®j A is semisimple, and let x € R(A). Then n = Ax is a left
nilideal in A4, and K ®j, n is a left nilideal in K ®;, A. Therefore K ®; n C R(K ®j A) (see
2.18), which is zero, and so n = 0. Hence R(A) = 0.

Conversely, suppose that A is semisimple. We may replace A with one of its factors,
and so assume that it is simple. Let C be the centre of A — it is a finite field extension of
k. For any separable field extension K of k, K ®j C is a product of fields,” say [] K;, and

K(X)kAZK@k(C@CA)
~(K®rC)®c A

ZHZ.KHX)CA,

which is a product of simple k-algebras (see 5.10). O

"Let K = k[a], and let f(X) be the minimum polynomial of . Then f(X) has distinct roots in C?!, and
so its monic irreducible factors, f1,..., fr,in C[X] are relatively prime. Therefore

K@ C = (k[X]/(/) @ € = C[X1/(f) = [ [CIXI/(f),

which is a product of fields (we used the Chinese remainder theorem in the last step).
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ASIDE 5.12 A k-algebra A is separable if L ®j A is semisimple for all fields L containing k. The
above arguments show that A is separable if and only if it is a product of simple k-algebras whose
centres are separable over k. Note that C is automatically separable over k if k has characteristic
zero, or if it has characteristic p # 0 and [C:k] < p.

Semisimple categories

Let M be a left A-module. The ring of homotheties of M is
Ay ={apm |a € A},

i.e., it is the image of A in Endz jinear(M ).

PROPOSITION 5.13 Let M be an A-module which is finitely generated when regarded as
an End 4 (M )-module. The ring Aps of homotheties of M is semisimple if and only if M is
semisimple.

PROOF. If Ay is semisimple, then M is semisimple as an A ps-module, and hence as an
A-module. Conversely, let B = Aps and let (¢;);cy be a family of generators for A as an
End 4 (M )-module. Then

b (bej)icr:g B— M!

is an injective homomorphism of left B-modules, and so p B is a semisimple B-module if
M is. O

The reader can take A in the next proposition to be Rep(g) (see below).

PROPOSITION 5.14 LetA be ak-linear abelian category such that End(X) is finite-dimensional
over k for all objects X. Then A is semisimple if and only if End(X) is a semisimple k-
algebra for all X .

PROOF. Assume that A is semisimple. Every object X is the finite direct sum X = @, m; S;
of its isotypic subobjects m;.S;: this means that each object S; is simple, and S; is not iso-
morphic to S; if i # j. Because §; is simple, End(S;) is a division algebra, and because
End(X) =[]; M, (S;), it is semisimple (5.9).

Conversely, assume that End(X) is semisimple for all X. Then End(X) is a product of
matrix algebras over division algebras, and X can only be indecomposable if End(X) is a
division algebra.

Let f: M — N be a map of indecomposable objects. If there exists a map g:N — M
such that go f # 0, then g o f is an automorphism of M and (go f)~!og is a right
inverse to f, which implies that M is a direct summand of N; as N is indecomposable, f
is an isomorphism. Similarly, f is an isomorphism if there exists a map g: N — M such
fog#0.

As each object is obviously a sum of indecomposable objects, it suffices to show that
each indecomposable object N is simple. If N is not simple, then it properly contains an
indecomposable object M, and

( 0 0) (End(M) Hom(N, M)

Hom(M,N) 0 Hom(M,N) End(N) ) =End(M ®& N)

is a two-sided ideal by the above remark. As it is nilpotent and nonzero, this contradicts the
semisimplicity of End(M & N). o
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ASIDE 5.15 For (6.14), need to add the proof of Bourbaki A, VIII, §9, 2, Thm 1: Let £ be a set of
commuting endomorphisms of a vector space, and let A be the k-subalgebra of End(V') generated
by them; then A is étale <= & is absolutely semisimple <= every element of £ is absolutely
semisimple.

For (6.15), need to add the proof of Bourbaki A, VIII, §9, Corollary to Theorem 1: The sum and
product of two commuting absolutely semisimple endomorphisms of a vector space are absolutely
semisimple.

Extension of the base field

For a Lie algebra g over a field k, Rep(g) denotes the category of representations of g on
finite-dimensional k-vector spaces.

PROPOSITION 5.16 IfRep(gg) is semisimple for some field K containing k, then so also
is Rep(g).

PROOF. Assume that Rep(gg) is semisimple. For any representation (V, p) of g,
K ®End(V,p) ~ End(Vk, px).,

because
K ®End(V) >~ End(Vg),

and the condition that a linear map V' — V be g-equivariant is linear. As Rep(gg) is
semisimple, the K-algebra K @ End(V, p) is semisimple (5.14), which implies that End(V, p)
is semismple (5.11). As this holds for all representations of g, (5.14) shows that Rep(g) is
semisimple. o

NOTES With only a little more effort, one can prove the following more precise results (see the next
version of the notes). Let (V, p) be a representation of a Lie algebra g.

(a) If (Vk, pk) is semisimple for some field K containing k, then (V, p) is semismple.

(b) If (V, p) is semisimple, then (Vk, px) is semisimple for every separable field extension K/ k.

(c) Suppose k has characteristic p # 0. If (V, p) is simple and dim(V') < p, then (Vk, pkg) is
semisimple for every field extension K/ k (cf. 1.5 of Serre, Jean-Pierre Sur la semi-simplicité
des produits tensoriels de représentations de groupes. Invent. Math. 116 (1994), no. 1-3,
513-530).

Casimir operators

Throughout this subsection, g is a semisimple Lie algebra of dimension 7.

Let B:g x g — k be a nondegenerate invariant bilinear form on g. Let eq,...,e, be a
basis for g as a k-vector space, and let e/, ..., e;, be the dual basis (so B(e;, e;.) = §;; for all
i.j). For x € g, write

e, x] =" aije;

[x,ef] =31 bije’;.



5. Representations of Lie algebras: Weyl’s theorem 51

Then
B(lei.x],ei) =3 _yaijBlej.e}) = aii
Blei.[x.ej]) =31 birjBlei.e) = bir;
and so a;;» = bjs; (because B is invariant). In other words, for x € g,

[ei,x]=27:1aijej — [x,el’.] =Z;’-:1aﬁe}. (36)

PROPOSITION 5.17 The elementc =) |, e e; of U(g) is independent of the choice of
the basis, and lies in the centre of U(g).

PROOF. Recall that V'V denotes the dual of a k-vector space V, and that the map sending
v® f to the map v/ — f(v')v is an isomorphism

V®VY ~End(V).

Under the maps

B
Endj jinear(9) >~ 9® 9" ~g®g C T(g) — U(g), (37)

idg corresponds to Z:;l e; ®e; in g ® g, which maps to ¢ in U(g). This proves the first
part of the statement, and for the second, we have to show that cx —xc = 0 for all x € g.

Write
n ! n /
cx—xc = E _ejeix— E __xeje;.
i=1 i=1
Now
eiejx =ejlej,x] +ejxe]
—xeje; = [ej,x]e; —e;jxe],
and so

_ n U n . /
cxX —XcC —Zizle, [ei,x]+zi:1[e,,x]ei.
Let [ej, x] = > aije;; then [x,ej] = 3 ajie’; by (36), and so
/ /
cxX—Xxc= Zi’j (—ajieiej +Clij€]‘€l~)
=D i) ajj

=0. [m]

The trace form By :g x g — k of a faithful representation p:g — gl of g is invariant
and nondegenerate (4.7, 4.8). The elementc = Y 7_, ¢; e; of U(g) defined by By is called
the Casimir element of (V, p), and

n
cv=7) ._ evoey (38)

is the Casimir operator of (V, p).



52 CHAPTER 1. LIE ALGEBRAS

PROPOSITION 5.18 (a) The Casimir operator (38) depends only on (V, p).
(b) The map cy:V — V is a g-module homomorphism.

(¢) Try (cy) = dimg.

PROOF. The first two statements follow directly from (5.17). For (c),

Try (cy) =Y i—; Try (e oe))
=Y i—1Bvei.e)
= i=18ii

=n. [m]

Note that (c) implies that cy is an automorphism of the g-module V if V' is simple and
n is nonzero in k.

NOTES For a semisimple Lie algebra g, the Casimir element is defined to be the image in U(g) of
idg under the map (37) determined by the Killing form. It lies in the centre of U(g) because idg is
invariant under the natural action of g on End(g) and the maps in (37) commute with the action of
g. When g is simple, the elements of degree 2 in the centre of U(g) form a one-dimensional space,
and c the unique such element satisfying (5.18c). See mo52587.

Weyl’s theorem

LEMMA 5.19 All one-dimensional representations of a semisimple Lie algebra are trivial.

PROOF. Let (V, p) be a representation of g. For any bracket g = [g1, g2] of g,

Try (gv) = Try ([g1.82]v) = Try (g1v o g2v — g2v 0 g1v) = 0.

Thus, when V' is one-dimensional, p is trivial on [g, g], but g = [g,g] for a semisimple
algebra g (4.19). o

THEOREM 5.20 (WEYL) Let g be a Lie algebra over a field k.

(a) If the adjoint representation ad: g — gl is semisimple, then g is semisimple.
(b) If g is semisimple and k has characteristic zero, then Rep(g) is semisimple.

PROOF. (a) For the adjoint representation ad: g — gl;, the g-submodules of g are exactly
the ideals in g. Therefore, if the adjoint representation is semisimple, then every ideal in g
admits a complementary ideal, and so is a quotient of g. Hence, if g is not semisimple, then
it admits a nonzero commutative quotient, and therefore a quotient of dimension 1; but the
Lie algebra k of dimension 1 has nonsemisimple representations, for example, ¢ (2 8).

(b) After (4.15) and (5.16), we may suppose that k is algebraically closed. Let g be a
semisimple Lie algebra, which we may suppose to be nonzero, and let g — gly be a finite-
dimensional representation of g. We have to show that every g-submodule W of V' admits
a g-complement. This we do by induction on dim W.

Assume first that dimV /W =1 and that W is simple. The first condition implies that
g acts trivially on V/ W (see 5.19). We may replace g with its image in gly,, and so suppose
that g C gly . Let cy: V — V be the Casimir operator. As g acts trivially on V// W, so also
does cy . On the other hand, cy acts on W as a scalar a (Schur’s lemma 5.4). This scalar
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is nonzero, because otherwise Try ¢y = 0, contradicting (5.18c). Therefore, the kernel of
cy is one-dimensional. It is a g-submodule of V' which intersects W trivially, and so itis a
g-complement for W.

Next assume only that dimV /W = 1. If W is simple, we have already proved that it
has a g-complement, and so we may suppose that there is a g-submodule W’ of W with
dimW > dim W'’ > 0. By induction, the g-submodule W/ W' of V/ W’ has a complement,
which we can write in the form V’/ W’ with V' a g-submodule of V containing W’:

VIW =W/ W eV /W,

As (V/W")/(W/W')~V/W,the g-module V'/ W' has dimension 1, and so, by induction,
V' = W'® L for some line L. Now L is a g-submodule of V', which intersects W trivially
and has complementary dimension, and so is a g-complement for W'.

Finally, we consider the general case, W C V. The space Homy jipear(V, W) of k-linear
maps has a natural g-module structure:

(xf)w)=x-f(v)— f(x-v)
(see 1.20). Let

Vi ={f € Homy jipear (V. W) | fIW = aidwy for some a € k}
Wl = {f € Homk—linear(V, W) | f|W = 0}

They are both g-submodules of Homy jipear(V, W). As Vi/ Wi has dimension 1, the first
part of the proof shows that
Vi=W1 &L

for some one-dimensional g-submodule L of V. Let L = ( f). Because g acts trivially on
L (see 5.19),

0= )W) Ex- f(v)— f(x-v), allxeg, vevV,

which says that f is a g-homomorphism V — W. As f|W = aidwy with a # 0, the kernel
of f is a g-complement to W. o

COROLLARY 5.21 Let (V,p) be a representation of a Lie algebra g, and let f:g — V be a
k -linear map such that

Jx.yD) = p(x)- f()—p(y)- f(x)
forall x,y € g. If g is semisimple, then there exists a vo € V such that
J(x) = p(x)(vo)

forall x € g.

PROOF. The pair (f, p) defines a homomorphism of Lie algebras
a— Vxgly =af(V)
(see 1.19). When combined with the inverse of the isomorphism

w i (w|V,w(0,1):h — af(V)
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(ibid.), this gives a representation p’ of g on V' £ V @ k under which o’ (x)(V') C V for all
x € g. If g is semisimple, then there exists a line L in V"’ such that V/ =V @ L and g acts
trivially on L (see the second step in the above proof). Let (—vg, 1) be a nonzero element
of L. Then p’(x)(—vg,1)) = 0 for all x € g. But p’(x) acts as p(x) on ¥V C V' and maps
(0,1) to f(x), and so

0= p'(x)(=vo. 1) = p'(x)(~0.0) + p'(x)(0, 1) = —p(x) (vo) + f(x).

Cf. Bourbaki LIE, §6, 2, Remark 2, p53. o

ASIDE 5.22 In the proof that V' is semisimple in (b), we used that k has characteristic zero only to
deduce that Try cy # 0. Therefore the argument works over a field of characteristic p for represen-
tations (V, p) such that dim(p(g)) is not divisible by p. Let V, be the standard n + 1-dimensional
representation of SL,, over IF,. Then V}, is simple for 0 <n < p—1, but V;, ® V},» is not semisimple
when n +n’ > p (mo057997, mo18280).

ASIDE 5.23 The proof of Weyl’s theorem becomes simpler when expressed in terms of Ext’s. We
have to show that all higher Ext’s are zero in the category of g-modules (equivalently U(g)-modules).
The Casimir element c lies in the centre of U(g) and acts as a nonzero scalar on all simple represen-
tations, but (of course) as zero on any g-module for which the action is trivial. From the isomorphism

Ext' (V, W) ~ Ext' (k, Hom(V, W))

we see that it suffices to show that Ext' (V, W) = 0 (i > 0) with V = k (trivial action). When W is
simple, this follows from the fact that ¢ acts on the group as two different scalars. When W = k, it
can be proved directly. See mo74689 (Moosbrugger).

ASIDE 5.24 An infinite-dimensional representation of a semisimple Lie algebra, even of sl, need
not be semisimple.

ASIDE 5.25 About 1890, Lie and Engel conjectured that the finite-dimensional representations of
51, (C) are semisimple. Weyl’s proof of this for all semisimple Lie algebras in 1925 was a major
advance. Weyl’s proof was global: he showed that the finite-dimensional representations of compact
groups are semisimple (because they are unitary), and deduced the similar statement for semisimple
Lie algebras over C by showing that all such algebras all arise from the Lie algebras of compact real
Lie groups. The first algebraic proof of the theorem was given by Casimir and van der Waerden in
1935. The proof given here, following Bourbaki, is due to Brauer.®

Jordan decompositions in semisimple Lie algebras

In this subsection, the base field k£ has characteristic zero.

Recall that every endomorphism of a k-vector space has a unique (additive Jordan)
decomposition into the sum of a semisimple endomorphism and a commuting nilpotent
endomorphism (1.22). For a Lie subalgebra g of gl , the semisimple and nilpotent parts of
an element of g need not lie in g (see 1.25). However, this is true if g is semisimple.

PROPOSITION 5.26 Let g be a Lie subalgebra of gly, . If g is semisimple, then it contains
the semisimple and nilpotent parts of each of its elements.

8Brauer published his proof in 1936. Bourbaki included in their book a version of a later proof. Only after
their book was published did they discover that their argument was the same as that of Brauer (Borel 2001,

p.18).
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PROOF. We may suppose that k is algebraically closed. For any subspace W of V, let
gw ={aegly |[a(W)C W, Tr(e|W)=0}.

Then g is a Lie subalgebra of gly. If giW C W, then g is contained in gy, because
every element of g is a sum of brackets (4.19) and so has trace zero. Therefore g is a Lie
subalgebra of the Lie algebra

* def

g* S gy, (@) N[ ow | gW C W},

If x € g*, then so also do xg and x,, because they are polynomials in x without constant
term and ad(x); = ad(xs) and ad(x), = ad(x,) (1.23, 1.24). It therefore suffices to show
that g* = g. As g is a semisimple ideal in the Lie algebra g*,

g-=g®dgt

where g+ is the orthogonal complement of g with respect to the Killing form on g* (see
4.14). Let € g~ and let W be a simple g-submodule of V. Then « acts on W as a scalar
(Schur’s lemma 5.4), which must be zero because o|W has trace zero (« is in gy) and k
has characteristic zero. As V' is a sum of simple g-modules (Weyl’s theorem 5.20), we see
that o = 0. O

For sl, C gl,, the proposition is obvious: let x = x5 + x5 in gl,; then Tr(x,) =0
automatically, and so x; has trace zero if x does.

DEFINITION 5.27 An element x of a Lie algebra g is semisimple (resp. nilpotent) if p(x)
is semisimple (resp. nilpotent) for every representation (V,p) of g, and x = x5 + x5 is a
Jordan decomposition of x if p(x) = p(xs) + p(xy) is a Jordan decomposition of p(x) for
every representation (V, p) of g.

Note that x = x5 + X5 is a Jordan decomposition of x if x; is semisimple, x;, is nilpo-
tent, and [xg,x,] = 0.

THEOREM 5.28 Every element of a semisimple Lie algebra g has a unique Jordan decom-
position; moreover, X = X5 + X5 is a Jordan decomposition of x if p(x) = p(xs) + p(xp) is
a Jordan decomposition of p(x) for one faithful representation.

PROOF. Let x € g, and let (V, p) be a faithful representation of g (for example, the adjoint
representation). There exists at most one decomposition x = xg + x5 such that p(x) =
p(xs) + p(xp) is a Jordan decomposition of p(x) (because of the uniqueness in 1.22). This
proves the uniqueness.

According to (5.26), there do exist exist xs,Xx, € g such that p(x) = p(xs5) + p(xn)
is the Jordan decomposition of p(x). Now (1.24) implies that ad(xs) (resp. ad(xy)) is a
semisimple (resp. nilpotent) k-linear endomorphism of g C End(V'). As they commute,
ad(x) = ad(xy) + ad(x,) is the Jordan decomposition of ad(x) as an endomorphism of
g. Because the adjoint representation is faithful, this shows that the decomposition x =
Xs + X is independent of p. Every representation can be made faithful by adding the
adjoint representation, and so this shows that x = xz 4 x, is a Jordan decomposition of x.g
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In particular, an element x of a semisimple Lie algebra g is semisimple (resp. nilpotent)
if and only if adg(x) is semisimple (resp. nilpotent).

PROPOSITION 5.29 A Lie subalgebra b of a Lie algebra g is commutative if ady(x) is
semisimple for all x € b.

PROOF. Let x be an element of such a Lie algebra h. We have to show that ady(x) = 0. If
not, then, after possibly passing to a larger base field, ady(x) will have an eigenvector with
nonzero eigenvalue, say,

[x,y]=cy, c¢#0, y#0, yeh.
Now
adg(y)(x) = [y, x] = —=[x,y] =—cy #0
but
adg(y)*(x) = adg(y)(—cy) =0.

Thus, ady(y) acts nonsemisimply on the subspace of g spanned by x and y, and so it acts
nonsemisimply on g itself. O

In particular, a Lie algebra is commutative if all of its elements are semisimple.

ASIDE 5.30 A Lie algebra is said to be algebraic if it is the Lie algebra of an algebraic group (see
Chapter II). Proposition 5.26 automatically holds for algebraic Lie subalgebras of gly,. The result
may be regarded as the first step in the proof that all semisimple Lie algebras are algebraic.

ASIDE 5.31 It would be more natural to deduce the existence of Jordan decompositions for semisim-
ple Lie algebras from the following statement:

let g C gly be semisimple; then g consists of the elements of gly fixing all tensors
fixed by g.

Cf. the proof of the Jordan decomposition for algebraic groups in AGS X, Theorem 2.8; cf. Cassel-
man, Introduction to Lie algebras, §19; Serre 1966, LA 6.5. See also 11, 4.17 below. Does this hold
for Lie algebras such that g = [g, g]?

6 Reductive Lie algebras; Levi subalgebras; Ado’s
theorem

In this section, k is a field of characteristic zero.

Reductive Lie algebras

DEFINITION 6.1 A Lie algebra g is said to be reductive if its radical equals its centre.

By definition, the radical of a Lie algebra is its largest solvable ideal. Therefore, a Lie
algebra g is reductive if and only if every solvable ideal a of g is contained the centre of g,
ie., [g,a] =0.

PROPOSITION 6.2 The following conditions on a Lie algebra g are equivalent:
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(a) g isreductive;
(b) the adjoint representation of g is semisimple;
(c) g is a product of a commutative Lie subalgebra ¢ and a semisimple Lie algebra b.

PROOF. (a)=-(b). If the radical ¢ of g is the centre of g, then the adjoint representation of
g factors through g/v, which is a semisimple Lie algebra (4.4). Now Weyl’s theorem (5.20)
shows that the adjoint representation is semisimple.

(b)=(c). If the adjoint representation is semisimple, then g is a direct sum of minimal
nonzero ideals a;, and hence g is isomorphic (as a Lie algebra) to a product of a; (see p.44).
Each q; is either commutative of dimension 1 or simple. The product ¢ of the commutative
a; is commutative, and the product b of simple ideals is semisimple, which proves the
statement.

(c)=(a). If g = ¢ x b, then obvious z(g) = z(c) x z(b) = cand r(g) = r(c) xr(b) =c.
Or, in other words, r(g) = z(g) because this is true for both ¢ and b. O

6.3 The decomposition g = ¢ x b (¢ commutative, b semisimple) in (c) is unique; in fact,

we must have ¢ = z(g) and h = D(g). To see this, note that, if g = ¢ x b, then the centre
of g is the product of the centres of ¢ and b and the derived algebra of g is the product
of the derived algebras of ¢ and b. Hence, if ¢ is commutative and b is semisimple, then
zZ(g)=c+0=cand Dg=0+b=0.

PROPOSITION 6.4 A Lie algebra is reductive if and only if it has a faithful semisimple
representation.

PROOF. If p1:g1 — gly, and p2:g> — gly, are faithful (resp. semisimple) representations
of g1 and ga, then p1 x p2:g1 X g2 — gly, X gly, C gly, xv, is a faithful (resp. semisimple)
representation of g; x g>. Thus, it suffices to prove the corollary in the two cases: g is a
semisimple Lie algebra; g is a one-dimensional Lie algebra. For a semisimple Lie algebra,
we can take the adjoint representation, and for a one-dimensional Lie algebra we can take
the identity map. O

ASIDE 6.5 As an exercise, show that a Lie algebra has a faithful simple representation if and only
if it is reductive and its centre has dimension < 1 (cf. Erdmann and Wildon 2006, Exercise 12.4).

DEFINITION 6.6 The nilpotent radical s = s(g) of a Lie algebra g is the intersection of the
kernels of the simple representations of g.’

Thus, the nilpotent radical is contained in the kernel of every semisimple representation of
g, and it is equal to the kernel of some such representation.

6.7 A Lie algebra g is reductive if and only if s(g) = 0.

This is a restatement of Proposition 6.4.

This is the analogue of the unipotent radical of an algebraic group.
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6.8 Recall (2.22) that the largest nilpotency ideal n,(g) of g with respect to a representa-
tion p:g — gly is equal to the intersection of the kernels of the simple subrepresentations
of p. Therefore,

s@) =[], 7(0)

where p runs over the representations of g. In particular, s(g) is a nilpotency ideal of g with
respect to the adjoint representaton, and so it is nilpotent (2.23).

THEOREM 6.9 Let g be a Lie algebra, let v be its radical, and let s be its nilpotent radical.
Then
s=DgNt =gt

In particular, [g,t] is nilpotent.

Before giving the proof, we state a corollary.

COROLLARY 6.10 A surjective homomorphism f:g — g of Lie algebras maps the nilpo-
tent radical of g onto the nilpotent radical of ¢’. Therefore g’ is reductive if and only if the
kernel of f contains the nilpotent radical of f.

PROOF. With the obvious notations

69

§2g W=/, f©] = f(5. ) E f(s). .

Proof of Theorem 6.9
LEMMA 6.11 Let« be an endomorphism of a finite-dimensional vector space over a field

of characteristic zero. If Tr(a™) = 0 for alln > 1, then « is nilpotent.

PROOF. After extending the base field, we may assume that « is trigonalizable. Letay,...,anm

be its eigenvalues. The hypothesis is that ¢, 4 > a?l is zero for all n > 1. Write
(X —a1) (X —am) =X"—51 X" Lo (=1)"sp.
According to Newton’s identities!'?
=5
th = 8111 — 282

t3 = S1tp — S2t1 + 383
which show that 0 = 57 = s, = ---. Therefore the characteristic polynomial of « is X,

and so o™ = 0. o

LEMMA 6.12 Let g be a Lie subalgebra of gly,, and let a be a commutative ideal in g. If V
is simple as a g-module, then DgNa = 0.

19More generally, Newton’s identities allow you to compute the characteristic polynomial of a matrix from
knowing the traces of its powers — the Wikipedia (Newton’s identities).
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PROOF. As V is simple, every nilpotency ideal of g with respect to V' is zero (2.21). Let A
be the associative k-subalgebra of End(V') generated a. Consider the ideal [g, a] in g. For
x€g,aca,ands € A4,

Try[x,als = Try (xas —axs) = Try x(as —sa) =0

as as = sa. On applying this with s = [x,a]*~!, we see that Try [x,a]” = 0 foralln > 1.
Hence [g, a] is a nilpotency ideal of g with respect to V', and it is zero. This means that the
elements of g commute with those of a (in End(V)), and so they commute also with those
of A. Forx,y egands € 4,

Try (yxs) = Try (syx) = Try (xsy)
(because Tr(AB) = Tr(BA)), and so

Try [x, y]ls = Try (xys — yxs) = Try x(ys —sy) =0

as ys = sy. If [x, y] € a, we can apply this with s = [x, y]* !, and deduce as before that

the ideal DgNa = 0. o

We now prove the theorem.

PROOF THAT [g,t] C DgNt. Obviously [g,t] C [g,g] d=Eng, and [g, ] C v because t is an
ideal.

PROOF THAT DgNt C s. We have to show that p(DgNt) = 0 for every simple repre-
sentation p: g — gl of g. By definition, v is solvable, and we let r denote the first positive
integer such that p(D”t1t) = 0; then a =p(D"t) is a commutative ideal in pg. Hence (by
6.12) D(pg) Na =0, and so p(DgND"t) =0. If r > 0, then D"t C Dy, and so

o(D"t) = p(DgND"t) =0,

contrary to the definition of r. Hence r = 0, and p(DgNt) = 0.

PROOF THAT s C [g,t]. Letq=g/[g,t], and let f be the quotient map g — q. Then f(v)
is contained in the centre of q but, because f is surjective, it is equal to the radical of q.
Therefore q is reductive, and so it has a faithful semisimple representation p (6.4). Now
po f is a semisimple representation of g with kernel [g, t], which shows that s C [g, t].

Summary

6.13 For any Lie algebra g,
tDgtonDs

where t is the radical of g (3.6), g* is the kernel of the Killing form'! (p.42), n is the largest
nilpotent ideal in g (2.24), and s is the nilpotent radical (6.6). Cf. Bourbaki LIE I, §5, 6.

"I'This is sometimes called the Killing radical of g.
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Criteria for a representation to be semisimple

The next theorem and its proof are taken from Bourbaki LIE I, §6, 5.

THEOREM 6.14 The following conditions on a representation p: g — gly are equivalent:

(a) p is semisimple;

(b) p(g) is reductive and its centre consists of semisimple endomorphisms;
(¢) p(v) consists of semisimple endomorphisms (v = radical of g);

(d) the restriction of p to v is semisimple.

PROOF. (a) = (b). If p is semisimple, then p(g) is reductive (6.4). Moreover, U(g)y is
semisimple (5.13), and so its centre is semisimple. In particular, its elements are semisimple
endomorphisms of V.

(b) = (c). If p(g) is reductive, then its centre equals its radical, and its radical contains
p(v).

(¢) = (d). We know that [pg, pt] consists of nilpotent elements (6.9), and so equals
zero if pt consists of semisimple elements. Now we apply, Bourbaki A, VIII, §9, 2, Thm 1
(see 5.15).

(d) = (a) Let s be the nilpotent radical of g, and let p’ be the restriction of p to t.
The elements of p(s) are nilpotent, and so s is contained in the largest nilpotency ideal of ©
with respect to p’. As p’ is semisimple, p’(s) = 0, and so p(g) is reductive (6.10). Hence
p(g) = p(r) x a with a semisimple (6.2). Let R (resp. A) be the associative k-algebra
generated by p(t) (resp. a). They are semisimple (5.13), and so A ® R is semisimple
(5.10). The associative k-algebra generated by p(g) is a quotient of A ® R, and so it also is
semisimple. This implies that p is semisimple (5.13). o

COROLLARY 6.15 Let p and p’ be representations of g. If p and p’ are semisimple, so also
are p® p’ and Hom(p, p') (notations as in 1.20).

PROOF. For x € r(g), p(x) and p(x’) are semisimple (6.14), and so p(x) ® 1 + 1 ® p’(x)
is semisimple (Bourbaki A, VIII, §9, Corollary to Theorem 1; see 5.15), and so p ® p’ is
semisimple (6.14). If p is semisimple, so (obviously) is pV, and Hom(p, p') >~ p¥ ® p’.

We say that a homomorphism «: g — ¢ is normal if «(g) is an ideal in g'.

COROLLARY 6.16 Leto:a — g be a normal homomorphism and let p be a representation
of g. If p is semisimple, so also is po«.

PROOF. After passing to the quotients, we may suppose that p is faithful and that a is an
ideal in g. Then g and a are reductive (6.14), and so g = ¢+ g where c¢ is the centre of g and
q is semisimple. Now ¢ N a is the centre of a, and the elements of p(c N a) are semisimple,
and so p is semisimple. O

ASIDE 6.17 The results in this subsection show that the semisimple representations of a Lie algebra
g form a neutral Tannakian category Rep* (g) with a canonical fibre functor (the forgetful functor).
Therefore,

Rep™(g) = Rep(G)
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for a uniquely determined affine group scheme G (in fact, an inverse limit of reductive algebraic
group schemes). When g is semisimple, Rep**(g) = Rep(g), and G is the simply connected semisim-
ple algebraic group with Lie(G) = g. See Chapter II. When g is the one-dimensional Lie algebra, G
is the diagonalizable group attached to k regarded as an additive commutative group (see II, 4.17)
— this group is not finitely generated, and so G is not of finite type.

The Levi-Malcev theorem
Special automorphisms of a Lie algebra

6.18 Ifu is anilpotent endomorphism of a k-vector space V', then the sum ¥ =}, _ o u" /!
has only finitely many terms (it is a polynomial in u), and so it is also an endomorphism of
V. If v is another nilpotent endomorphism of V' and ¥ commutes with v, then

ool — (Zm>0 :7—":) (ano Z_r:)
- Zm n>0 m'n'
-3, " (S () )

= Zr>0 ;( u-+ v)r

="

—u

In particular, e¥e ™ = €% = 1, and so ¥ an automorphism of V.

6.19 Now suppose that V is equipped with a k-bilinear pairing V x V — V (i.e., it is a
k-algebra) and that u is a nilpotent derivation of V. Recall that this means that

u(xy) =x-u(y)+ux)-y (x,yeV).
On iterating this, we find that
r — r m . n : L}
u (x,y) = Zm+n:r (m) u™(x)-u"(y) (Leibniz’s formula).
Hence
1
u _ o Ls u
e(xy) = Zr>0 u"(xy) (definition of ")
J— _ r m . n . .y
= ZrZO ] Zm+n:r ( )u (x)-u”(y) (Leibniz’s formula)

u™(x) u"(y)
_Zmn>0 m!  nl
=e"(x)-e"(y).

Therefore e* is an automorphism of the k-algebra V. In particular, a nilpotent derivation u
of a Lie algebra defines an automorphism of the Lie algebra.
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6.20 Recall that the nilpotent radical s of g is the intersection of the kernels of the simple
representations of g. Therefore, for every representation p: g — gly of g, p(s) consists of
nilpotent endomorphisms of V' (2.21). Hence, for any x in the nilpotent radical of g, ad x is
a nilpotent derivation of g, and so e®ls ) is an automorphism of g. Such an automorphism
is said to be special. Note that a special automorphism of g preserves each ideal of g.
(Bourbaki LIE, I, §6, 8.)

6.21 More generally, any element x of g such that ady(x) is nilpotent defines an auto-
morphism e®s(¥) of g. A finite products of such automorphisms is said to be elementary.
The elementary automorphisms of g form a subgroup Aut, (g) of Aut(g). As ue*d®)y =1 =
¢4%) for any automorphism u of g, Aut(g) is a normal subgroup of Aut(g). (Bourbaki
Lie, VII, §3, 1).

6.22 Let g be a Lie algebra. Later we shall see that there exists an affine group G such
that

Rep(G) = Rep(g).

Let x be an element of g such that p(x) is nilpotent for all representations (V, p) of g over
k, and let (¢*)y = e”™). Then

o (eMvew = (€¥)y ® (eX)w for all representations (V, py) and (W, pw) of g;

o (e¥)y =idy if g acts trivially on V;

o (eM)woar = ago(e®)y for all homomorphisms a: (V, py) — (W, pw) of repre-
sentations of g over k.

It follows that there exists a unique element e* in G(k) such that e* acts on V as e?™) for
all representations (V, p) of g.

ASIDE 6.23 Let Auty(g) denote the (normal) subgroup of Aut(g) consisting of automorphisms that
become elementary over k% If g is semisimple, then Aut, (g) is equal to its own derived group, and
when g is split, it is equal to the derived group of Auty(g) (Bourbaki LIE, VIIL, §5, 2; §11, 2, Pptn
3).

NOTES This section will be completed when I know exactly what is needed for Chapter II.

Levi subalgebras

DEFINITION 6.24 Let g be a Lie algebra, and let v be its radical. A Lie subalgebra s of g
is a Levi subalgebra (or Levi factor)if g=t+sandtNs=0(so g =t @ s as a k-vector
space).

Let s be a Levi subalgebra of g. Then g is the semidirect product of tand s, and g =t x s
is called a Levi decomposition of g.

THEOREM 6.25 (LEVI-MALCEV) Every Lie algebra has a Levi subalgebra, and any two
Levi subalgebras are conjugate by a special automorphism of g.
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PROOF. First case:[g,t] =0, i.e., vt C z(g). In this case, g is reductive, and g = z(g) x Dg
is a Levi decomposition of g; moreover, it is the only Levi decomposition (see 6.2, 6.3).
Second case: No nonzero ideal of g is properly contained in t. Then [g,t] = ¢, and

[v.t] =0=1z(g)

because both are ideals of g properly contained in t.
The adjoint action of g on g defines an action of g on Endy,_jipear(9), namely,

xa =adg(x)oa —aoadg(x) = [adg(x),a], x € g, @ € Endg jinear(9),
(see 1.20). Consider the subspaces of Endy_jipear(9):

V={a:g—t|a|t = A(x)id, for some A(x) € k}
W ={a:g—t|alt=0}.

They are both g-submodules of Endy,_jipeqr(g), and W has codimension 1 in V.
The adjoint action of g on g defines a linear map

¢:t — Endg jinear(9), X > adg(x).

This is injective (because z(g) = 0), and its image P lies in W (because t is a commutative
ideal). Moreover, P is a g-module (because t is an ideal).
Forxetv,yeg,anda eV,

(xa)(y) = [x,a(¥)]—a([x,y]) = —A(x)[x, y]
as t is commutative. This can be rewritten as,
xa = —ad(A(a)x),

and so elements of t map V into P.
Thus ¢ acts trivially on V/ P, and so g acts on V// P through the semisimple algebra g/t.
According to Weyl’s theorem 5.20, there exists a g-stable line L in ¥/ P such that

V/P=W/P&L.

In fact, g acts trivially on L (5.19). Some «g € V . W will generate L, and we may scale
o so that A(ag) = —1. Consider the linear map

grgao ¢!
—_ P —r.

The restriction of this to t is the identity map, and so its kernel is a Levi subalgebra of g.
Let s’ be a second Levi subalgebra of g. For each x € ¢/, there is a unique /(x) € t such
that x +/(x) € 5. For x,y € ¢/,

[x +h(x), y +h(y)] = [x, y] + [x, ()] + [y, h(x)]

lies in s, and so

h(lx, y]) = ad(x)(h(y)) —ad(y) (h(x)).
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According to (5.21), there exists an a € v such that 4(x) = —[x,a] for all x € . Now
x+h(x)=x+[a,x] = (1+ad(a))(x), allxes,

and so 1+ ad(a) maps s’ to s. As [v,t] =0, ad(a)?> = 0, and so 1 + ad(a) = ¢*%. As
[g.t] =, a is in the nilpotent radical of g, and so ¢2¢ is a special automorphism of g.
General case. We use induction on the dimension of the radical of g. After the first two
steps, we may suppose that [g,t] # 0 and that v contains a proper nontrivial ideal. As [g,t]
is nilpotent (6.9), its centre is nonzero. Let m be a minimal nonzero ideal contained in the
centre of [g,t]. After the second step, we may suppose that m # t. Now g/m has radical
t/m, and so we may apply the induction hypothesis to it. O

ASIDE 6.26 Theorem 6.25 reduces the problem of classifying Lie algebras (in characteristic zero)
to the problems of (a) classifying semisimple Lie algebras, (b) classifying solvable Lie algebras, and
(c) classifying the semidirect products of a semisimple Lie algebra by a solvable Lie algebra.

Let s be a semisimple Lie algebra and let v be a solvable Lie algebra. The Lie algebra struc-
tures on t @ s making it into a semidirect product v X s are in one-to-one correspondence with the
representations p:s — gl, such that p(s) C Der(t).

For a discussion of (c), see arXiv:1302.4255.

NOTES Levi (1905) proved that Levi subalgebras exist, and Malcev (1942) poved that any two of
them are conjugate.

NOTES In nonzero characteristic, both parts of (6.25) may fail. See McNinch, George J., Levi
decompositions of a linear algebraic group. Transform. Groups 15 (2010), no. 4, 937-964.

Ado’s theorem

THEOREM 6.27 (ADO) Let g be a finite-dimensional Lie algebra over a field of character-
istic zero, and let n be its largest nilpotent ideal. Then there exists a faithful representation
(V, p) of g such that p(n) consists of nilpotent elements.

In particular, every nilpotent Lie algebra g over a field of characteristic zero admits a
faithful representation (V,r) such that p(g) consists of nilpotent elements.

Let g be a Lie algebra. Recall that an ideal a in g is a nilpotency ideal with respect to a
representation p of g if p(x) is nilpotent for all x € a. For each representation (V, p), there
exists a largest nilpotency ideal n,(g), which consists of the elements x of g such xM =0
for all simple subquotients M of V' (2.22).

Zassenhaus’s extension theorem
Let (V, p) be a representation of U(g). Fore € V and ¢’ € V'V, the map 6(e,¢’)
x = (p(x)e,e’):U(g) — k,

is called a coefficient of p, and we let C(p) denote the subspace of U(g)" spanned by the
coefficients of p. For example, if eq,..., e, is a basis for V' and e’l,.. ., e, is the dual basis,
then 6(e;, e;.) sends an element x of U(g) to the (i.;)th entry of the matrix of p(x) relative
to the basis ey, ..., e,. Moreover, the map

er> (0(e,e)),....0(e,e)):V — C(p)

is an injective U(g)-homomorphism.
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THEOREM 6.28 (ZASSENHAUS) Let g be a Lie algebra. A representation p’ of a Lie sub-
algebra g’ of g extends to a representation p of g such that n,(g) D ny(g') if ¢’ is an ideal
in g and there exists a Lie subalgebra by of g such that g = ¢’ @ h and [h,g'] C ny(g). If
moreover adg(x)|g’ is nilpotent for all x € b, then p can be chosen so that n,(g) D b.

PROOF. (Following the proof of Bourbaki LIE, I, §7, 2, Thm 1.) Let I be the kernel of
0, regarded as a representation of U(g’). Then I is a two-sided ideal of U(g’) of finite
codimension. Let C(p") denote the subspace of U(g')" of coefficients of p’ — it is orthog-
onal to / in the natural pairing U(g’) x U(g')Y — k. Let S be the sub-g-module of U(g’)V
generated by C(p').

Let V' be the representation space for o/, and let

V' =VgDV{D---DV;={0}

be a Jordan-Holder series for V' (as a U(g')-module). Let I’ C U(g’) be the intersection of
the kernels of the representations of U(g’) on the quotients V;_, /V;. Then

1'"“crcr,

and I’ Ng' = n,(g'). Now (1.29) shows that I’ is of finite codimension in U(g).

For x € b, the derivation u + xu —ux of U(g’) maps g’ into [h,g’] C I’, hence U(g’)
into I’, and hence 1'% into I'4. As I'? is a g/-submodule of U(g’), this shows that it is
also a g-submodule. The orthogonal complement of I’ in U(g')V is a finite-dimensional
g-submodule which contains C(p’) and therefore S. Therefore S is finite-dimensional over
k.

The g’-module V' is isomorphic to a sub-g’-module of C(p")" for some n. Hence the
g-module S” is a finite-dimensional extension p of p’ to g. Moreover, p(x) is nilpotent for
x € I'Ng’, which is an ideal in g, and so I’ N g’ is contained in the largest nilpotency ideal
of p. This completes the proof of the first assertion of the theorem.

The proof of the second assertion is omitted (for the moment). o

Another extension result

PROPOSITION 6.29 Let g be a Lie algebra, let a be a nilpotent ideal in g, and let p be a rep-
resentation of a such that p(x) is nilpotent for all x € a. Then p extends to a representation
o’ of g such that p’(xb) is nilpotent for all x in the largest nilpotent ideal of g.

PROOF. Let n denote the largest nilpotent ideal of g. Then n D a and n/a is nilpotent, and
so there exists a sequence of subalgebras of n

a=ngCny C---Cnp,=n

such that n;_; is an ideal in n; and dimn; /n;_; = 1 for all i. The algebra n; is therefore the
direct sum of n; 1 with a one-dimensional subalgebra. As adyx is nilpotent for all x € n,
we can apply (6.28) to successively extend p to ny,...,n in such a way that every element
of n is mapped to a nilpotent endomorphism.
Let ¢ denote the radical of g. Then t is unipotent, and so there exists a sequence of
subalgebras of t
n=trt9gCr1C---Crg=¢1



66 CHAPTER 1. LIE ALGEBRAS

such that v;_; is an ideal in v; and dimv¢; /v;—y = 1 for all i. As [t,t] C n, we can apply
(6.28) to successively extend p to vy,...,t in such a way that every element of v is mapped
to a nilpotent endomorphism.

Finally, we apply the Levi-Malcev theorem (6.25) to write g = t @ s with s a subalgebra.
As [s,t] C n, we can apply (6.28) again to extend p to g in such a way that every element of
n is mapped to a nilpotent endomorphism. O

Proof of Ado’s theorem 6.27

The theorem is certainly true if g is commutative; for example, if g has dimension 1 we can
. 0 c . .
take p to be the representation ¢ — ( 0 0)' Choose a faithful representation of the centre ¢

of g sending each element of ¢ to a nilpotent endomorphism, and extend it to a representation
p1 of g asin (6.29). Let p, be the adjoint representation of g, and let p = p; @ p». Then p
sends every element of n to a nilpotent endomorphism because each of p; and p, does, and

Ker(p) = Ker(p;) NKer(pz) = Ker(p;) Nec=0.

ASIDE 6.30 Lie himself tried to prove that every Lie algebra arises as a subalgebra of gl,,, but it was
only in 1935 that Ado succeeded in showing this over an algebraically closed field of characteristic
zero. Iwasawa (1950) proved the same result in nonzero characteristic, and Harish-Chandra (1949)
proved the above result. The proof given here, following Bourbaki, is that of Harish-Chandra. For a
proof that every Lie algebra in nonzero characteristic admits a faithful representations, see Jacobson
1962, VL.3.

7 Root systems and their classification

To a semisimple Lie algebra, we attach some combinatorial data, called a root system, from
which we can read off the structure of the Lie algebra and its representations. As every root
system arises from a semisimple Lie algebra and determines it up to isomorphism, the root
systems classify the semisimple Lie algebras. In this section, we review the theory of root
systems and explain how they are classified in turn by Dynkin diagrams,

This section omits some (standard) proofs. For more detailed accounts, see: Bourbaki
LIE, Chapter VI; Serre 1966, Chapter V; or Casselman, Root Systems.

Throughout, F is a field of characteristic zero and V is a finite-dimensional vector space
over F. An inner product on a real vector space is a positive definite symmetric bilinear
form.

Reflections

A reflection in a vector space is a linear transformation fixing a hyperplane through the
origin and acting as —1 on a line through the origin (transverse to the hyperplane). Let o
be a nonzero element of V. A reflection with vector « is an endomorphism s of V' such that
s(o) = —a and the set of vectors fixed by s is a hyperplane H. Then V = H & («) with s
acting as 1 @ —1, and so 5% = —1. Let V'V be the dual vector space to V, and write { , ) for
the tautological pairing V x VY — k.

LEMMA 7.1 IfaY is an element of V' such that (a,aV) = 2, then

Se:x > x—(x,a")a (39)
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is a reflection with vector o, and every reflection with vector « is of this form (for a unique
\4
a’)

PROOF. Certainly, sq is a reflection with vector az. Conversely, if s is a reflection with
vector « and fixed hyperplane H, then the composite of the quotient map V' — V/H with
the linear map V/H — F sending @ + H to 2 is the unique element «¥ of V'V such that
a(H)=0and {(a,av) = 2. o

LEMMA 7.2 Let R be a finite spanning set for V. For any nonzero vector « in V, there
exists at most one reflection s with vector « such that s(R) C R.

PROOF. Let s and s’ be such reflections, and let 7 = ss’. Then ¢ acts as the identity map on
both Fa and V/ Fa, and so

(t—1D*VcCc(@t—1)Fa=0.

Thus the minimum polynomial of ¢ divides (7 — 1)2. On the other hand, because R is finite,
there exists an integer m > 1 such that t™(x) = x for all x € R, and hence for all x € V.
Therefore the minimum polynomial of ¢ divides 7 — 1. As (T —1)? and 7™ — 1 have
greatest common divisor 7' — 1, this shows that t = 1. O

LEMMA 7.3 Let (, ) be an inner product on a real vector space V. Then, for any nonzero
vector « in V', there exists a unique symmetry s with vector « that is orthogonal for (, ),
i.e., such that (sx,sy) = (x,y) for all x,y € V, namely

(x, @)
aa™ (40)

s(x)y=x-2

PROOF. Certainly, (40) does define an orthogonal symmetry with vector . Suppose s’
is a second such symmetry, and let H = ()*. Then H is stable under s’, and maps
isomorphically on V/{«). Therefore s’ acts as 1 on H. As V = H & («) and s’ acts as —1
on (&), it must coincide with s. o

Root systems
DEFINITION 7.4 A subset R of V over F is a root system in V if

RS1 R is finite, spans V, and does not contain 0;
RS2 foreach « € R, there exists a (unique) reflection s, with vector o such that 5o (R) C R;
RS3 forall o, 8 € R, so(B) — B is an integer multiple of «.

In other words, R is a root system if it satisfies RS1 and, for each o € R, there exists a
(unique) vector ¥ € V'V such that (a,aV) = 2, (R,aY) € Z, and the reflection s4: x —
x —(x,a¥)a maps R in R.

We sometimes refer to the pair (V, R) as a root system over F. The elements of R are
called the roots of the root system. If « is a root, then sy () = —« is also a root. The
unique " attached to « is called its coroot. The dimension of V is called the rank of the
root system.
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EXAMPLE 7.5 Let V be the hyperplane in F"*! of n + I-tuples (x;)1<i<n+1 such that
> x; =0, and let

R=faySei—ejli#j, 1<ij<n+1}
where (e;)1<i<n+1 1s the standard basis for F n+1 For each i # ], let sy , be the linear
map V' — V' that switches the ith and jth entries of an n + I-tuple in V. Then sq;; is a
reflection with vector «;; such that 54, (R) C R and sq,, (B) — B € Zaj; for all B € R. As
R obviously spans V, this shows that R is a root system in V.
For other examples of root systems, see p.91 below.

PROPOSITION 7.6 Let (V, R) be a root system over F, and let Vy be the Q-vector space
generated by R. Thenc @ v+ cv: F ®q Vo — V is an isomorphism, and R is a root system
in Vy (Bourbaki LIE, VI, 1.1, Pptn 1; Serre 1966, V, 17, Thm 5, p. 41).

Thus, to give a root system over F is the same as giving a root system over QQ (or R or C).
In the following, we assume that F C R (and sometimes that F = R).

PROPOSITION 7.7 If (V;, R;);ey is a finite family of root systems, then

def

Dicr Vi, Ri) = (D Vi LUR:)

is a root system (called the direct sum of the (V;, R;)).

A root system is indecomposable (or irreducible) if it can not be written as a direct sum
of nonempty root systems.

PROPOSITION 7.8 Let(V, R) be aroot system. There exists a unique partition R =| |;c; R;
of R such that

V.R) =P, _,(Vi.R)). Vi =spanof R:,
and each (V;, R;) is an indecomposable root system (Bourbaki LIE, VI, 1.2).

Suppose that roots & and B are multiples of each other, say,
B=ca, ceF, O0<c<l.

Then (ca,a¥) =2c¢ € Zand so ¢ = % For each root «, the set of roots that are multiples of
« is either {—a, ¢} or {—a, —a/2,0¢/2,}. When only the first case occurs, the root system
is said to be reduced.

From now on “root system” will mean “reduced root system”.

The Weyl group

Let (V,R) be a root system. The Weyl group W = W(R) of (V, R) is the subgroup of
GL(V) generated by the reflections s, for @ € R. Because R spans V, the group W acts
faithfully on R, and so is finite.

For o € R, we let Hy denote the hyperplane of vectors fixed by s,. A Weyl chamber is
a connected component of V' \ |, cr Ha-

PROPOSITION 7.9 The group W(R) acts simply transitively on the set of Weyl chambers
(Bourbaki LIE, VI, §1, 5).
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Existence of an inner product

PROPOSITION 7.10 For any root system (V, R), there exists an inner product (, ) on V
such the w € R, act as orthogonal transformations, i.e., such that

(wx,wy) =(x,y) forallwe W,x,y V.

PROOF. Let (, )’ be any inner product V x V — R, and define

@y =) wxwy).

Then (, ) is again symmetric and bilinear, and

— /
(x,x) = Zwew(wx,wx) >0
if x # 0, and so (, ) is positive-definite. On the other hand, for wo € W,
(wox,woy) =) (wwox, wiwoy)
=(x.y)

because as w runs through W, so also does wwy. o

In fact, there is a canonical inner product on V.
When we equip V' with an inner product (, ) as in (7.10),

(x.a)

o,

Seg(x)=x-2 aforall x € V.
Therefore the hyperplane of vectors fixed by « is orthogonal to «, and the ratio (x, )/ (o, ®)
is independent of the choice of the inner product:

(x,a) _

Y@

(x,aV).

Bases

Let (V, R) be aroot system. A subset S of R is a base for R if it is a basis for V' and if each
root can be written f = ) . ¢ mqa with the m, integers of the same sign (i.e., either all
mg > 0 or all my < 0). The elements of a (fixed) base are called the simple roots (for the
base).

PROPOSITION 7.11 There exists a base S for R (Bourbaki LIE, VI, §1, 5).

More precisely, let 7 lie in a Weyl chamber, so ¢ is an element of V' such that (z,a") # 0
ifo € R,andlet RT = {o € R | (a,t) > 0}. Say that o € R is indecomposable if it can
not be written as a sum of two elements of R™. The indecomposable elements form a base,
which depends only on the Weyl chamber of 7. Every base arises in this way from a unique
Weyl chamber, and so (7.9) shows that W acts simply transitively on the set of bases for R.

PROPOSITION 7.12 Let S be a base for R. Then W is generated by the {sq | @ € S}, and
W .S = R (Serre 1966, V, 10, p. 33).
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PROPOSITION 7.13 Let S be a base for R. If S is indecomposable, there exists a root

O = ) yesNa® such that, for any other root ), g mae, we have that ng > my, for all
(Bourbaki LIE, VI, §1, 8).

Obviously @ is uniquely determined by the base S. It is called the highest root (for the
base). The simple roots @ with n,, = 1 are said to be special.

EXAMPLE 7.14 Let (V, R) be the root system in (7.5), and endow V' with the usual inner
product (assume F' C R). When we choose

n
t=nep +"'+€n—§(€1 +-tent1),

then

RYE{a|(a.) >0} =f{ei—ej|i>j}
Fori > j 41,

ej—ej = (ej—ejy1)+--+(ejr1—ej),
and so e; —e; is decomposable. The indecomposable elements are ey —e2,...,e, —€,4+1.
Obviously, they do form a base S for R. The Weyl group has a natural identification with
Sn+1, and it certainly is generated by the elements s, , ..., Sy, Where a; = e; —e; +1; more-

over, W -S = R. The highest root is

N

=e1—ept1 =01+ +op.

Reduced root systems of rank 2

The root systems of rank 1 are the subsets {&, —«}, & # 0, of a vector space V of dimension
1, and so the first interesting case is rank 2. Assume F = R, and choose an invariant inner
product. For roots «, B, we let

n.a) =289 _g4vy ez
(o, 0)
Write
n(f,a) = 2@ cos¢
||

where |- | denotes the length of a vector and ¢ is the angle between « and . Then
n(B,a)-n(a,p) =4cos’¢ € Z.

When we exclude the possibility that 8 is a multiple of «, there are only the following
possibilities (in the table, we have chosen § to be the longer root):

n(p.e)-n(.p) | n(p) | nfa)| ¢ |IBl/le]

0 0 0 /2

| 1 1| 73 |
1 1| 2x2/3
1 2 | /4

2 ~1 2 | 3x/4 V2
1 3 /6

. ~1 3 | sn/6 V3
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If & and B are simple roots and n(«, §) and n(B, ) are strictly positive (i.e., the angle
between o and B is acute), then (from the table) one, say, n(f,«), equals 1. Then

Sa(B) =B —n(p.a)a =p—a,

and so +(a — B) are roots, and one, say a — 8, will be in R*. But then & = (a — B) + 83,
contradicting the simplicity of a. We conclude that n(«, 8) and n (8, ) are both negative.
From this it follows that there are exactly the four nonisomorphic root systems of rank 2
displayed below. The set {«, 8} is the base determined by the shaded Weyl chamber.

p=1(0.2)
N B=(-1V3) g
—o oz (2,0) —o o :\(2,0)
M/ \ﬁ
—p

3 +28

B=(=3.v3) a+p 20+ B 3+

30— 20— —a—p —B

—3a—-28

Note that each set of vectors does satisfy (RS1-3). The root system A; x A; is decom-
posable and the remainder are indecomposable.
We have

A1 X Ay Ar B> G2

sa(B)—B Oc lo 2o 3a
1) /2 2n/3 | 3x/4 | 57/6
W(R) D, D3 Dy Dg

(Aut(R): W(R)) 2 2 1 1




72 CHAPTER 1. LIE ALGEBRAS

where D, denotes the dihedral group of order 2n.

Cartan matrices

Let (V, R) be a root system. As before, for o, § € R, we let

n(a,p) = (a.p") € Z,
so that
(a,B)
(B.B)

for any inner form satisfying (7.10). From the second expression, we see that n(wo, wf) =
n(a,B) forallw e W.

Let S be abase for R. The Cartan matrix of R (relative to S) is the matrix (n(c, 8)) o, ges-
Its diagonal entries n(a, ) equal 2, and the remaining entries are negative or zero.

For example, the Cartan matrices of the root systems of rank 2 are,

o) G G 6

A1XA1 A2 B2 GZ

n(a.p) =2

and the Cartan matrix for the root system in (7.5) is

2 -1 0 0 0
-1 2 -1 0 0
0 -1 2 0 0
0 0 0 2 -1
\ 0 0 0 -1 2

because

e; — e , €5 — &5
2( i —eit1,€i+1—€it2) — 1. etc.
(ei —eit+1,6i —e€i+1)

PROPOSITION 7.15 The Cartan matrix of (V, R) is independent of S, and determines
(V, R) up to isomorphism.

In fact, if S’ is a second base for R, then we know that S’ = wS for a unique w € W and
that n(wa, wB) = n(a, B). Thus S and S’ give the same Cartan matrices up to re-indexing
the columns and rows. Let (VV’, R’) be a second root system with the same Cartan matrix.
This means that there exists a base S’ for R” and a bijection @ — «’: S — S’ such that

n(e,B) =n(a’,p’) foralla,B € S. 41)

The bijection extends uniquely to an isomorphism of vector spaces V' — V’, which sends
Sq to 5o for all @ € S because of (41). But the s, generate the Weyl groups (7.12), and
so the isomorphism maps W onto W', and hence it maps R = W -S onto R’ = W' §’
(see 7.12). We have shown that the bijection S — S’ extends uniquely to an isomorphism
(V,R) — (V', R) of root systems.
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Classification of root systems by Dynkin diagrams
Let (V, R) be a root system, and let S be a base for R.

PROPOSITION 7.16 Let« and § be distinct simple roots. Up to interchanging o and B, the
only possibilities for n(«, B) are

n(a,p) | n(B,a) | n(a,fn(B,a)
0 0 0
~1 ~1 1
-2 ~1 2
-3 ~1 3

If W is the subspace of V spanned by « and 8, then W N R is a root system of rank 2 in
W, and so (7.16) can be read off from the Cartan matrices of the rank 2 systems.

Choose a base S for R. Then the Coxeter graph'> of (V, R) is the graph whose nodes
are indexed by the elements of S; two distinct nodes are joined by n(w, 8) - n(8, o) edges.
Up to the indexing of the nodes, it is independent of the choice of S.

PROPOSITION 7.17 The Coxeter graph is connected if and only if the root system is inde-
composable.

In other words, the decomposition of the Coxeter graph of (V, R) into its connected
components corresponds to the decomposition of (V, R) into a direct sum of its indecom-
posable summands.

PROOF. A root system is decomposable if and only if R can be written as a disjoint union
R = R; U R, with each root in Ry orthogonal to each root in R,. Since roots «, 8 are
orthogonal if and only n(a, B) -n(B,a) = 4cos?¢ = 0, this is equivalent to the Coxeter
graph being disconnected. O

The Coxeter graph doesn’t determine the Cartan matrix because it only gives the number
n(a,p)-n(B,a). However, for each value of n(w, B) -n(B, ) there is only one possibility
for the unordered pair

|or] Al

{n(a,B),n(B,a)} = 42— cos¢,2—cos¢ .
1A |

Thus, if we know in addition which is the longer root, then we know the ordered pair.
To remedy this, we put an arrowhead on the lines joining the nodes indexed by « and S
pointing towards the shorter root. The resulting diagram is called the Dynkin diagram of
the root system. It determines the Cartan matrix and hence the root system.

For example, the Dynkin diagrams of the root systems of rank 2 are:

@ g L g *x B ¢ B
O O O0—0 Oo==0 O0==0

AIXAl A2 BZ G2

12 According to the Wikipedia, this is actually a multigraph, because there may be multiple edges joining
two nodes.
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THEOREM 7.18 The Dynkin diagrams arising from indecomposable root systems are ex-
actly the diagrams A, n > 1), B, (n >2),C, (n>3), D, n > 4), E¢, E7, Eg, F4, G>
listed at the end of the section — we have used the conventional (Bourbaki) numbering for
the simple roots.

PROOF. It follows from Theorem 7.19 below, that the Dynkin diagram of an indecompos-
able root system occur in the list. To show that every diagram on the list arises from an
irreducible root system, it suffices to exhibit a root system for each diagram. For the types
A-D we realize the diagram as the Dynkin diagram of a split semisimple Lie algebra in the
next section; sometime I’1l add the exceptional cases. O

For example, the Dynkin diagram of the root system in (7.5, 7.14) is A,. Note that
Coxeter graphs do not distinguish B, from C,,.

Classification of Coxeter graphs

Consider a graph A whose nodes are labelled by 1,2,...,/ and such that the nodes i, j,
i # j, are joined by n;; edges. The quadratic form of A is

1
2
Q1. X =2  X}— XX,
Lj, i)
The Coxeter graph of an indecomposable root system has the following properties:

(a) it is connected;
(b) the number of edges joining any two distinct nodes is 1, 2, or 3;
(c) the quadratic form of A is positive definite.

THEOREM 7.19 The graphs A satisfying the conditions (a,b,c) are exactly the graphs A,
(n 2 1)5 Bn (n Z 2)’ Dn (n 2 4)5 E65 E79 ES’ F4’ G2

PROOF. See, for example, Carter 1995, 2.5, pp. 19-21. O

The root and weight lattices

7.20 Let X be a lattice in a vector space V over F. The dual lattice to X is
Y={yeVY|(X,y)CZ}.

Ifey,...,en is abasis of V that generates X as a Z-module, then Y is generated by the dual

basis f1,..., fm (defined by (e;, f;) = 8i;).

7.21 Let (V,R) be a root system in V. Recall that, for each o € R, there is a unique
a € V such that (a,aV) =2, (R,aV) € Z, and the reflection x — x — (x,a" ) sends R

into R. The set RV & {aV | € R} is a root system in V'V (called the inverse root system).
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a1 (%) a3 Op—2 Op—1 Op
An O O oO—----- O O O (n nodes, n > 1)
o1 o2 o3 Op—2 Op—1 On
B, O——O0—=O0 - O——O0==0  (nnodes,n>2)
a1 o2 a3 Op—2 Op—1 On
Cp O O Oo——----- O O:éo (n nodes, n > 3)
On—1
o1 o2 o3 Op—3 Op—2
Dy, O O o——----- O (n nodes, n > 4)
On
o2
(05} (0%} (67} (07 (07
Eg O O O O O
(%)
(03] a3 6] o5 (67 a7
E7 O O O O O O
a2
(03] o3 [0 7] o5 (07 (0% og
Eg O O O O O O O
o1 (%%) o3 o4
Fs  0——0==0—0
oy o2
G,  o=£=0

List of indecomposable Dynkin diagrams
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7.22 (Bourbaki LIE, VI, §1, 9.) Let (V, R) be a root system. The root lattice Q = Q(R)
is the Z-submodule of V' generated by the roots:

O(R) =ZR ={>yecgMmae | mq € Z}.

Every base for R forms a basis for Q. The weight lattice P = P(R) is the lattice dual to
Q(RY):
P={xeV|{(x,av)eZforalla € R}.

The elements of P are called the weights of the root system. We have P(R) D Q(R)
(because (R,aY) C Z for all « € R), and the quotient P(R)/Q(R) is finite (because the
lattices generate the same Q-vector space).

7.23 (Bourbaki LIE, VI, §1, 10.) Let S be a base for R. Then SV & {aV |« € S} is a base
for RY. For each simple root «, define wy € P(R) by the condition

(wg.BY) = Sa,p. allBeS.
Then {wy | @ € S} is a basis for the weight lattice P(R), dual to the basis SV. Its elements

are called the fundamental weights.

7.24 (Bourbaki LIE, VIII, §7.) Let S be a base for R, so that

Ry = {d mga|mgeN}NR

R = R4 UR_ with
R_ = {d mga;|—my eN}NR

We let P+ = P4 (R) denote the set of weights that are positive for the partial ordering on
V defined by S'; thus

Pi(R) ={> qesCatt |ca =0, cq €Q}NP(R).

A weight A is dominant if (A,a") € N for all « € S, and we let P44+ = P4 (R) denote
the set of dominant weights of R; thus

Piy(R)={xeV|{x,a¥)eNallae S} C Py(R).

Since the w,, are dominant, they are sometimes called the fundamental dominant weights.

7.25 When we write S = {a1,...,0,}, the fundamental weights are wy,..., @w,, where
(ZD'i,Ot}/) :Sij-

Moreover

Ry = {Zmiai|mieN}ﬂR )

R- = {>_mja;j|—m; eN}NR ’

OR)=Za1 D ®Zan CV =Ra; - D Ray;

PR)=Zw1®---®Zw, CV =Rw, P---®Rwy;

Pi4(S) = {Zmiwi |m,- € N}.

R = Ry UR_ with {

NOTES Eventually, the proofs in this section will be completed. Also, I should add a subsection
explaining by means of examples how the various definitions relate to the associated Lie algebra (for
example, bases correspond to Borel subalgebras), and I should stop using Bourbaki’s notation P4 .
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8 Split semisimple Lie algebras

To a semisimple Lie algebra, we attach a root system, from which we can read off the
structure of the Lie algebra and its representations. As every root system arises from a
semisimple Lie algebra and determines it up to isomorphism, the root systems classify the
semisimple Lie algebras. In Section 7, we reviewed the theory of root systems and how they
are classified in turn by Dynkin diagrams, and in this section we explain how semisimple
Lie algebras are classified by root systems.

We don’t assume that the ground field is algebraically closed, but we work only with
semisimple Lie algebras that are “split” over the field. The remaining sections of the chapter
(not yet written) will explain how to extend the theory to nonsplit Lie algebras.

This section (still) omits some proofs, for which the reader is referred to Bourbaki LIE.
When the ground field k is algebraically closed field, the material is very standard, and
proofs can be found in Serre 1966, Chap. VII.

Throughout this section, k is a field of characteristic zero, and all Lie algebras and all
representations of Lie algebras are finite-dimensional over k.

NOTES Should probably rewrite this for split reductive Lie algebras. The extension is trivial, but
useful when applying the theory to algebraic groups.

The program

Let g be a semisimple Lie algebra. A Cartan subalgebra § of g is maximal among those
consisting of semisimple elements. To say that an element / of ) is semisimple means that
the endomorphism adg /2 of g becomes diagonalizable over an extension of k. The Cartan
algebra b is said to be splitting if these endomorphisms are diagonalizable over k itself, and
the semisimple algebra g is said to be split if it contains a splitting Cartan subalgebra.

Let b be a splitting Cartan subalgebra of g. Because h consists of semisimple elements,
it is commutative (5.29), and so the adg /2, /1 € b, form a commuting family of diagonalizable
endomorphisms of g. From linear algebra, we know that there exists a basis of simultaneous
eigenvectors. In other words, g is a direct sum of the subspaces

g% ={x eg|ady(h)x = a(h)x forall h € b},

where o runs over the elements of the linear dual hY of . The roots of (g,h) are the
nonzero « such that g% = 0. Let R denote the set of roots of (g, ). Then the Lie algebra g
decomposes into a direct sum

s=heP .0 (42)

Clearly the set R is finite, and (by definition) it doesn’t contain 0. We shall see (8.39) that
R is a reduced root system in V.

For example, let g = sl,41. The subalgebra b of diagonal matrices in g is a Cartan
subalgebra (its elements are semisimple, and it is maximal among commutative subalgebras
because it equals its centralizer). The matrices

Eiji—Eit1,+1 (1=i=n) (43)
form a basis for b, and together with the matrices

Eij (1<i,j<n+1, i#]),
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they form a basis for g. Let {€1,...,8,+1} be the standard basis for k"t1 and let V be the
hyperplane in k"1 consisting of the vectors Y a;&; with 3" a; = 0. The action

(>Caigi) (Eii — Eit1,i+1) = ai —dj+1.

of > aje; € V on b identifies V with the linear dual h" of h. Now

9= []EB@&GRQ&

where R = {g; —¢; |i # j} and g* "%/ = kE;;. We have already seen (7.5) that R is a root
system in V.

We shall see that the isomorphism classes of split simple Lie algebras over k are in one-
to-one correspondence with the indecomposable Dynkin diagrams (which don’t depend
on k!). Moreover, from the root system of a Lie algebra, we shall be able to read off
information about its Lie subalgebras and representations.

Cartan subalgebras

Although we shall mainly be concerned with Cartan subalgebras of semisimple Lie alge-
bras, it will be convenient to define them for general Lie algebras. Throughout, g is a Lie
algebra.

DEFINITION 8.1 A Cartan subalgebra of a Lie algebra is a nilpotent subalgebra equal to
its own normalizer.'3

8.2 Recall that a proper subalgebra of a nilpotent algebra is never equal to its own normal-
izer (2.6). Therefore a Cartan subalgebra is a maximal nilpotent subalgebra; in particular,
the only Cartan subalgebra of a nilpotent Lie algebra is the algebra itself. Caution: not
all maximal nilpotent subalgebras are Cartan subalgebras (e.g., np C sl, is not a Cartan
subalgebra).

8.3 The subalgebra b of diagonal matrices in gl,, is a Cartan subalgebra. It is certainly
nilpotent (even commutative). Let x = ) " a; 7 Ejj. Then (see (7), p.13),

[x, Eii] = aii Eii: — (3_; aij Eij),

and so x normalizes b if only if a;; = 0 for all i # j. Similarly, the diagonal matrices with
trace zero form a Cartan subalgebra of sl;,.

8.4 Consider Lie algebras g D g’ D h. If b is a Cartan subalgebra of g, then it is a Car-
tan subalgebra of g’ (obviously). For example, the diagonal matrices in b,, form a Cartan
subalgebra of b,.

8.5 Let b be a Lie subalgebra of g, and let k” be an extension field of k. Then b is a Cartan
subalgebra of g if and only if by is a Cartan subalgebra of g/ (apply 2.4 and (15), p.22).

13We follow Bourbaki LIE, VII, §2. The definition in Erdmann and Wildon 2006, 10.2, differs.
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Regular elements

The most convenient way of constructing Cartan subalgebras is as the centralizers (or, more
generally, the nilspaces) of certain “regular” elements of g. Here “regular” means “general”
in a particular sense. Consider, for example, g = gl;, where V is a vector space over an
algebraically closed field. The Cartan subalgebras of g are exactly those that become the
subalgebra of diagonal matrices after some choice of a basis for V. Such a subalgebra is
the centralizer of any element with matrix

x = diag(cy,...,cn), c¢; distinct,
relative to the same basis. Indeed (see (7), p.13),
[Eij.x]=(ci—cj)Eij, 1<i,j<n,

and so [) a;; E;j,x] =0if and only if a;; = 0 for i # j. Therefore the Cartan subalgebras
are exactly the centralizers of the semisimple elements of g having distinct eigenvalues.

Now consider a general Lie algebra g. We let P, (7T') denote the characteristic polyno-
mial of the linear map adx: g — g:

Py (T) =det(T —ad(x) | g).

For x € g, we let n(x) denote the multiplicity of 0 as an eigenvalue of adx acting on g
(equal to the multiplicity of T as a factor of Py (T')).

DEFINITION 8.6 The rank n of g is min{n(x) | x € g}. An element x of g is regular if
n(x) =n.

For example, let g = gl and let x be a semisimple element of g. If (¢;)1<i<n,
n =dimV, is the family of eigenvalues of x on V, then (¢; —c¢;)1<i,j<n is the family
of eigenvalues of adx on g, and so

Pe(T)= [] (T—ci+ec;)=T"9 [] (T-ci+c))
1<i,j<n ci#cj

with n(x) =#{(i,j) | ¢; = c¢;}. It follows that the rank of gly is n, and an element x of
gly is regular if and only if is semisimple with distinct eigenvalue.

Let V be a vector space over k. A polynomial function on V is amap f:V — k such
that, for one (hence every) choice of a basis for V', f(P) is a polynomial in the coordinates
of P. For example, for an endomorphism « of V, let

Po(T) =det(T —a|V) =T 4+ am_1(@) T + -+ ao(e), ai(x)€k.
Then )
ai@) = )" T\ @)
is a polynomial function on End(V'). Similarly, for x € g,
Po(T) =T" +am1(x)T" " +---+ao(x)
where a; (x) is a polynomial function on the vector space g. Now (8.6) can be rephrased as:

8.7 The rank of g is the smallest natural number # such that the polynomial function a, is
not the zero function. An element x of g is regular if a, (x) # 0.
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Cartan subalgebras exist

In this subsubsection, we prove that every Lie algebra g has a Cartan subalgebra.
Let o be an endomorphism of a vector space V. For A € k, V, denotes the eigenspace
of A and V* the primary space of A. The primary space for A = 0,

VO vy eV | o™y =0 for some m > 1},

is called the nilspace of «.
We apply this terminology to adg x, x € g. Thus

gi ={yeg]|(adx—A)"y = 0 for all sufficiently large m}
92 ={y e gl (adx)™y = 0 for all sufficiently large m}.
When x is semisimple, gﬁ = g,; in particular,
gg ={y €g| [x,y] = 0} = centralizer of x in g.

Note that the dimension of the nilspace of x is the multiplicity n(x) of 0 as an eigenvalue
of x; when x is regular, it equals the rank of g.

LEMMA 8.8 Letx € g.

(a) If all the eigenvalues of adx lie in k, then g =D ¢x gﬁ.

(b) [g}.g¥] C gh ™ forall A, p € k;
(©) gg is a Lie subalgebra of g.

PROOF. (a) This is a statement in linear algebra (1.21).
(b)ForA,uekand y,z €g,

(adx—2—p)"[y.2] = Y (Pladx =1y (adx—p)"72)]

Ifye gﬁ and z € g%, then all the terms on the right hand side are zero for m sufficiently

large, and so [y,z] € giﬂ’“.

(c) From (b), we see that [g%,g%] C g2. a)

We shall need to use some elementary results concerning the Zariski topology (see AG,
Chapter 2). For an ideal a in k[X7,..., Xp], let

V(a) ={(c1,....cm) €K™ | f(c1,...,cm) =0forall f € a}.

The Zariski topology on k" is that for which the closed sets are those of the form V(a) for
some ideal a. The open sets are finite unions of sets of the form

D(f)={(c1,....cm) €K™ | f(c1,...,cm) # O}.
If f is nonzero and k is infinite, the set D( f) is nonempty AG, Exercise 1-1.

THEOREM 8.9 The nilspace g% of any regular element x of g is a Cartan subalgebra of g.
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PROOF. In proving that g2 is a Cartan subalgebra, we may assume that k is algebraically
closed (see 8.5). Let

Uy ={ye gg | adgylg?c is not nilpotent }
Us = {y € g2 | ady | (g/g2) is invertible}.

These are both Zariski-open subsets of gg, and U, is nonempty because it contains x.
According to Engel’s theorem (2.11), to show that g2 is nilpotent, it suffices to show that
U is empty. If U; is nonempty, then there exists a y € Uy N U, (both U; and U, are
nonempty Zariski-open subsets of an irreducible set). But for such a y, n(y) < dimg? =
n(x), contradicting the regularity of x. Hence g2 is nilpotent.

It remains to show that, g2 equals its normalizer. If z normalizes g2, then [z, x] € g2,
i.e., (adx)™[z,x] = 0 for some m > 1. But then (adx)"™*1z =0, and so z € g2. o

COROLLARY 8.10 Every Lie algebra contains a Cartan subalgebra.

PROOF. The set R of regular elements in g is a nonempty Zariski-open subset of g, namely,
it is the set where the polynomial function a,, is nonzero (n = rank g). Because k is infinite,
‘R is nonempty. O

COROLLARY 8.11 Every Lie algebra is a sum of its Cartan subalgebras.

PROOF. The sum of the Cartan subalgebras of g is a k-subspace of g. Hence it is closed for
the Zariski topology, but it contains the Zariski-dense set of regular elements. o

COROLLARY 8.12 Let a be a subalgebra a of g such that adga is semisimple for all a € a.
Then a is contained in a Cartan subalgebra of g.

PROOF. Let ¢ = c4(a) be the centralizer of a in g, and let h be a Cartan subalgebra of ¢. As
a is commutative (5.28), it lies in the centre of ¢, and so a C n.(h) = h. We shall show that
b =ngy(h); so b is a Cartan subalgebra of g containing a.

The elements adg(a), a € a, form a commuting set of semisimple endomorphisms of
the k-vector space g, and so g is semisimple when regarded as a module over the k-algebra
generated by them. Therefore,

ng(h) =Heo
for some subspace 0 of n4(h) stable under a. Now
[CI,O] - [h’a] - [h’ng(h)] =b.

As [a,0] C 9 and hN0 = 0, this shows that [a,0] = 0. In other words 0 C ¢, and so ng(h) C ¢.
Therefore, ng(h) = ny(h) Nc=nc(h) =b. a)

NOTES For a more constructive proof of the existence of Cartan subalgebras, see Casselman, Intro-
duction to Lie algebras, §11,
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Cartan subalgebras in semisimple Lie algebras

8.13 Let b be a Cartan subalgebra in a semisimple Lie algebra g, and assume that
— o \Y
g=ho 0% Rch’~o. (44)

This is true, for example, when k is algebraically closed. Let x € g% and y € g8 . Because
the Cartan-Killing form « is invariant,

k(ad(h)x,y) +k(x,ad(h)y) =0,

and so
(a(h)+p(h)k(x.y) =0
for all 1 € h. Hence «(x, y) = O unless « + 8 = 0. It follows that

s=he(P, "0 (45)

is a decomposition of g into mutually orthogonal subspaces for k. Because « is nondegener-
ate (4.13), its restriction to b, and to each of the (g% @ g—%), is nondegenerate (and because
the restriction of x to g% is zero, g% and g—% are dual).

THEOREM 8.14 Let b be a Cartan subalgebra of a semisimple Lie algebra g.

(a) Every element of by is semisimple (and so h) is commutative (5.29)).
(b) The centralizer of b in g is b.
(c) The restriction of the Cartan-Killing form of g to by is nondegenerate.

PROOF. It suffices prove this after £ has been replaced by a larger field, and so we may
suppose that there exists a decomposition (44). Thus, we have already proved (c).

Because g has trivial centre, the adjoint representation realizes h as a Lie subalgebra
of g[g. Now Lie’s theorem (3.7) shows that there exists a basis for g such that adh C by,.
Hence ad([h, b]) C s, and so Try(b, [h, h]) =0, i.e., k(h,[h, h]) = 0. As « is nondegenerate
on b, we see that [h,h] = 0 and b is commutative. Now h C c4(h) C ng(h). As h = ngy(h)
(by definition), we see that (b) holds.

Let x € b, and let x = x5 + x;, be its Jordan decomposition in g (see 5.26). Because
ad x and ad x,, are polynomials in ad x, they centralize f. Therefore, they lie in . Because
ad x, commutes with ad y for y € b, the composite ad(y) o ad(x,) is nilpotent, and so its
trace k(y,x,) = 0. As k|h is nondegenerate, this shows that x,, = 0. O

COROLLARY 8.15 The Cartan subalgebras of a semisimple Lie algebra are those that are
maximal among the subalgebras whose elements are semisimple.

PROOF. Let g be a semisimple Lie algebra. Let h be a Cartan subalgebra of g, and suppose
that b is contained in a Lie subalgebra b’. If the elements of §’ are semisimple, then b’ is
commutative (5.29), and so b’ C cq(h) = b.

Let a be a subalgebra of g whose elements are semisimple. Then a C h for some Cartan
subalgebra b of g (8.12). The elements of § are semisimple, and so, if a is maximal, then
a= [) m]

COROLLARY 8.16 The regular elements of a semisimple Lie algebra are semisimple.

PROOF. Every regular element is contained in a Cartan subgroup. o
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Cartan subalgebras are conjugate (k algebraically closed)

Recall (6.21) that an automorphism of a Lie algebra g is said to be elementary if it is a
product of automorphisms of the form e?ds(*), ady(x) nilpotent, and Aut,(g) is the group
of elementary automorphisms.

THEOREM 8.17 Any two Cartan subgroups of a Lie algebra over an algebraically closed
field are conjugate by an elementary automorphism.

After some preliminaries, we prove a more precise result (8.20). From now on, k is
algebraically closed.

LEMMA 8.18 Let f:V — W be a regular map of nonsingular irreducible algebraic va-
rieties. Assume that for some P € V, the map (df)p:Tgtp V — Tgt r(py W on tangent
spaces is surjective. Then the image under f of every nonempty open subset of V' contains
a nonempty open subset of W .

PROOF. The hypotheses imply that f is dominant (e.g., AG 5.32). Now apply AG 10.2.
(In fact, we need this only in the case that V' and W are affine spaces, i.e., of the form
A™ for some m. In this case, there is a completely elementary proof, which I will include,
eventually. See Bourbaki LIE VII, Appendix I, p.45, or Casselman, Introduction to Lie
algebras, 12.2.) o

Let g be a Lie algebra over k, and let b be a Cartan subalgebra of g. For a € Y, let g*
be the set of x € g such that, for every h € b,

(adg(h) —a(h))"x =0

for all sufficiently large n. Let R(g,b) be the set of nonzero @ € h" such that g% # 0. We

assume that
s=g'eP__, 0"

When g is semisimple, the elements ady(/), & € b, form a commuting family of semsimple
endomorphisms (8.14), and so this is obvious from linear algebra; moreover,

g% ={x eg|adg(h)x = a(h)x, all h € h}.
For the general case, see Theorem 2.15.

LEMMA 8.19 The set b, of h € § such that gg = b is open and dense in § (for the Zariski
topology).

PROOF. The condition that & € by, is that [ [,cg«(h) # 0, which is a polynomial condi-
tion. a]

As in (8.8), [g%, g#] C g**#. Therefore for x € g%, adg(x) maps g# into g®*+# and
(ady(x))" maps g? into g +7%, which is zero for large r. Hence ady(x) is nilpotent, and so
we can therefore form e2ds(™®) which is an elementary automorphism of g. Let £(h) denote
the subgroup of Aut.(g) generated by the automorphisms e?s™*) where x € g for some

a € R(g,bh).
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LEMMA 8.20 Leth and b’ be Cartan subalgebras of g. There existu € E(h) andu’ € E(h’)
such that

u(h) =u'(h’).

PROOF. Number the elements of R(g,h) as «y,...,u,, and consider the map

Fig% XX g xh =g, (X1,....Xn,h) > e3X1 . gdXn

We calculate its differential at (0,...,0,%q). Note that

7 [x52, ... k). ] 7 [x52, ... hol .. ]
lzlm,'! +Z i_[m,'!

where we have put [x¥, y] = ad(x)*(y). The terms containing / are of degree m; + --- +
my. The terms of degree 1 in (46) are therefore /& and [x;, ko], and so

(Adf)(,..0m0) = h+ ) _[Xi.hol.

Suppose that [ [, a(ho) # 0; then the determinant of adhg in ) _, g* equals [ [, a(ho),
which is nonzero. Hence df at the point (0,...,0, /) is an isomorphism g — g. Hence f
is a dominant map, and so E(h) - h, contains a dense open subset of g. Similarly, E(h’) - b..
contains a dense open subset of g, and so their intersection is nonempty. This means that

fOn o Xn i ho) =) (46)

u(h) = u' (i)
for some u € E(h), h € by, u' € E(Y'), ' € b,.. Now

u(h) = “(92) = gg(h) = 92/(h/) = u/(G?,/) = “/(h,)- o

COROLLARY 8.21 All Cartan subalgebras in a Lie algebra have the same dimension, namely,
the rank of g (k not necessarily algebraically closed).

PROOF. This is obvious from the theorem when k is algebraically closed. However, the
rank of g doesn’t change under extension of the base field (obviously), and Cartan subalge-
bras stay Cartan subalgebras (8.5). o

ASIDE 8.22 It is not true that all Cartan subalgebras of g are conjugate when k is not algebraically
closed. The problem is that the set R of regular elements in g may fall into several different con-
nected components. We shall see below (8.56) that all splitting Cartan subalgebras of a semisimple
Lie algebra are conjugate.

ASIDE 8.23 In the standard proof of the Theorem 8.17 (e.g., Serre 1966), k is assumed to be C, and
two Cartan subalgebras are shown to be conjugate only by an element of the group of automorphisms
of g generated by elements of the form ¢®*, x € g (not necessarily nilpotent). The proof given here,
following Bourbaki LIE VII, §3, 2, is due to Chevalley.
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Split semisimple Lie algebras

DEFINITION 8.24 A Cartan subalgebra h of a semisimple Lie algebra g is said to be split-
ting if the eigenvalues of the linear maps ad(%): g — g lie in k for all & € . A split semisim-
ple Lie algebra is a pair (g, h) consisting of a semisimple Lie algebra g and a splitting Cartan
subalgebra .

More loosely, we say that a semisimple Lie algebra g is split if it contains a splitting
Cartan subalgebra (Bourbaki LIE, VIII, §2, 1, Déf. 1, says splittable).

8.25 The Cartan subalgebra of sl, consisting of the diagonal elements in sl is splitting.

8.26 When k is algebraically closed, every Cartan subalgebra of a semisimple Lie algebra
is splitting (obviously), and so every semisimple Lie algebra is split. On the other hand,
when k is not algebraically closed, there may exist nonsplit semisimple Lie algebras, and a
split semisimple Lie may have Cartan subalgebras that are not splitting. For example, when
regarded as a Lie algebra over R, sl,(C) is semisimple but not split, and {(2 _3) la e ]R}
is a Cartan subalgebra of sl, (R) which is not splitting.

8.27 Any two split semisimple Lie algebras (g, bh) and (g, b’) are isomorphic: more pre-
cisely, there exists an elementary automorphism e of g such that e(h) = b’ (see 8.56 below).

The roots of a split semisimple Lie algebra

Let (g, b) be a split semisimple Lie algebra. For each & € b, the action of adg (/) is semisim-
ple with eigenvalues in k, and so g has a basis of eigenvectors for ady (/). Because b is com-
mutative (8.14), the ady (/) form a commuting family of diagonalizable endomorphisms of
g, and so there exists a basis of simultaneous eigenvectors. In other words, g is a direct sum
of the subspaces

g £ {x eg|[hx]=alh)xforalh € b}
with « in the linear dual hY of h. Note that g° is the centralizer of b in g, which equals b

(8.14). The roots of (g,bh) are the nonzero « such that g* # 0. Write R = R(g, h) for the
set of roots of (g, ). Then the Lie algebra g decomposes into a direct sum'*

s=hoP _, 0"

Clearly the set R is finite, and (by definition) doesn’t contain 0. We shall see that R is a
reduced root system in bV, but first we look at the basic example of sl5.

Example: sl,

Just as the first step in understanding root systems is to understand those of rank 2, the first
step in understanding the structure of semisimple Lie algebras is to understand the structure
of sl and its representations. This is truly elementary and very standard, and so in this
version of the notes I’ll simply state the results. See, for example, Serre 1966, Chap. IV, for
the proofs.

14Some authors call this the Cartan decomposition of g, but this conflicts with the terminology for real Lie
algebras.
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8.28 Recall that sl; is the Lie algebra of 2 x 2 matrices with trace 0. Let
0 1 1 0 00
X = , h= , Y= .
00 0 -1 1 0

[x.y]=h, [hx]=2x, [hy]==2y.

Then

Therefore {x,%, y} is a basis of eigenvectors for ad 2 with integer eigenvalues 2,0, —2, and

sh=g"®hog™
=kx®khdky

where ) = kh (k-subspace spanned by /) and « is the linear map h — k such that a(h) = 2.
The decomposition shows that b is equal to its centralizer, and so it is a splitting Cartan
subalgebra for g. Hence, sl is a split semisimple Lie group of rank one. Let R = {a} C hV.
Then R is a root system in h": it is finite, spans Y, and doesn’t contain 0; if we let o™
denote & regarded as an element of (h¥)V, then (o, ") = 2, the reflection x — x — (x,a¥ )«
maps R to R, and (a,a") € Z. The root lattice Q = Za and the weight lattice P = 73.

8.29 Let W be the vector space k x k with its natural action of s(,, and let W}, be the mth
symmetric power of W) (more concretely, Wy, consists of the homogeneous polynomials
of degree m in X and Y with x, i, y acting respectively as X%, XaiX — Yaiy, YaiX)'

(a) The sl,-module W, has a basis ey, ..., e, such that
he, = (m—2n)e,
yen = (n+Dent1
xe, = (m—n+1)ey,—

(with the convention e—_; = 0 = e, +1). In particular, W}, has dimension m + 1.

(b) The sl-module W, is simple, and every finite-dimensional simple sl;-module is
isomorphic to exactly one Wj,.

(c) Every finite-dimensional dimensional sl-module is isomorphic to a direct sum of
modules W,,.

(d) Let V be a finite-dimensional sl-module. The endomorphism of V' defined by 4 is
diagonalizable, with integers as its eigenvalues. Let V" be the eigenspace of n; for
any n € N, the linear maps y": V" — V™" and x*: V™" — V" are isomorphisms.

8.30 Let V be an sly-module, and let A € k. A nonzero element e € V is primitive of
weight A if he = Ae and xe = 0. In other words, e is primitive if and only if the line ke is
stable under the Borel subgroup b = kh + kx (if he = Ae and xe = pe, then, on applying
the equality [/, x] = 2x to e, we find that 2ue = 0, and so u = 0). Lie’s theorem 3.8 (or a
more elementary argument) shows that every representation of sl, has a primitive element.
Let V be a finite-dimensional g-module generated by a primitive element e; then e has
weight m € N, and V' has dimension m + 1.



8. Split semisimple Lie algebras 87

The copy of sl, attached to a root « of g

Throughout this subsection, (g, §) is a split semisimple Lie algebra. Recall that

s=ho, .o
where R is the set of roots of (g, b), i.e., R is the set of nonzero @ € h¥ whose eigenspace
g* ={x eglad(h)(x) =a(h)x forall h € b}
is nonzero.
THEOREM 8.31 Let« be a root of (g, ).

(a) The subspaces g and by & [6%, g7 %] of g are both one-dimensional.
(b) There is a unique element hy, € by such that a(hy) = 2.
(¢) For each nonzero x4 € g%, there is a unique y, € g~ such that

[Xa, Vol = hay  [ha,Xa] =2Xa,  [ha, Vo] = —2Vq.

Hence
def

So = kXg ®khg ®kyy =g * Dha ®g”

is a copy of sl, inside g.

An sly-triple in a Lie algebra g is a triple (x, /1, y) # (0,0,0) of elements such that'
[x.yl=h, [hx]=2x, [hy]=-2y.

Given an sl,-triple, we usually regard s = kx @ kh @ ky as a “copy” of sl, inside g. More
pedantically, one can say that there is a canonical one-to-one correspondence between sl;-
triples in g and injective homomorphisms sl — g. The theorem says that, for each root o of
g and choice of x € g%, there is a unique sl-triple (x, %, y) such that a(h) = 2. Replacing
x with ¢x replaces (x, A, y) with (cx,h,c"1y).

ASIDE 8.32 (a) For each o € R, there exists a unique one-dimensional Lie subalgebra u,, such that
[h,a]l = a(h)a forall h € hand a € uy.

(b) For each root «, let h, = Ker(x), and let g, be the centralizer of h,. Then g, is the Lie
subalgebra h @ uy @ u_y of g (cf. my notes, Reductive Groups, I, Theorem 2.20).

ASIDE 8.33 Let x be an element of a semisimple Lie algebra g (not necessarily split). If x belongs
to an sl,-triple (x,h,y), then x is nilpotent. Conversely, the Jacobson-Morozov theorem says that
every nonzero nilpotent element x in a semisimple Lie algebra lies in an sl,-triple (x, %, y); more-
over, for any group G of automorphisms of g containing Aut,(g), the map (x, 4, y) — x defines a
bijection on the sets of G-orbits (Bourbaki LIE, VIII, §11, 2).

NOTES Morozov proved that every nilpotent element of a semisimple Lie algebra is contained in an
sl-triple for the base field of the complex numbers (Doklady 1942). However, his proof contained
a gap, and Jacobson gave a complete proof over any base field of characteristic zero (PAMS 1951).
In fact, the proof is valid in characteristic p except for some small p (Klaus Pommerening, The
Morozov-Jacobson theorem on 3-dimensional simple Lie subalgebras, 1979/2012). However, the
uniqueness statement fails (cf. mo105781).

I5Cf. Bourbaki LIE, §11, 1, where it is required that [x,y] = —h. In other words, Bourbaki replaces
everyone else’s y with —y.
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Proof of Theorem 8.31.

Because (g, bh) is split, we can apply the results on the Cartan-Killing form « proved in
(8.13).

8.34 Fora,B € R, [g% ¢P] C g*T8; in particular, bq £ [0%. g% Ccg’=h.

Let x € g% and y € gP. Then, for & € b, we have

ad(h)[x, y] = [ad(h)x, y] +[x,ad(h)y]
= [a(h)x, y] +[x, (h)y]
= (a(h) + B()[x, y].

8.35 Leta € R, and let h* be the unique element of b such that a(h) = «(h,h®) for all
h € b (which exists by 8.13). Then b4 is the subspace of ly spanned by h®.

Forhebh, x€g¥ and y € g~ ¢,

i(h.[x,y]) = k([h.x].y) = k(a(h)-x,y) = a(h) -k (x.y).

On comparing the following equalities

k(h,[x,y]) = a(h) -k (x,y)
k(h.h®) = a(h).

we see that
[x.y] =k (x,y)h* (47)
forall x e g and y € g7%. As k(g*, g~ %) # 0 (see 8.13), this shows that

def

bo = [g%, 9% = kh*.

8.36 There is a unique hy € b such that o (hy) = —2.

After (8.35), it suffices to show that the restriction of « to § is nonzero. Suppose «|h = 0,

and choose x € g% and y € g=% such that & 4 [x, ¥] # 0 (they exist by 8.35). Now

[h,x]=a(h)x =0
[h.y] =—a(h)y =0

and so
aZkx®kydkh

is a solvable subalgebra of g. As & € [a, a], the corollary (3.10a) of Lie’s theorem shows that
p(h) is nilpotent for every representation p of a. But / is a semisimple element of g because
it lies in a Cartan subalgebra (see 8.14), and so ad 4 is semisimple. This is a contradiction.

8.37 For every nonzero xo € g%, there exists a yy € g~% such that (xq, hy, Vo) i an slp-
triple.
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Because xq # 0, [xg,07%] @ K(Xq, 07 %)h® = khy, and so there exists a y, € g~% such
that [xq, Vo] = he. Now

(e, Xa] = a(ha)Xe = 2xq,  [ha,ya] = —a(ha) Yo = —2Ya,
and so (xq, hg, Vo) 1S an slp-triple.
8.38 dimg® = 1.

Because g and g~ are dual (see 8.13), if dimg® > 1, then there exists a nonzero y € g~
such that x (xq, y) = 0. According to (47), this implies that [x4, y] = 0. As

[he, y] = —a(ha)y = =2y,
y is now a primitive element of weight —2 in g for the adjoint action of

def

S = kXo Dhkhg Dkyqy,

which contradicts (8.30) (the weight of a primitive element in a finite-dimensional repre-
sentation of sl is a nonnegative integer).
This completes the proof of the theorem.

The root system of a split semisimple Lie algebra

Throughout this subsection, (g, h) is a split semisimple Lie algebra. As usual, we write

8= h ® @QER g"‘
with R = R(g, h) the set of roots of (g, b),

THEOREM 8.39 The set R is a reduced root system in the vector space b .

More precisely, we prove:

(a) R is finite, spans h", and doesn’t contain 0.

(b) For each @ € R, let 1y be the unique element in [g*, g~%] such that a(hy) = 2 (see
8.31b), and let a" denote hy regarded as an element of (hY)Y; then (a,a") = 2,
(R,a") € Z, and the reflection

Seix = x —(x,a¥)a

maps R into R.
(c) Forno «a € R does 2a € R.

The system R is the called the roof system of (g,b).

Proof of (a).

It remains to show that R spans Y. Suppose that & € § lies in the kernel of all @ € R. Then
[h,g%] =0 for all @ € R, and as [k, h] = 0, this shows that % lies in the centre of g, which
(by definition) is trivial. Therefore 4 = 0, and so R must span h".
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Proof of (b).
We first prove the following statement:
Leta,B € R; then B(hy) € Z and B — B(hy) - € R.

To prove this, we regard g as an s,-module under the adjoint action, and we apply (8.29d).

Let z be a nonzero element of g#. Then [hy,z] = B(ha)z, and son & B(hy) is an eigenvalue
of hy acting on g; therefore n € Z. If n > 0. then yj; is an isomorphism from gf to gh—me,
and so B —na is also a root; if n < 0, the x," is an isomorphism from P to g#="2 and so
again 8 —na is a root.

We now prove (b). By definition, («,a") = a(hy) = 2. Moreover, (B,a") = B(hy),
which we have just shown lies in Z if 8 is a root. Finally, sq(8) = B — B(h)o, which we
have just shown be a root if 8 is .

Proof of (c).

Suppose that there exists an & € R such that 2 € R. Then there exists a nonzero y such
that

[her, y] = 20 (ha)y = 4. (48)
Now hy = [Xg, Va], and so
[ha,y] = [Xa, [ya. Y]]

But [yq, v] € g% = kxq, and 50 [Xq, [Va, Y]] = 0, contradicting (48).

Semisimple Lie algebras of rank 1

PROPOSITION 8.40 Let g be split semisimple Lie algebra of rank 1, and let x be an eigen-
vector for the (unique) root of g. Then (x,h, y) is an sl -triple for unique elements h, y of
g,andg=kx ®kh&ky. In particular, g is isomorphic to sl;.

PROOF. The existence and uniqueness of the sl-triple follows from Theorem 8.31. That
g=kx®kho®ky follows from Theorem 8.39. 0

Criteria for simplicity and semisimplicity
Theorem 8.31 has a partial converse.

PROPOSITION 8.41 Let g be a Lie algebra, and let ) be a commutative Lie subalgebra. For
eacha € bV, let
g* ={xeg|hx=a(h)x all h € b},

and let R be the set of nonzero a € hY such that g% # 0. Suppose that:

@ g=b®Dycrs”:

(b) for each a € R, the space g* has dimension 1;

(c) for each nonzero h € b, there exists an o« € R such that «(h) # 0; and
(d) ifax € R, then —x € R and [[g*, g~ *],g*] # 0.

Then g is semisimple and Y is a splitting Cartan subalgebra of g.
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PROOF. Let a be a commutative ideal in g; we have to show that a = 0. As [h,a] C a, (a)
gives us a decomposition

a:aﬂf)@@aeRaﬂg“.

If ang® # 0 for some o € R, then a D g% (by (b)). As a is an ideal, this implies that
a D [g* g7 %], and as [a, a] = 0, this implies that [[g*, g~%], g*] = 0, contradicting (d).

Suppose that anh # 0, and let 4 be a nonzero element of aNf. According to (c), there
exists an & € R such that (/) # 0. Let x be a nonzero element of g%. Then [h, x] = «a(h)x,
which is a nonzero element of g%. As [k, x] € a, this contradicts the last paragraph.

Condition (a) implies that the elements of ) act semisimply on g and that their eigen-
values lie in k and that § is its own centralizer. Therefore b is a splitting Cartan subalgebra
of g. O

PROPOSITION 8.42 Let (g,h) be a split semisimple algebra. A decomposition g = g1 D g»
of semisimple Lie algebras defines a decomposition (g,h) = (g1,b1) @ (g2, h2), and hence
a decomposition of the root system of (g, h).

PROOF. Let

8= h®@aeRga
g1 = hlGB@aeng‘f

g2 =bh2 @®aeR2 9

be the eigenspace decompositions of g, g, and g, respectively defined by the action of b.
Thenh=h;1 D hy and R = R, LI R». O

COROLLARY 8.43 If the root system of (g, ) is indecomposable (equivalently, its Dynkin
diagram is connected), then g is simple.

ASIDE 8.44 The converses of (8.42) and (8.43) are also true: a decomposition of its root system
defines a decomposition of (g, b), and if g is simple then the root system of (g, h) is indecomposable
(8.48, 8.49 below).

The classical split simple Lie algebras

We compute the roots of each of the classical split Lie algebras, and use (8.41, 8.43) to
show that they are simple (we could also use 6.5).

We begin by computing the roots and root spaces of gl,4+1. For each classical Lie
algebra g, we work with a convenient form of the algebra in gl,4+1. We first compute the
weights of a Cartan subalgebra h on gl, 41, and determine the weights that occur in g.

Example gl,, 4,

We first look at § = gl,+1, even though this is not (quite) a semisimple algebra (its centre
is the subalgebra of scalar matrices). Let h be the Lie subalgebra of diagonal elements in
g. Let E;; be the matrix in g with 1 in the (7, j)th position and zeros elsewhere. Then
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(Eij)1<i,j<n+1 is a basis for g and (E;;)1<i<n+1 is a basis for 6 Let (¢;)1<i<n+1 be the
dual basis for hV; thus

gi(diag(ay,...,an+1)) = a;.
An elementary calculation using (7), p.13, shows that, for & € 6,
(1, Eij] = (ei(h) —¢gj(h)Ejj. (49)

Thus,
~_ T ~
g_hEB@aeRg
where R ={¢; —¢; |i #j,1<i,j <n+1}and g% =kE;;.

Example (Ay): sly+1

Let g = sl(W) where W is a vector space of dimension n + 1. Choose a basis (¢;)1<i<n+1
for W, and use it to identify g with sl, 41, and let fh be the Lie subalgebra of diagonal
matrices in g. The matrices

Eii—Eit1,i+1 (1<i=<n)
form a basis for b, and, together with the matrices
E;j (1<i,j<ni#]j)

they form a basis for g.

Let V be the hyperplane in 6\/ consisting of the elements o = Z?: 11 a;j&; such that
Z?: 11 a; = 0. The restriction map A — A|h defines an isomorphism of V' onto b, which
we use to identify the two spaces.!® Each of the basis vectors E; i,i # J,1is an eigenvector
for b, and b acts on kK E;; through the linear form &; —¢; (see (49)). Therefore

s=holP .o

with R ={g; —¢; |i # j} C V and g ~®/ = kE;;. We check the conditions of Proposition
8.41. We already know that (a) and (b) hold. For (c), let

h =diag(ay,....an+1), Y. ai =0,

be an element of . If 2 # 0, then a; # a; for some i, j, and so (¢; —¢;)(h) =a; —a; # 0.
For (d), let o« = &; —¢;. Then —q«, is also a root and
[lg* . 97%]. %1 2 [[Eij. Ejil. K Eij]
= [Eii — Ejj, Eij]
=2.

Therefore (g, h) is a split semisimple Lie algebra.

161n more detail: 6 is a vector space with basis Eqq,..., Ent+1,n+1, and b its the subspace {)_a; E;; |
> a; = 0}. The dual of §j is a vector space with basis ¢1, ..., en+1 where ; (E ;) = §;;, and the dual of b is the

quotient of (E)v by the line (g1 + -+ + &x). However, it is more convenient to identify the dual of ) with the
orthogonal complement of this line, namely, with the hyperplane V in (h)V.
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The family (o;)1<i<n, @ = € —¢&i+1, is a base for R. Relative to the inner product

Q_ajgi, ) bigi) = Zaibz’,

we find that
( ) 2 ifj=i
o0 e
n(og,oj) =2 St =(j,aj)=4q -1 ifj=i+1
(aj,aj) .
0 otherwise
and so
1 ifj=i+1
n(aj,aj)-n(aj,o) = . ] ..
0 ifj#i,i+l.

Thus, the Dynkin diagram of (g, h) is indecomposable of type A,. Therefore g is simple.

Example (By,): 02,41

Consider the symmetric bilinear form ¢ on k2" +1,

‘P()_C)J_}) =2Xx0Y0 +X1Yn+1 +Xn+1Y1+ -+ XnY2n + X2nVn

The Lie algebra g = s05,41 consists of the 2n + 1 x 2n 4 1 matrices A of trace 0 such that

P(AX,)) + (¥, Ay) =0,

i.e., such that
1 0 0 1 0 0
A'lo o I1|+]0 0 1]A=0.
0 1 0 0 I 0

A direct calculation shows that g consists of the matrices

0 C! —B!
B M P |, P=-P, 0=-0"
cC 0 -M!

We obtain a basis for g by first finding a basis for the space of matrices in g with only B
nonzero, then with only C nonzero, and so on:

Bi=FEio—FEon+i, 1=<i=<n,

Ci=FEoi—En+tio, 1=i=n,
M;j=FE;ij—FEnyjnyi, 1=5i#j=<n,
Pij=FEin+j—Ejnt+i, 1<i<j=<n

Qi,j =FEn+ji—Entij, 1=5i<j=n.
Let b be the subalgebra of g of diagonal matrices,

h = diag(0,a1,...,an,—ai,...,—an).
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The linear dual h" has basis €1,...,&, where ¢; (h) = a;.
A direct calculation using (49) shows that

[h,Bi] = aiBl- = Si(h)Bl'.
Therefore, k B; is a root space for fj with root ;. Similarly,
[h.M;,j] = (ai —aj)M;j = (ei(h) —e;(h)) M,

and so (M;;) is a root space for h with root &; —¢;, unless i = j, in which case it lies in b.
Continuing in this fashion, we find that

s=holP .o

with roots and eigenvectors:

g | —&i |ei—ej(i#])|eite;i<j)|—ei—ejli<]j)
B | G M;; Pij Qi

The conditions of Proposition 8.41 can be checked, and so (g, h) is a split semisimple Lie
algebra.
The family
{€1—€2,....6n—1—6n.&n}

is a base for the root system, and the Dynkin diagram corresponding to this base is inde-
composable of type B,. Therefore so, is a simple Lie algebra of type B,.

Example (C,): sp,,
Consider the skew symmetric bilinear form k2" x k2" — k,

d)()?,jf) =X1Yn+1—Xn+1Y1 + -+ XnY2n —X2nYn.

Then g = sp,, consists of the 2n x 2n matrices A such that

Al 01+ 0IA:o.
-1 0 -1 0

A direct calculation shows that g consists of the matrices

(]g —fﬁ)’ P=P, Q0=0"

i.e., such that

The following matrices form a basis for g:
Mij=Eij—Entjn+i, 1=<i#j=<n,
Pij=FEintj—Ejn+i. 1=i=<j=n,
Qji=FEntji+Entij, 1<i=<j=<n
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Let b be the subalgebra of g of diagonal matrices

h = diag(ay,...,an,—ai,...,—an).
The linear dual h" has basis €1,...,&, where ¢; (h) = a;.
A direct calculation using (49) shows that each of the basis vectors listed above is an
eigenvector for f, and
— o
8= h & @(IER g

with roots and eigenvectors

ei—ej(i#j) | ei+ej(i<j)|—ei—e; | 28 | =26
M; ; P j Qi Pii | Oii.

The conditions of Proposition 8.41 can be checked, and so (g, h) is a split semisimple Lie
algebra.
The family
{e1—€2,....6n—1—6n,2¢8n}

is a base for the root system, and the Dynkin diagram corresponding to this base is inde-
composable of type C,. Therefore sp,, is a simple Lie algebra of type C,,.

Example (Dy,): 03,
Consider the symmetric bilinear form k2" x k?"* — k,

G(X, ) = X1Ynt1+Xnt1¥1 + -+ XnY2n + X2nY2n.
The Lie algebra g = so0, consists of the n x n matrices A of trace 0 such that

P(AX.)) + ¢ (X, Ay) =0,

I I
A’O +0 A=0.
I 0 I 0

A direct calculation using (49) show that g consists of the matrices

M P

i.e., such that

The following matrices form a basis for g:

M;j=FEi;j—Entjn+i, 1=i#j=n,
P j=FEin+j—FEjn+i, 1<i=<j=<n,
Qji=FEntji+Eutij, 1<i=<j=<n

Let b be the subalgebra of g of diagonal matrices
h = diag(ay,...,an,—ai,...,—an).

The linear dual Y has basis &1, ...,s, where &; (h) = a;.
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A direct calculation using (49) shows that each of the basis vectors listed above is an
eigenvector for b, and that
— o
s=he, .0

with roots « and eigenvectors

ci—ej(I#]) | eitejli<j)| —si—¢j
Mi,; Pi,j Q)i

This conditions of Proposition 8.41 can be checked, and so (g, h) is a split semisimple Lie
algebra.

The family

{e1—¢2,....6n—1—€n,en—1+€n}

is a base for the root system, and the Dynkin diagram corresponding to this base is inde-
composable of type D,. Therefore sp,, is a simple Lie algebra of type C,,.

See Erdmann and Wildon 2006, Chapter 12, for a more elementary description of the
classical split simple Lie algebras, and Bourbaki LIE, VIII, §13, for a more exhaustive
description.

Subalgebras of split semisimple Lie algebras

In this subsection, (g, h) is a split semisimple Lie algebra. By a Lie subalgebra of (g,b) we
mean a subalgebra a of g normalized by b, i.e., such that [h, a] C a. In other words, the Lie
subalgebras of (g, h) are the Lie subalgebras of g stable under ad(h).

For a subset P of R, let

bp =Y ba. bo=kHa,

aeP

E N

axeP

DEFINITION 8.45 A subset P of R is said to be closed'” if

a,peP, a+feR — a+pcP.

As [g"‘,gﬁ] C g"‘J”B (see 8.34), we see that if hp + gF is a Lie subalgebra of g, then P
must be closed.

PROPOSITION 8.46 The subalgebras of (g,h) are exactly subspaces a = b + a? where ly/
is a vector subspace of iy and P is a closed subset of R. Moreover,

(a) aisreductive (resp. semisimple) if and only if P = —P (resp. P =—P andbh/ =bhp);
(b) a is solvable if and only if
PN(=P)=20. (50)

PROOF. Easy. See Bourbaki LIE, VIII, §3, 1, Pptn 1, Pptn 2. o

17This is Bourbaki’s terminology, LIE VI, §1, 7.
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EXAMPLE 8.47 For any root &, P = {a,—a} is a closed subset of R, and [g¥, g~*] + g*
is the Lie subalgebra s, of (8.31).

PROPOSITION 8.48 The root system R is indecomposable if and only if g is simple.

PROOF. Suppose g = a x b where a and b are nonzero ideals in g. Then a and b are
semisimple, and so a = hp 4+ gf and b = ho + g9 for some P and Q. Then hp and ho
are orthogonal complements for the Killing form on §, and so R = P U Q with each root
in P orthogonal to each root in Q. Therefore, R is decomposable. O

COROLLARY 8.49 Let R;,..., R;; be the indecomposable components of R. Then hg, +
gk, bR, + gRm are the minimal ideals of g.

PROOF. Each hg, + g®i is an ideal, and the proposition shows that it is minimal. O

PROPOSITION 8.50 Let b = b+ g be a Lie subalgebra of g containing h. The following
conditions are equivalent: (a) b is maximal solvable subalgebra of g; (b) there exists a base
S for R suchthat P = Ry; (c) PN(—P)=0and PU(—P) =R.

PROOF. (a)=(b). If h+ g¥ is solvable, then P N (—P) = @ by (8.46b). Every closed
subset P of R disjoint from — P is contained in R for some base S (ibid., VI, §1, 7, Pptn
22). Now b+ g is contained in the solvable subalgebra b 4+ g®+, and so must equal it.
Hence P = R

(b)=(c). Obvious.

(c)=(a). The condition P N (—P) = @ implies that f + gP is solvable. Any solvable
subalgebra of g containing h + g¥ is of the form h + g€ with Q O P and Q N (—Q) = 0.
Now the condition P N (—P) = R implies that Q = P, andso h+g2 =h+g°-. O

For base S of R, the set R of positive roots is a maximal closed subset of R satisfying
(50), and every maximal such set arises in this way from a base (Bourbaki LIE, VI, §1,
7, Pptn 22). Therefore, the maximal solvable subalgebras of g containing b are exactly
subalgebras of the form

b(S) défb@@awg“, S abase of R.

The subalgebra b(S) determines R4, and hence the base S (as the set of indecomposable
elements of R4).

DEFINITION 8.51 A Borel subalgebra of a split semisimple Lie algebra (g, ) is a maximal
solvable subalgebra of g containing h. More generally, a Borel subalgebra of a semisimple
Lie algebra g is any Lie subalgebra of g that is a Borel subalgebra of (g, ) for some splitting
Cartan subalgebra h of g.

EXAMPLE 8.52 Let g = sl,4+1 and let § be the subalgebra of diagonal matrices in g. For
the base S = (& )1<i<n, 0 = & —&i+1, as in §8, the positive roots are those of the form
e; —ej with i < j, and the Borel subalgebra b(S) consists of upper triangular matrices of
trace 0. More generally, let g = s[(W) with W a vector space of dimension n + 1. For any
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maximal flag § in W, the set bs of elements of g leaving stable all the elements of § is a
Borel subalgebra of g, and the map § — by is a bijection from the set of maximal flags onto
the set of Borel subgroups of g (Bourbaki LIE, VIII, §13).

NOTES This section needs to be completely rewritten.

All splitting Cartan subalgebras are conjugate

For the present, we just list the main steps. Throughout, (g,§) is a split semisimple Lie
algebra.

8.53 Every element of the Weyl group of (g,h) acts on b as the restriction to b of an
elementary automorphism of g (Bourbaki LIE VIII, §2, 2).

8.54 Let (by,h1) and (b3, h2) be two pairs consisting of a Borel subgroup of g and a split-
ting Cartan subgroup in the Borel subgroup. Then there exists a splitting Cartan subalgebra
contained in by N by (Bourbaki LIE VIII, §3, 3).

8.55 Let b be a Borel subgroup of g. Every Cartan subalgebra of b is a splitting Cartan
subalgebra of g. For any Cartan subalgebras h1, b of b, there exists an x € [b, b] such that
e®s¥h = b, (Bourbaki LIE VIII, §3, 3).

THEOREM 8.56 The group of elementary automorphisms of g acts transitively on the set
of pairs (b,b) consisting of a splitting Cartan subalgebra ) of g and a Borel subgroup of

(g.h).

PROOF. Let (by,h1) and (b2,h2) be two such pairs. According to (8.54), there exists a
splitting Cartan algebra b contained in by N by. According to (8.55), there exist x1,x2 €
[b,b] such that eds*1f; = h = ¢?ds*2p,. Therefore, we may suppose that h; = h,. The
Borel subalgebras by and b, correspond to bases S and S7 respectively of the root system
R of (g,h). There exists an s in the Weyl group of R that transforms S; into S, (see
7.11 et seq.), and there exists an elementary automorphism a of g such that a|h = 5. Now

a(by,bh) = (b2,h). o

Chevalley bases; existence of split semisimple Lie algebras

Let (g,h) be a split semisimple Lie algebra. Let 1, ..., ®, be a base for the root system R
of (g,h), let h; € b be the coroot of ¢;, and let

n(i,j) = aj(hi)

be the entries of Cartan matrix of R. For each i, choose a nonzero x; € g% . Then (see
8.31), there is a unique y; € g such that (x;,h;,y;) is an sly-triple.
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THEOREM 8.57 The elements x;, y;, h; satisfy the following relations
[hi h;]=0
[xi,yil = hi,  [xi,y;1=0ifi #j
[hi,x;)=n(,j)xj, [hi,xj]=—-n(@.j)y;
ad(x;) "D (x ;) = 0if i # j
ad(y;) DT () = 0ifi # .

PROOF. Serre 1966, VI, Theorem 6. o

For each root « of (g, h), choose a nonzero xo € R. Then

Ny pgXatp ifa+BeR
0 ifa+B¢R a+p#0

for some nonzero N, g € k. For h,h’ € b, we have that [h,h'] = 0 and [h, xo] = a(h)xq,
and so the Ny g, together with R, determine the multiplication table of g.

[xa’xﬂ] =

THEOREM 8.58 It is possible to choose that xy so that

[Xq,X—q] = ho foralla € R
Nyg=—N_q_p foralla,B,a+ B €R.
With this choice
Ny pg = +(r+1)

where r is the greatest integer such that § —ro € R.
PROOF. Bourbaki LIE, VIII, §2, 4. o

Let (g,h) be a split semisimple Lie algebra over C, and let g(Q) (resp. h(Q)) be
the Q-subspace of g generated by h, and the x, (resp. the hy) in Theorem 8.58. Then

(9(Q), H(Q)) is a split semisimple Lie algebra over Q. For every field k, (g(Q),h(Q)) ®qk
is a split semisimple Lie algebra over k with root system R. This reduces the problem of
constructing a split semisimple Lie algebra over k with given root system R to the case of
k = C. For this, we have the following converse to Theorem 8.57.

THEOREM 8.59 Let g be the Lie algebra over C with 3n generators x;, y;i, hi (1 <i <n)
and defining relations

[hi hj]=0
[Xi.yil=hi, [xi.y;]1=0ifi #j
[hi,xj]=n(,j)x;, [hi,x;]=—n(,])y;
ad(x;)) MO () = 0 ifi # |
ad(y)"EDT(y)) = 0if i # J,

and let by be the subalgebra of g generated by the elements h;. Then (g, b) is a split semisim-
ple Lie with root system R.

PROOF. Serre 1966, VI, Appendix, Bourbaki LIE, VIII, §4, 3, Thm 1. o
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Classification of split semisimple Lie algebras

THEOREM 8.60 Every root system over k arises from a split semisimple Lie algebra over
k.

For an indecomposable root system of type A, By, Cy, or D, this follows from examining
the standard examples (see p.92 et seq.). In the general case, we can appeal to the theorems
of the last section.

NOTES It is would perhaps be good to include a uniform proof, but it would be better to give a
(beautiful) explicit description of the exceptional Lie algebras (see mo99736).

THEOREM 8.61 The root system of a split semisimple Lie algebra determines it up to
isomorphism.

In more detail, let (g,b) and (g’,h’) be split semisimple Lie algebras, and let S and S’ be
bases for their corresponding root systems. For each o € S, choose a nonzero x, € g%,
and similarly for g’. For any bijection a > «’: S — S’ such that (&, V) = (&, B’Y) for all
a, B € S, there exists a unique isomorphism g — g’ such that x4 — x4 and hg +—> hgy for
all @ € R; in particular, h maps into h’ (Bourbaki LIE, VIII, §4, 4, Thm 2; Serre 1966, VI,
Theorem 8§).

Automorphisms of split semisimple Lie algebras

Let (g, bh) be a split semisimple Lie group, let R = R(g, h) be its root system, and let B be
a base for R.

Recall that Autg(g) is the subgroup of Aut(g) consisting of the automorphisms that
become elementary over some algebraically closed field containing k. When we regard
Aut(g) as an algebraic group, Autg(g) is its identity component, and

Aut(g) >~ Autg(g) < Aut(R, B)

where Aut(R, B) consists of the automorphisms of R leaving B stable; moreover, Aut(R, B)
is canonically isomorphic to the group of automorphisms of the Dynkin diagram of (g, ).
See Bourbaki LIE VIII, §5.

9 Representations of split semisimple Lie algebras

Throughout this subsection, (g, h) is a split semisimple Lie algebra with root system R C
hY, and b is the Borel subalgebra of (g, ) attached to a base S for R. According to Weyl’s
theorem (5.20) every g-module is a direct sum of its simple submodules, and so to classify
all g-modules it suffices to classify the simple g-modules.

Proofs of the next three theorems can be found in Bourbaki LIE, VIII, §7 (and else-
where).

THEOREM 9.1 Let V be a simple g-module.

(a) There exists a unique one-dimensional subspace L of V stabilized by b.
(b) The L in (a) is a weight space for b, i.e., L = Vg, for some wy € hV.
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(c) The wy in (b) is dominant, i.e., wy € P44 ;
(d) If w is also a weight forh in V, then @ = wy — ) _,cgMat Withmg € N.

Lie’s theorem (3.7) shows that there does exist a one-dimensional eigenspace for b — the
content of (a) is that when V is a simple g-module, the space is unique. Since L is mapped
into itself by b, it is also mapped into itself by b, and so lies in a weight space. The content
of (b) is that it is the whole weight space.

Because of (d), wy is called the highest weight of the simple g-module V.

THEOREM 9.2 Every dominant weight occurs as the highest weight of a simple g-module.

THEOREM 9.3 Two simple g-modules are isomorphic if and only if their highest weights
are equal.

Thus V +— wy defines a bijection from the set of isomorphism classes of simple g-modules
onto the set of dominant weights Py .

COROLLARY 9.4 IfV is a simple g-module, then End(V,r) >~ k.

Let V = Vg with @ dominant. Every isomorphism Vi — Vg maps the highest weight
line L into itself, and is determined by its restriction to L because L generates V4 as a
g-module.

EXAMPLE 9.5 Let g = sly, and choose a basis (€;)1<j<n+1 for W as on p.92. Recall that
S ={ay,...,an}, o =& —eit+1, ¢&i(diaglay,...,an))=aj;
is a base for the root system of (g, h); moreover hy; = E;; — Ei11,i+1. Let
w] =¢e1+-+¢i.
Then
wi(he;) =6ij, 1=<i,j <n,

and so w/[h is the fundamental weight corresponding to ;. This is represented by the
element )

i

+1

of V. Thus the fundamental weights corresponding to the base S are wy,..., w,. We have

wi =ertotei— (e1+-+ent1)

Q(R) ={mie1 +--+mpy16n+1|mi €Z, my+--+mpy1 =0}
P(R)=0Q0(R)+Z-w,
P(R)/O(R) ~ Z/(n+ 1)Z.

The action of g on W defines an action of g on /\” W. The elements
e, N Nej,, i1<'--<ir,
form a basis for \" W, and & € b acts by

h-(e1y Ao Nej) = (g (h) +--+&i.(h) (ex; A= Nei,).
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Therefore the weights of b in /" W are the elements
8i1+"'+8ira i1<"'<ir,

and each has multiplicity 1. As the Weyl group acts transitively on the weights, A" W is a
simple g-module, and its highest weight is .

9.6 The category Rep(g) is a semisimple k-linear tensor category to which we can apply
tannakian theory. Statements (9.2, 9.3) allow us to identify the set of isomorphism classes
of Rep(g) with Py . Let M(P+4) be the free commutative group with generators the
elements of P44 and relations

Then P44 — M(P44) is surjective, and two elements @ and @’ of P44 have the same
image in M (P4+4) if and only if there exist @w1,..., @y € P++ such that Wy and Wy, are
subrepresentations of Wy, ® -+ ® Wy, . Later we shall prove that this condition is equiv-
alentto w —w’ € Q, and so M(P+4) >~ P/Q. In other words, Rep(g) has a gradation by
Pi1/0N Py~ P/Q butnot by any larger quotient.

For example, let g = sl3, so that Q = Za and P = Z%5. Forn € N, let V(n) be a simple
representation of g with highest weight Z«. From the Clebsch-Gordon formula (Bourbaki
LIE, VIII, §9), namely,

Vim)@Vn)~V(im+n)@V(im+n-2)®---@V(m—n), n<m,

we see that Rep(g) has a natural P /Q-gradation (but not a gradation by any larger quotient
of P).

ASIDE 9.7 The above theorems are important, but are far from being the whole story. For example,
we need an explicit construction of the simple representation with a given highest weight, and we
need to know its properties, e.g., its character. Moreover, in order to determine Rep(g) as a tensor
category, it is is necessary to describe how the tensor product of two simple g-modules decomposes
as a direct sum of g-modules.

ASIDE 9.8 Isit possible to prove that the kernel of P44 — M(P44)is Q N P44 by using only the
formulas for the characters and multiplicities of the tensor products of simple representations (cf.
Humphreys 1972, §24, especially Exercise 12)?

NOTES At present, this section is only a summary.

10 Real Lie algebras

This section will describe semisimple Lie algebras over R (not necessarily split) and their
representations in terms of “enhanced” Dynkin diagrams. The tannakian formalism will
then allow us to read off a description of semisimple algebraic groups over R and their
representations (in Chapter II).
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11 Classical Lie algebras

The classical simple Lie algebras over an algebraically closed field are exactly those at-
tached to simple (associative) algebras equipped with an involution. Since the descent the-
ory for the two objects is the same so far as the inner forms are concerned, the correspon-
dence between classical simple Lie algebras and central simple algebras with involution ex-
tends to every base field of characteristic zero. We shall explain this, and in Chapter II the
tannakian formalism will allow us to read off a description of all classical simple algebraic
groups over fields of characteristic zero in terms of central simple algebras with involution.
Since class field theory classifies the central simple algebras with involution over p-adic
fields and number fields, this will give us a description of the classical semisimple algebraic
groups over such fields.






CHAPTER I I

Algebraic Groups

In this chapter we show that most of the theory of algebraic groups in characteristic zero is
visible already in the theory of Lie algebras. More precisely, let k be a field of characteristic
zero. The functor G ~~ Lie(G) from connected algebraic groups to Lie algebras is faithful,
but it is far from being surjective on objects or morphisms. However, for a connected
algebraic group G and its Lie algebra g, the functor Rep(G) — Rep(g) is fully faithful,'
and so G can be recovered from g as the Tannaka dual of a tensor subcategory of Rep(g).
In this way, the study of algebraic groups in characteristic zero comes down to the study of
certain tensor subcategories of the categories of representations of Lie algebras.

Since every connected algebraic group has a filtration whose quotients are (a) a semisim-
ple group, (b) a torus, or (c) a unipotent group it is natural to look first at each of these cases.

(a) When g is semisimple, the representations of g form a tannakian category Rep(g)
whose associated affine group G is the simply connected semisimple algebraic group G
with Lie algebra g. In other words,

Rep(G) = Rep(g)

with G a simply connected semisimple algebraic group having Lie algebra g. It is possible
to compute the centre of G from Rep(g), and to identify the subcategory of Rep(g) corre-
sponding to each quotient of G by a finite subgroup. This makes it possible to read off the
entire theory of semisimple algebraic groups and their representations from the (apparently
simpler) theory of semisimple Lie algebras.

(b) Let g be a commutative Lie algebra. Then Rep(g) has a tensor subcategory of
semisimple representations and a tensor subcategory on which the elements of g act as
nilpotent endomorphisms. This reflects the fact that g can be realized as the Lie algebra of a
torus or as the Lie algebra of a product of copies of G,. Realizing g as the Lie algebra of a
split torus G amounts to choosing a lattice in g. Then Rep(G) is the category of semisimple
representations of g whose characters are integral on the lattice.

(c) Let g be a nilpotent Lie algebra, and consider the category Rep™!(g) of representa-
tions of g such that the elements of g act as nilpotent endomorphisms. Then Rep"!(g) is
a tannakian category whose associated affine group G is unipotent with Lie algebra g. In
other words,

Rep(G) = Rep"'(g)

'Here we are using that k has characteristic zero. In characteristic p # 0, it is necessary to replace the Lie
algebra with the algebra of distributions of G (see Jantzen 1987, I, §7). In characteristic zero, the algebra of
distributions is just the universal enveloping algebra of g.

105
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with G a unipotent algebraic group having Lie algebra g. In this way, we get an equiva-
lence between the category of nilpotent Lie algebras and the category of unipotent algebraic
groups.

(d) It is possible to combine (a) and (b). Let (G,T) be a split reductive group. The
action of 7' on the Lie algebra g of G induces a decomposition

0=b0€P, 9% b=Lie®).

of g into eigenspaces g% indexed by certain characters o of T, called the roots. A root o
determines a copy so of sl; in g (I, 8.31). From the composite of the exact tensor functors

Rep(G) — Rep(g) — Rep(sq) >~ Rep(Sa),

we obtain a homomorphism from a copy Sy of SL; into G. Regard « as a root of Sy ; then
its coroot &V can be regarded as an element of X, (7). The system (X*(T),R,a — a)
is a root datum. From this, and the Borel fixed point theorem, the entire theory of split
reductive groups over fields of characteristic zero follows easily.

(e) It is possible to combine (a) and (c). For a Lie algebra g with largest nilpotent
ideal n, we consider the category Rep"!(g) of representations such that the elements of n
act as nilpotent endomorphisms. Ado’s theorem (I, 6.27) assures us that g has a faithful
such representation. When k is algebraically closed, we get a one-to-one correspondence
between the isomorphism classes of algebraic Lie algebras and the isomorphism classes of
connected algebraic groups with unipotent centre.

In the current version of the notes, only the semisimple case is treated in detail.

Throughout this chapter, k is a field of characteristic zero.

NOTES The key thing we use in passing from Lie algebras to Lie groups is that the functor Rep(G) —
Rep(g) is fully faithful. This certainly fails in characteristic p, but only for “small” p. Should in-
vestigate this, and at least include statements about what is true in characteristic p. Unfortunately,
some of the theory of Lie algebras also fails for small p. Some of these questions are investigated
in the articles of McNinch and Testerman.

1 Algebraic groups

In this section, we review the basic theory of algebraic groups over fields of characteristic
zero — see AGS for more details. Eventually, the section will be expanded to make the
notes independent of AGS except for a few proofs. See also Chapter 17 of AG.

Basic theory
Let Alg,, denote the category of commutative (associative) k-algebras.
1.1 Let Alg; denote the category of k-algebras. A k-algebra A defines a functor
h4:Alg; — Set, R ~»Hom(4, R),

and any functor isomorphic to 14 for some A is said to be representable. According to the
Yoneda lemma,
Nat(h4,h®) ~ Hom(B, A),

and so the category of representable functors Alg; — Set is locally small, i.e., the mor-
phisms between any two objects form a set.
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1.2 An affine group over k is a group object (G,m) in the category of representable
functors Alg; — Set. Thus G is a representable functor G:Alg; — Set and m is a natu-
ral transformation m:G x G — G such that there exist natural transformations e: * — G
and inv:G — G making certain diagrams commute. This condition means that, for all
k-algebras R,

m(R):G(R)xG(R) - G(R) (51

is a group structure on G(R). To give an affine group G over k amounts to giving a functor
G:Alg; — Grp such that the underlying set-valued functor is representable. When G is
represented by a finitely generated k-algebra, it is called an affine algebraic group.

From now on “algebraic group” will mean “affine algebraic group”.

1.3 Let (G,m) be an affine group. To say that G is representable means that there exists a
k-algebra A together with an element a € G(A) such that, for all k-algebras R, the map

f = G(f)(a):Hom(A, R) —> G(R)

is a bijection. In other words, for every b € G(R) there is a unique homomorphism f: A4 —
R such that G(f) sends a to b. The pair (A4, a) is uniquely determined up to a unique iso-
morphism by G. Any such A is called the coordinate ring of G, and is denoted O(G), and
a € G(A) is called the universal element. The natural transformation m then corresponds
to a comultiplication map

A:0(G) - O(G)RO(G).
The existence of e and inv then means that (O(G), A) is a Hopf algebra (AGS, II). Note

that
G(R) ~ Homy_yjeebra(O(G), R),  all k-algebras R.

To give an algebraic group over k amounts to giving a finitely generated k-algebra A to-
gether with a comultiplication homomorphism A: A — A ® A such that, for all k-algebras
R, the map

: Sr)od
Hom(A. R) x Hom(A. R) ~ Hom(A ® A, R) L2277V p (A R)

is a group structure on Hom(A4, R). Here ( f1, f2) denotes the homomorphism

ay®az — f(ay) f(a2): A1 ® A2 - R.

1.4 A homomorphism of algebraic groups is a natural transformation of functors u: G —
G’ such that mg o (u X u) = uomg. Such a homomorphism u: H — G is said to be in-
jective if u': O(G) — O(H) is surjective and it is said to be surjective (or a quotient map)
if u": O(G) — O(H) is injective. The second definition is only sensible because injective
homomorphisms of Hopf algebras are automatically faithfully flat (AGS, VI, 11.1). An em-
bedding is an injective homomorphism, and a quotient map is a surjective homomorphism.

By a “subgroup” of an algebraic group we mean an “affine algebraic subgroup”.

1.5 The standard isomorphism theorems in group theory hold for algebraic groups. For
example, if H and N are algebraic subgroups of an algebraic group G with N normal,
then N/JH NN >~ HN/N. The only significant difficulty in extending the usual proofs to
algebraic groups is in showing that the quotient G/N of an algebraic group by a normal
subgroup exists (AGS, VIII, 17.5).
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1.6 An algebraic group G is finite it O(G) is a finite k-algebra, i.e., finitely generated as
a k-vector space.

1.7 As k has characteristic zero, O(G) is geometrically reduced (Cartier’s theorem, AGS,
VI, 9.3), and so |G| o Spm O(G) is a group in the category of algebraic varieties over k (in
fact, of smooth algebraic varieties over k). If H is an algebraic subgroup of G, then |H | is
a closed subvariety of |G]|.

1.8 An algebraic group G is connected if |G| is connected or, equivalently, if O(G) con-
tains no étale k-algebra except k. A connected algebraic group remains connected over any
extension of the base field. The identity component of an algebraic group G is denoted by
G°.

1.9 A character of an algebraic group G is a homomorphism y:G — G,,. We write
X1 (G) for the group of characters of G over k and X *(G) for the similar group over an
algebraic closure of k.

Groups of multiplicative type

1.10 Let M be a finitely generated commutative group. The functor
R +— Hom(M, R*) (homomorphisms of abstract groups)

is an algebraic group D(M) with coordinate ring the group algebra of M. For example,
D(Z) ~ G,y,. The algebraic group D (M) is connected if and only if M is torsion-free, and
it is finite if and only if M is finite.

1.11 A group-like element of a Hopf algebra (A, A) is a unit u in A such that A(u) =
u ®u. If A is finitely generated as a k-algebra, then the group-like elements form a finitely
generated subgroup g(A) of A%, and for any finitely generated abelian group M,

Homalg gps(G» D(M)) = Homabstract gps(M» g(O(G)))

In particular,
def

Xk (G) = Hom(G,Gnp) >~ g(O(G)).
An algebraic group G is said to be diagonalizable if the group-like elements in O(G) span
it. For example, D(M) is diagonalizable, and a diagonalizable group G is isomorphic to
D(M) with M = g(O(G)).

1.12 An algebraic group that becomes diagonalizable after an extension of the base field
is said to be of multiplicative type, and it is a torus if connected. A torus over k is said to
be split if it is already diagonalizable over k.

1.13 (RIGIDITY) Every action of an algebraic group G on a group H of multiplicative
type is trivial on the identity component of G.
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Semisimple, reductive, solvable, and unipotent groups

1.14 Let G be a connected algebraic group, and consider the commutative normal con-
nected subgroups of G. The algebraic group G is said to be semisimple if the only such
subgroup is the trivial group, and it is said to be reductive if the only such subgroups are
tori.”

1.15 An algebraic group is said to be solvable if it admits a filtration by normal subgroups
whose quotients are all commutative. Among the connected solvable normal subgroups of
an algebraic group G, there is a largest one, called the radical RG of G. A connected
algebraic group is semisimple if and only if its radical is trivial.

1.16 An algebraic group is said to be unipotent if every nonzero representation of the
group has a nonzero fixed vector. Among the connected unipotent normal subgroups of
an algebraic group G, there is a largest one, called the unipotent radical R,G of G. A
connected algebraic group is reductive if and only if its unipotent radical is trivial.

Examples of algebraic groups

1.17 For a k-algebra R, let SL,(R) denote the group of n x n matrices of determinant 1
with entries in R. Then SL, is a functor Alg; — Set, and matrix multiplication defines a
natural transformation m:SL, x SL, — SL,. Note that

k[X11,X12,..., Xnnl
det(X;;))—1)

SL, (R) ~ Homy_y, (

Therefore (SL,,m) is an algebraic group, called the special linear group. Moreover,

k[X11.X12,.... Xnn)
SL,) = =k
O( n) (det(Xl])— 1) [xll’xlz’ »xnn]a

and the universal element is the matrix X = (X;;)1<i,j<n: for any k-algebra R and n xn
matrix M = (m;;) of determinant 1 with entries in R, there is a unique homomorphism
O(SL,) — R sending sending X to M.

1.18 Let GL, denote the functor sending a k-algebra R to the set of invertible n x n
matrices with entries in R. With the map m defined by matrix multiplication, it is an
algebraic group, called the general linear group. Let A denote the polynomial ring

k[Xll’XIZ’,XnnaYll’-,Ynn]

modulo the ideal generated by the n? entries of the matrix (X;;)(Y;;)— I, i.e., by the poly-
nomials "
Z , lXinjk -8k, 1=<i,k<n, §; = Kronecker delta.
J =

Then
Homk_alg(A,R) ={(M,N)| M,N € M,(R), MN =1}.

2These definitions are correct only in characteristic zero. See AGS XVIII, §2.



110 II. Algebraic Groups

The map (M, N) — M projects this set bijectively onto {M € M, (R) | M is invertible}
(because the right inverse of a square matrix is unique if it exists, and is also a left inverse)
and so

GLy (R) ~ Homy g, (A4, R).

Therefore O(GL,) = A, and the universal element is the matrix (x;;)1<;,j<n € Mpn(A).

1.19 Let V be a finite-dimensional vector space over k, and for a k-algebra R, let GLy (R)
denote the group of R-linear automorphisms of R ® V. The choice of a basis for V' deter-
mines an isomorphism GLy (R) >~ GL,(R), and so R ~> GLy (R) is an algebraic group. It
is also called the general linear group.

1.20 Let C be an invertible n x n matrix with entries in k. For a k-algebra R, the n x n
matrices 7" with entries in R such that

T'.C-T=C (52)

form a group G(R). If C = (c¢;;), then G(R) consists of the matrices (¢;;) (automatically
invertible) such that

thicjktkl =c¢;y, LI=1,...,n,
J.k

and so
G(R) = Homy.s(4. R)

with A equal to the quotient of k[X11, X12,..., Xnn] by the ideal generated by the polyno-
mials

Zincijkl —cj, LI=1,...,n.

ik

Therefore G is an algebraic group. Write
A - k[.xll, oo ,x”n].

Then the matrix a = (x;j)1<i,j<n With entries in A is the universal element: it satisfies
(52) and for any k-algebra R and matrix M in M, (R) satisfying (52), there is a unique
homomorphism A — R sending a to M .

When C = I, G is the orthogonal group O,,, and when C = (—(I) {)), G is the symplec-
tic group Sp,,.

NOTES Need to do more of this for affine groups, not necessarily of finite type, because they come
up in the following sections.

2 Representations of algebraic groups; tensor
categories

This section reviews the basic theory of the representations of algebraic groups and of tensor
categories. Eventually, the section will be expanded to make the notes independent of AGS
and Deligne and Milne 1982.

Throughout, k is a field of characteristic zero.
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Basic theory

2.1 For a vector space V over k and a k-algebra R, we set V(R) or Vg equal to R®y V.
Let G be an affine group over k, and suppose that for every k-algebra R, we have an action

G(R)xV(R) — V(R)
of G(R) on V(R) such that each g € G(R) acts R-linearly; if the resulting homomorphisms
r(R):G(R) — Autp.jinear(V(R))

are natural in R, then r is called a linear representation of G on V. A representation of G
on a finite-dimensional vector space V' is nothing more than a homomorphism of algebraic
groups r: G — GLy . A representation is faithful if all the homomorphisms r(R) are injec-
tive. For g € G(R), I shorten r(R)(g) to r(g). The finite-dimensional representations of G
form a category Rep(G).?

From now on, “representation” will mean “linear representation”.

2.2 Let G be an algebraic group over k. Let A = O(G), and let A:4A - A® A and
€: A — k be the comultiplication map and the neutral element. An A-comodule is a k-
linear map

p:V—->VA
such that
(idy ®A)op = (p®idyg)op (maps V - VR® AR A)
(idy ®€)op = idy (maps V — V).

Let r be a representation of G on V, and let a be the universal element in G(A4). Then
r(A)(a) is an A-linear map V' (A4) — V(A) whose restrictionto V C V(A) is an A-comodule
structure on V. Conversely, an A-comodule structure on V' extends by linearity to an A-
linear map V(A) — V(A) which determines a representation of G on V. In this way,
representations of G on V' correspond to A-comodule structures on V' (see AGS, VIII, §6).
The comultiplication map A: A — A ®; A defines a comodule structure on the k-vector
space A, and hence a representation of G on A (called the regular representation).

2.3 Every representation of an algebraic group is a filtered union of finite-dimensional
subrepresentations (AGS, VIII, 6.6). Every sufficiently large finite-dimensional subrepre-
sentation of the regular representation of G is a faithful finite-dimensional representation of
G (AGS, VIII, 6.6).

2.4 Let G — GLy be a faithful finite-dimensional representation of G. Then every other
finite-dimensional representation of G can be obtained from V' by forming duals (con-
tragredients), tensor products, direct sums, and subquotients (AGS, VIII, 11.7). In other
words, with the obvious notation, every finite-dimensional representation is a subquotient
of P(V,VY) for some polynomial P € N[X,Y].

3In the following, we shall sometimes assume that Rep(G) has been replaced by a small subcategory, e.g.,
the category of representations of G on vector spaces of the form k", n =0,1,2,....
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2.5 Let G — GLy be a representation of G, and let W be a subspace of V. The functor
R~ {geG(R)|gWr = Wr}

is a subgroup of G (denoted Gy, and called the stabilizer of W in G).

To see this, let p: V — V ® O(G) be the comodule map. Let (e;); s be a basis for W,
and extend it to a basis (e;) yuy for V. Write

plej) =2 ieurei ®aij, aij € O(G).
Let g € G(R) = Homy_,;,(O(G), R). Then

gej = iesurei ®gl(aij).

Thus, g(W ® R) C W ® R if and only if g(a;;) =0for j € J, i € I. As g(a;j) =
(aij)r(g), this shows that the functor is represented by the quotient of O(G) by the ideal
generated by {a;; | j € J,i € I}.

2.6 Every algebraic subgroup H of an algebraic group G arises as the stabilizer of a
subspace W of some finite-dimensional representation of V of G, i.e.,

H(R)={g<€G(R) | g(W Rk R) =W ®; R}, allk-algebras R.

To see this, let a be the kernel of O(G) — O(H). Then a is finitely generated, and accord-
ing to (2.3), we can find a finite-dimensional G-stable subspace V of O(G) containing a
generating set for a; take W = V Na (AGS, VIII, 13.1).

Elementary Tannaka duality

2.7 Let G be an algebraic group over k, and let R be a k-algebra. Suppose that for each
representation (V,ry) of G on a finite-dimensional k -vector space V', we have an R-linear
endomorphism Ay of V(R). If the family (Ay) satisfies the conditions,

o Ayew = Ay ® Aw for all representations V, W,
¢ Aqg =idy (here 1 = k with the trivial action),
o Awoar =apgoAdy, forall G-equivariant maps a: V — W,

then there exists a g € G(R) such that Ay = ry(g) forall V (AGS, X, 1.2).

Because G admits a faithful finite-dimensional representation (see 2.3), g is uniquely de-
termined by the family (1), and so the map sending g € G(R) to the family (ry (g)) is
a bijection from G(R) onto the set of families satisfying the conditions in the theorem.
Therefore we can recover G from the category Rep(G) of representations of G on finite-
dimensional k-vector spaces.

2.8 Let G be an algebraic group over k. For each k-algebra R, let G'(R) be the set of
families (1) satisfying the conditions in (2.7). Then G’ is a functor from k-algebras to
groups, and there is a natural map G — G’. That this map is an isomorphism is often
paraphrased by saying that Tannaka duality holds for G.
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Since each of G and Rep(G) determines the other, we should be able to see the proper-
ties of one reflected in the other.

2.9 An algebraic group G is finite if and only if there exists a representation V of G such
that every other representation is a subquotient of V" for some n > 0 (AGS, XII, 1.4).

2.10 Analgebraic group G is connected if and only if, for every representation V' on which
G acts nontrivially, the tull subcategory of Rep(G) whose objects are those isomorphic to
subquotients of V", n > 0, is not stable under ® (apply 2.9).

2.11 An algebraic group is unipotent if and only if every nonzero representation has a
nonzero fixed vector (AGS, XV, 2.1).

2.12 A connected algebraic group is solvable if and only if every nonzero representation
acquires a one-dimensional subrepresentation over a finite extension of the base field (Lie-
Kolchin theorem, AGS, XVI, 4.7).

2.13 A connected algebraic group is reductive if and only if every finite-dimensional
representation is semisimple (AGS, X VIII, 5.4).

2.14 Let u:G — G’ be a homomorphism of algebraic groups, and let u:Rep(G’) —
Rep(G) be the tunctor (V,r) ~» (V,r ou). Then:

(a) u is surjective if and only ifu" is fully faithful and every subobject of u™ (V') for V'’
a representation of G’ is isomorphic to the image of a subobject of V';

(b) u is injective if and only if every object of Rep(G) is isomorphic to a subquotient of
an object of the form u" (V).

When Rep(G) is semisimple, the second condition in (a) is superfluous: thus u is surjective
if and only u" is fully faithful. (AGS X, 4.1, 4.2, 4.3).

Tensor categories
Basic definitions

2.15 A k-linear category is an additive category in which the Hom sets are finite-dimensional
k-vector spaces and composition is k-bilinear. Functors between such categories are re-
quired to be k-linear, i.e., induce k-linear maps on the Hom sets.

2.16 A tensor category over k is a k-linear category together with a k-bilinear functor
®:C x C — C compatible with certain associativity and commutativity ensuring that the
tensor product of any unordered finite set of objects is well-defined up to a well-defined
isomorphism. An associativity constraint is a natural isomorphism

duywUQWVRW)=>UV)W, UV,W eob(C),
and a commutativity constraint is a natural isomorphism

Yyw: VW > WV, V,Weob(C).
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Compatibility means that certain diagrams, for example,

du.v.Ww Yuev.w

UR(VRW) ———— (UQV)QW ——— WU V)

lidu QVv.w l¢w.u.v

du.w.v Yu.w Qidy

UWV) ——— UW)QV —— (WeU)V,

commute, and that there exists a neutral object (tensor product of the empty set), i.e., an
object U together with an isomorphism u:U — U ® U such that V — V ® U is an equiv-
alence of categories. For a complete definition, see Deligne and Milne 1982, §1. We use 1
to denote a neutral object of C.

2.17 An object of a tensor category is frivial if it is isomorphic to a direct sum of neutral
objects.

EXAMPLE 2.18 The category of finitely generated modules over a ring R becomes a tensor
category with the usual tensor product and the constraints

URRW)—~ UV)QWw: URQ(VRIW)->UQV)W

(53)
VW —-o>wv: VW ->WV.

Any free R-module U of rank one together with an isomorphism U — U ® U (equivalently,
the choice of a basis for U) is a neutral object. It is trivial to check the compatibility
conditions for this to be a tensor category.

EXAMPLE 2.19 The category of finite-dimensional representations of a Lie algebra or of
an algebraic (or affine) group G with the usual tensor product and the constraints (53) is a
tensor category. The required commutativities follow immediately from (2.18).

2.20 Let (C,®) and (C’, ®) be tensor categories over k. A tensor functor C — C' is a pair
(F,c) consisting of a functor F':C — C’ and a natural isomorphism cy,y: F (V) ® F(W) —
F(V ® W) compatible with the associativity and commutativity constraints and sending
neutral objects to neutral objects. Then F' commutes with finite tensor products up to a
well-defined isomorphism. See Deligne and Milne 1982, 1.8.

2.21 Let C be a tensor category over k, and let V' be an object of C. A pair
vV VeV =5 1)

is called a dual of V if there exists a morphism §y: 1 — V ® V'V such that the composites

S Vv Vv

1% &) VevveV V®ev, 174
Vs vy

VvV & VVevevY RAIAN VvV

are the identity morphisms on V and V'V respectively. Then §y is uniquely determined, and
the dual (VY,ev) of V is uniquely determined up to a unique isomorphism. For example,
a finite-dimensional k-vector space V has as a dual V' & Homy (V,k) with ev(f ® v) =
f(v) — here 8y is the k-linear map sending 1 to ) _e; ® f; for any basis (e;) for V and its
dual basis ( f;). Similarly, the contragredient of a representation of a Lie algebra or of an
algebraic group is a dual of the representation.
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2.22 A tensor category is rigid if every object admits a dual. For example, the category
Vecy, of finite-dimensional vector spaces over k and the category of finite-dimensional rep-
resentations of a Lie algebra (or an algebraic group) are rigid.

Neutral tannakian categories

2.23 A neutral tannakian category over k is an abelian k-linear category C endowed with
a rigid tensor structure for which there exists an exact tensor functor w:C — Vecg. Such
a functor w is called a fibre functor over k. We shall refer to a pair (C,w) consisting of a
neutral tannakian category over k and a fibre functor over k as a neutral tannakian category
over k.

THEOREM 2.24 Let (C,w) be a neutral tannakian category over k. For each k-algebra R,
let G(R) be the set of families

A= (AV)Veob(C)a Av € Endg_jinear(@(V)R),
such that

o Ayew = Ay @ Aw forall V,W € ob(C),
¢ Aq =idg () for every neutral object of 1 of C, and
o Awoar =agoly forall arrows a:V — W in C.

Then R ~~ G(R) is an affine group over k, and w defines an equivalence of tensor categories
overk,
C — Rep(G).

PRrROOF. This is an abstract version of AGS, X, 3.14. o

2.25 Let wg be the functor V ~~ w(V) ® R; then G(R) consists of the natural transfor-
mations A:wgr — wg such that the following diagrams commute

wr(V)® 0r(W) <25 wr(V @ W) wr(1) 22 wr(1® 1)
L\v@)/lw L‘V@W J{Kn Jln
wr(V)® 0r(W) %5 wr(V @ W) wr(1) 229 wr(1® 1)

for all objects V, W of C and all identity objects (1,u).

2.26 I explain the final statement of (2.24). For each V in C, there is a representation
rv:G — GL,(y) defined by

rv(gv=Ay(v)if g =(Ay) € G(R) and v € V(R).

The functor sending V' to w(V') endowed with this action of G is an equivalence of cate-
gories C — Rep(G).

2.27 If the group G in (2.24) is an algebraic group, then (2.3) and (2.4) show that C has an
object V' such that every other object is a subquotient of P(V, V) for some P € N[X,Y].
Conversely, if there exists an object V' of C with this property, then G is algebraic because
G CGLy.
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2.28 It is usual to write Aut®(w) (functor of tensor automorphisms of w) for the affine
group G attached to the neutral tannakian category (C,w) — we call it the Tannaka dual
or Tannaka group of C.

EXAMPLE 2.29 If C is the category of finite-dimensional representations of an algebraic
group H over k and w is the forgetful functor, then G(R) >~ H(R) by (2.7), and C —
Rep(G) is the identity functor.

EXAMPLE 2.30 Let N be a normal subgroup of an algebraic group G, and let C be the
subcategory of Rep(G) consisting of the representations of G on which N acts trivially.
The group attached to C and the forgetful functor is G/N. Alternatively, this can be used
as a definition of G/ N, but then one has to check that the kernel of the map G — G/N is
N.

EXAMPLE 2.31 Let (C,w) and (C’,®’) be neutral tannakian categories with Tannaka duals
G and G'. An exact tensor functor F:C — C’ such that w’ o F = w defines a homomorphism
G’ — G, namely,

(Av)veob(c) = (AFV)veor(c):G'(R) = G(R).

EXAMPLE 2.32 The category of representations of Z (as an abstract group) on finite-
dimensional vector spaces over k is tannakian. The Tannaka dual of this category is of
the form 7 X ftoo X G4 with T a pro-torus (cf. 4.17 below).

2.33 Let C = Rep(G) for some algebraic group G.

(a) For an algebraic subgroup H of G, let C¥ denote the full subcategory of C whose
objects are those on which H acts trivially. Then C¥ is a neutral tannakian category
whose Tannaka dual is G/ N where N is the smallest normal algebraic subgroup of
G containing H (intersection of the normal algebraic subgroups containing H).

(b) (Tannaka correspondence.) For a collection S of objects of C = Rep(G), let H(S)
denote the largest subgroup of G acting trivially on all V' in S; thus

H(S) = ﬂ Ker(ry:G — Aut(V)).
VeS

Then the maps S +— H(S) and H — CH form a Galois correspondence
{subsets of ob(C)} = {algebraic subgroups of G},

i.e., both maps are order reversing and C#S) > § and H(CH) > H forall S and H.
It follows that the maps establish a one-to-one correspondence between their respec-
tive images. In this way, we get a natural one-to-one order-reversing correspondence

{tannakian subcategories of C} PR {normal algebraic subgroups of G}

(a tannakian subcategory is a full subcategory closed under the formation of duals,
tensor products, direct sums, and subquotients).
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Gradations on tensor categories

2.34 Let M be a finitely generated abelian group. An M -gradation on an object X of an
abelian category is a family of subobjects (X™),,epm such that X =P, cp X™. An M-
gradation on a tensor category C is an M -gradation on each object X of C compatible with
all arrows in C and with tensor products in the sense that (X ® Y)" =, ,_,, X" ® X*.
Let (C,w) be a neutral tannakian category, and let G(w) be its Tannaka dual. To give
an M -gradation on C is the same as giving a central homomorphism D(M) — G(w): a
homomorphism corresponds to the M -gradation such that X is the subobject of X on
which D(M) acts through the character m (Saavedra Rivano 1972; Deligne and Milne
1982, §5).

2.35 Let C be a semisimple k-linear tensor category such that End(X) = k for every
simple object X in C, and let /(C) be the set of isomorphism classes of simple objects in
C. For elements x, x1,..., X, of I(C) represented by simple objects X, X1,..., X;,, write
X <Xx1®-®xpy if X is a direct factor of X1 ® ---® X,;. The following statements are
obvious.

(a) Let M be a commutative group. To give an M -gradation on C is the same as to give
amap f:1(C) — M such that

X=<x1®x2 = f(x)= f(x1)+ f(x2).

A map from /(C) to a commutative group satisfying this condition will be called a
tensor map. For such a map, f(1) =0, and if X has dual XV, then f([XV]) =
—f(XD.

(b) Let M(C) be the free abelian group with generators the elements of /(C) modulo the
relations: x = x1 4+ x5 if x < x1 ® x2. The obvious map /(C) — M (C) is a universal
tensor map, i.e., it is a tensor map, and every other tensor map /(C) — M factors
uniquely through it. Note that /(C) — M (C) is surjective.

2.36 Let (C,w) be a neutral tannakian category such that C is semisimple and End(V) =k

for every simple object in C. Let Z be the centre of G £ Aut® (w). Because C is semisim-
ple, G is reductive (2.13), and so Z is of multiplicative type. Assume (for simplicity) that Z
is split, so that Z = D(N) with N the group of characters of Z. According to (2.34), to give
an M -gradation on C is the same as to give a homomorphism D(M) — Z, or, equivalently,
a homomorphism N — M. On the other hand, (2.35) shows that to give an M -gradation
on C is the same as giving a homomorphism M (C) — M. Therefore M(C) ~ N. In more
detail: let X be an object of C; if X is simple, then Z acts on X through a character n of
Z, and the tensor map [X ]+ n: I(C) — N is universal.

2.37 Let (C,w) be as in (2.36), and define an equivalence relation on /(C) by
a~a <= there exist X1,...,Xm € 1(C) such thata,a’ < x1 @ @ Xp,.

A function f from /(C) to a commutative group defines a gradation on C if and only if
f(a) = f(a’) whenever a ~ a’. Therefore, M(C) ~ I(C)/~ .
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3 The Lie algebra of an algebraic group

In this section, we define the functor Lie from algebraic groups to Lie algebras and study
its basic properties. Recall that k is a field of characteristic zero.

Definition of the Lie algebra of an algebraic group

Let G be an algebraic group. The action of G on itself by conjugation,
(g.x) > gxg 1:GxG — G,
fixes e, and so it defines a representation of G on the tangent space g of G at e,
G — GL,.
In turn, this gives a map on the tangent spaces at the neutral elements of G and GLg,
ad: g — End(g).
The Lie algebra of G is defined to be the k-vector space g endowed with the bracket
v, y] £ ad(x) ().
For example, if G = GLy, then g is the vector space End(V') endowed with the bracket
(0. ] = a0 f—Boa

(see I, 1.5). We now explain this construction in detail.

Definition of g(R)

Let R be a k-algebra, and let R[] = R[X]/(X?). Thus R[¢] = R ® Re as an R-module,
and £2 = 0. We have homomorphisms

R— R[] =R, i(@)=a+¢0, n(a+eb)=a, moi=Iidg.

For an affine group G over k, they give homomorphisms
G(R) —> G(R[e]) = G(R), moi =idg)
where we have written i and 7 for G(i) and G (). Let
a(R) = Ker(G(R[e]) — G(R)).

EXAMPLE 3.1 Let G = GL,,. For each A € M, (R), I, + €A is an element of M, (R[e]),
and

(In+eA)(Iy—cA) = 1y;
therefore I, + A € g(R). Clearly every element of g(R) is of this form, and so the map

def

A E(A)=1,+¢A: M, (k) — g(R)

is a bijection. Therefore
g(R) ={In+eA| A€ My(k)}.
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EXAMPLE 3.2 Let G = GLy where V is a finite-dimensional vector space over k. Every

element of V' (¢) e k([e] ® V can be written uniquely in the form x + &y with x,y € V, i.e.,
V(e) =V @¢eV. For k-linear endomorphisms « and 8 of V, define « + €8 to be the map
V(e) — V(e) such that

(@+ef)(x +ey) = a(x) +e(a(y) + B(x)): (54)

then o + & is k[g]-linear, and every k|[e]-linear map V(&) — V(¢) is of this form for unique
pair o, B.% Tt follows that

GLy (k[e]) = {a + &B | « invertible}

and that
g(k) ={idy +¢ea |« € End(V)}.

Description of g(R) in terms of derivations

DEFINITION 3.3 Let A be a k-algebra and M an A-module. A k-linear map D: A — M is
a k-derivation of A into M if

D(fg)=f-D(g)+g-D(f) (Leibnizrule).

The Leibniz rule implies that D(1) = D(1x 1) = D(1) + D(1) and so D(1) = 0. By
k-linearity, this implies that
D(c) =0forall ¢ € k. (55)

Conversely, every additive map A — M satisfying the Leibniz rule and zero on k is a k-
derivation.
Leta: A — R|e] be a k-linear map, and write

a(f)=ao(f)+ea1(f). ao(f) ai(f)€R.

Then
a(fg) =a(f)a(g)
if and only if
ao(fg) = ao(f)o(g)
a1(fg) = ao(f)ai(g)+ao(gai(f).

The first condition says that ¢ is a k-algebra homomorphism A — R. When we use ¢ to
make R into an A-module, the second condition says that o1 is a k-derivation A — R.

Now let G be an algebraic group, and let €: O(G) — k be the neutral element in G (k).
By definition, the elements of g(R) are the k-algebra homomorphisms O(G) — R|[e] such
that the composite

OG) %5 k[e] 29 R

4To see this, note that the k-linear endomorphisms of V(g) = V @&V are just the 2 x 2 matrices of k-linear

endomorphisms of V, and that ¢ acts as (9 ); the matrices (;‘f g ) that commute with (¢ J) are exactly those

of the form (g 2).
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is €, 1.e., such that g = €. Therefore, according to the above discussion,
g(R) ={e +¢&D | D aderivation}. (56)

Let Derg  (O(G), R) be the set k-derivations O(G) — R with R regarded as an O(G)-
module through €. Let I = Ig be the augmentation ideal of O(G), defined by the exact
sequence

01— 0G)—>k—0. (57)
PROPOSITION 3.4 There are natural one-to-one correspondences

9(R) <> Dery (O(G), R) <> Homy_jineqr(1/17,k). (58)

PROOF. The first correspondence is given by (56). The Leibniz rule in this case is

D(fg) =€(f)-D(g)+¢€(g)-D(f). (59)

In particular, D(fg) =0if f,g € I. As e(c) = ¢ for ¢ € k, the sequence (57) splits: we
have a canonical decomposition

f o). f-e(f):00G)=kel

of O(G) (as a k-vector space). A k-derivation O(G) — R is zero on k, and so it is deter-
mined by its restriction to I, which can be any k-linear map / — R thatis zeroon /2. g

COROLLARY 3.5 The set g(R) has a canonical structure of an R-module, and
g(R) ~ R®g(k).
PROOF. Certainly, both statements are true for Hom(/ /12, R). o

ASIDE 3.6 Here is a direct description of the action of R on g(R): an element ¢ € R defines a
homomorphism of R-algebras

uc: R[] - Rle], a+ebr>a+ceb
such that w ou, = m, and hence a commutative diagram

G(R[e)) 2 G(Re))

lG () J{G ()

G(R) —9— G(R),

which induces a homomorphism of groups g(R) — g(R). For example, when G = GL,,,
Guc)E(A) =Gue)Uy+eA)=1,+ceAd = E(cA),

as expected.
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The adjoint map Ad: G — Aut(g)

We define
Ad: G(R) — Aut(g(R))

by
Ad(g)x =i(g)-x-i(g)~", ge€G(R), xeg(R)CG(R[e]).

The following formulas hold:

Ad(g)(x +x') = Ad(g)x +Ad(g)x’, ge€G(R), x,x €g(R)
Ad(g)(cx) =c(Ad(g)x), g€G(R), c€R, xeg(R).

The first is clear from the definition of Ad, and the second follows from the description of
the action of ¢ in (3.6). Therefore Ad maps into Autg_jinear(g(R)). All the definitions are
natural in R, and so we get a representation of G on the vector space g,

Ad:G — GL,. (60)

Let f:G — H be a homomorphism of affine groups over k. Because f is a functor,

G(R[e]) —— G(R)

Jf (R[e]) lf (R)

H(R[e]) —— H(R)

commutes, and so f induces a homomorphism

df :g(R) = b(R),
which is natural in R. Directly from the definitions, one sees that
G(R) x g(R) ———g(R)
e
H(R) x  b(R) ——— bh(R)

commutes.

Definition of Lie
Let Lie be the functor sending an algebraic group G to the k-vector space

def

g(k) = Ker(G(k[e]) > G (k))
(see (3.6) for the k-structure). On applying Lie to (60), we get a k-linear map
ad:Lie(G) — End(g).

For a,x € g(k), we define
[a,x] = ad(a)(x).
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LEMMA 3.7 For GL,, the construction gives

[4,X] = AX — XA.

PROOF. An element I + ¢A € Lie(GL,) acts on M,,(k|[¢]) as
X+e¥Y > I+eA) (X +eY)I —eA) =X +¢eY +e(AX — XA).

On comparing this with (54), we see that ad(A) acts as id +eu where u(X) = AX — XA.g

It follows from (61) that the map Lie(G) — Lie(H) defined by a homomorphism of
algebraic groups G — H is compatible with the two brackets. Because the bracket on
Lie(GL,) makes it into a Lie algebra, and every algebraic group G can be embedded in
GL, (2.3), the bracket on Lie(G) makes into a Lie algebra. We have proved the following
statement.

THEOREM 3.8 There is a unique functor Lie from the category of algebraic groups over k
to the category of Lie algebras such that:

(a) Lie(G) = g(k) as a k-vector space, and
(b) the bracket on Lie(GL,) = gl, is [X,Y] = XY —YX.

The action of G on itself by conjugation defines a representation Ad:G — GLgy of G on g
(as a k-vector space), whose differential is the adjoint representation ad: g — Der(g) of (I,
1.11).

Clearly
Lie(Gk) ~ K ® Lie(G) (62)

for any field K containing k.
Examples
3.9 (Special linear group) By definition
Lie(SL,) = {I + Ae € My (k[e]) | det({ + Ae) = 1}.
When we expand det(/ + £A) as a sum of n! products, the only nonzero term is
[T=) (W +eai) = 1+e) ] aii,
because every other term includes at least two off-diagonal entries. Hence
det(/ +eA) = 1+ etrace(A)
and so

Lie(SLy) = {I 4+ €A | trace(A) = 0}

>~ sl,.
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3.10 Let C be an invertible n x n matrix, and let G be the algebraic group such that G(R)
consists of the matrices A such that A’CA = C (see 1.20). Then Lie(G) consists of the
matrices I + A € My (k[g]) such that

(I +eA)-C-(I+¢eA)=C,

i.e., such that
A.C+C-A=0.

For example, if C = I, then G = O, and
Lie(O,) ={I +sA € M, (k[e]) | A"+ A =0}

>~ 0p.
IfC=(_97),then G =Sp,, and
Lie(Sp,) = {I +eA € My(k[e]) | A'C +CA =0}
~ 5p,.
3.11 Let V be a finite-dimensional vector space over k, and let
B:VxV >k
be a nondegenerate k-bilinear form. If 8 is symmetric or alternating, then
R~ {a € GL(VR) | Blav,av’) = B(v.v)}
is an algebraic group. Its Lie algebra is
g={x egly | Bxv.v)) + (. xv)} =0
(see 1.7).

3.12 Let T}, be the algebraic group R ~~ T, (R) where T, (R) is the group of invertible
upper triangular 7 X n matrices with entries in R. Then

1+ec11 £C12 &C1n—1 ECln
0 1+ecry .- &Con—1 ECon
Lie(T,) = : : : : )
0 0 oo l4+ecp—1n—1 ECpn—1n
0 0 0 14+ecun

and so
Lie(T,) >~ b, (upper triangular matrices).

Let U, be the algebraic group R ~» U, (R) where Uy, (R) is the group of upper triangular
n x n matrices having only 1’s on the diagonal. Then

Lie(U,) ~n, (strictly upper triangular matrices).

Finally, let D, be the algebraic group R ~~ D, (R) where D, (R) is the group of invertible
diagonal n x n matrices with entries in R. Then

Lie(D,) ~ 0, (diagonal matrices).
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Description of Lie(G) in terms of derivations

Let A be a k-algebra, and consider the space Dery (A4) of k-derivations of A into A, as in
(1.10), so that the Leibniz rule is

D(fg)=f-D(g)+D(f)-g.

The bracket
D.D ¥ DoD'—~D'oD

of two derivations is again a derivation. In this way Dery (A4) becomes a Lie algebra.
Let G be an algebraic group. A derivation D: O(G) — O(G) is said to be left invariant®
if
AoD = (id®D)o A. (63)
If D and D’ are left invariant, then
Ao(DoD")=(id®D)oAoD' = (id®DoD’)o A,

and so

Ao[D,D'l|=Ao(DoD'—D"oD)
= (id®(DoD")—id®(D o D))o A
— (id®[D, D))o A.

Therefore [ D, D’] is left invariant, and so the left invariant derivations form a Lie subalgebra
of Der; (O(G)).

PROPOSITION 3.13 The map
D + €0 D:Deri (O(G)) — Deri (O(G), k)

defines an isomorphism from the space of left invariant derivations onto Der; (O(G), k).

PROOF. For homomorphisms f: A4 — R and g: B — R of k-algebras, we write ( f, g) for
the homomorphisma ® b +— f(a)g(b): A® B — R. The fact that m is associative translates
into the equality

([d®A)oA=(ARid)o A (64)

and that € is the neutral element into the equalities
(id,e) o A =id = (¢,id) 0 A. (65)

To prove the proposition, we prove the following two statements:

(a) If d is an e-derivation O(G) — k, then D = (id,d) o A is a left invariant derivation
O(G) — O(G); moreover € o D = d (here id = idp(g))-
(b) If D is aleft invariant derivation O(G) — O(G), then

D = (id,(eo D))o A.

SIn geometric terms, a derivation D defines a tangent vector ¢ p at each point of |G|, and to say that D is
left invariant means that the family (¢ p) is invariant under left translations.



3. The Lie algebra of an algebraic group 125

In combination, these statements say that D > € o D and d > (id,d ) o A are inverse bijec-
tions.

We first prove (a). Let D = (id,d) o A. To show that D is a derivation, we have to show
that, for a,a’ € O(G),

D(aa’) =aD(a’)+ D(a)d’.

This can be checked by writing A(a) = Y b; ® ¢; and A(a’) = )_b; ® ¢/ and expanding
both sides.

We next show that D is left invariant. Obviously

id®D = (id®(id,d)) o (id®A).
On the other hand, a direct calculation shows that
AoD = (id®(id,d)) o (A®id)o A
(evaluate both sides on a € O(G) by writing A(a) = ) _b; ® ¢;). Now the equality
(id®D)oA=AoD

follows from (64).
The final statement of (a), that e o D = d, is left to the reader to check.
We now prove (b):

D€ (id,e)oAoD D (id,€) 0 (i[d®@D) o A = (id, (€0 D)) 0 A.

Thus, Lie(G) is isomorphic (as a k-vector space) to the space of left invariant deriva-
tions O(G) — O(G), which is a Lie subalgebra of Der; (O(G)). In this way, Lie(G)
acquires a Lie algebra structure. As the construction is functorial in G, the next exercise
shows that this Lie algebra structure agrees with that defined earlier.

EXERCISE 3.14 Show that, when G = GL,,, this construction gives the bracket [A, B] =
AB — BA.

ASIDE 3.15 Let M be a smooth manifold (i.e., a C* real manifold). The smooth differential
operators on M form an associative algebra over R, and hence, as in (1.4), define a Lie algebra.
The bracket of two smooth vector fields on M is again a smooth vector field, and hence the smooth
vector fields on M form a Lie algebra m. If M is a Lie group, i.e., has a smooth group structure,
then the left invariant vector fields form a Lie subalgebra of m, called the Lie algebra of M. As
in the case of an algebraic group, it is canonically isomorphic to the tangent space to the M at the
identity element. See Chapter III.

NOTES The definitions in this subsection work equally well for affine groups, i.e., we don’t use that
O(G) is finitely generated. We need affine groups in the remaining sections.

Properties of the functor Lie

PROPOSITION 3.16 For an algebraic group G, dimLie(G) = dimG. In particular, G is
finite if and only if Lie(G) = 0.
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PROOF. Because Lie(Gyu) ~ Lie(G) ®j k¥ (see 62), we may suppose k = k. Now
Lie(G) is the tangent space to G at e, and so dimLie(G) > dim G, with equality if and
only if G is smooth at e. But we know that G is smooth (1.7), and so equality holds. O

EXAMPLE 3.17 Proposition 3.16 is very useful for computing the dimensions of algebraic
groups. For example,

dimLieG, = 1 = dimG,
dimLieSL, =n%?—1=dimSL,.

PROPOSITION 3.18 Let H be an algebraic subgroup of an algebraic group G ; then H® =
G° ifand only if Lie H = LieG.

PROOF. Clearly, the Lie algebra of an algebraic group depends only on its identity com-
ponent, and so Lie(H) = Lie(G) if H° = G°. Conversely, if Lie(H) = Lie(G), then
dim H° = dimG° and, as G° is irreducible, this implies that H° = G°. o

The functor Lie commutes with fibre products.
PROPOSITION 3.19 For any homomorphisms G — H < G’ of algebraic groups,

Lie(G xg G') ~ Lie(G) x;e(sr) Lie(G'). (66)

PROOF. By definition,
(Gxm G')(R) = G(R) xpg(r) G'(R).
Therefore,
Lie(G x g G') = Ker (G (k[e]) x gk [e]) G (k[e]) = G (k) x g G' (k).
In other words, Lie(G x g G') consists of the pairs
(g.8") € G(k[e]) x G'(kle])

such that g maps to 1 in G(k), ¢’ maps to 1 in G'(k), and g and g’ have the same image in
H (k[¢]). Hence Lie(G x g G’) consists of the pairs

(g.g)) € Ker(G(k[e]) — G(k)) x Ker (G/(k[s]) — G/(k))

having the same image in H (k[e]). This set is Lie(G) Xp;e(sr) Lie(G'). o

COROLLARY 3.20 If Hy and H, are algebraic subgroups of an algebraic group G, then
Lie(H1) and Lie(H>,) are Lie subalgebras of Lie(G), and

Lie(H, N Hy) = Lie(H;) NLie(H) (inside Lie(G)).
More generally,
Lie(ﬂie] H;) = ﬂiel Lie H; (inside Lie(G)) (67)

for any family of algebraic subgroups H; of G.
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PROOF. Recall that H; N H; represents the functor R ~» H(R) N H{(R). Therefore
H NH, ~ Hy xg H>,

and so the statement follows from (3.19). o

COROLLARY 3.21 For any homomorphismu:G — H,
Lie(Ker(u)) = Ker(Lie(u)).

In other words, an exact sequence of algebraic groups 1 - N — G — Q gives rise to an
exact sequence of Lie algebras

0 — LieN — LieG — Lie Q.
PROOF. As the kernel can be obtained as a fibred product,

Ker(u) — *

L

’

this follows from (3.19). o

PROPOSITION 3.22 Let G be a connected algebraic group. The map H +— Lie H from
connected algebraic subgroups of G to Lie subalgebras of Lie G is injective and inclusion
preserving.

PROOF. Let H and H’ be connected algebraic subgroups of G. Then (see 3.20)
Lie(H N H') = Lie(H) NLie H').

If Lie(H) = Lie(H’), then
Lie(H) = Lie(H N H') = Lie(H'),

and so (3.18) shows that
H=(HnH') =H

3.23 A Lie subalgebra g of gly is said to be algebraic® if it is the Lie algebra of an
algebraic subgroup of GLy . A necessary condition for this is that g contain the semisimple
and nilpotents parts of each of its elements — a subalgebra satisfying this condition is said
to be almost algebraic.” A sufficient condition is that [g, g] = g (see later).

5The name is due to Chevalley.
7The concept is due to Malcev, but the name to Jacobson (Lie Algebras, p.98).
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3.24 According to (2.3), every algebraic group over k can be realized as a subgroup of
GL,, for some n, and, according to (3.22), the algebraic subgroups of GL;, are in one-to-
one correspondence with the algebraic Lie subalgebras of gl,. This suggests two questions:
find an algorithm to decide whether a Lie subalgebra of gl,, is algebraic (i.e., arises from
an algebraic subgroup); given an algebraic Lie subalgebra of gl,, find an algorithm to con-
struct the group. For a recent discussion of these questions, see, de Graaf, Willem, A.
Constructing algebraic groups from their Lie algebras. J. Symbolic Comput. 44 (2009), no.
9,1223-1233.8

PROPOSITION 3.25 Letu:G — H be a homomorphism of algebraic groups. Thenu(G°®) D
H° if and only if Lie G — Lie H is surjective.

PROOF. We may replace G and H with their neutral components. We know (1.5) that

G — H factors into
surjective — injective

Correspondingly, Lie(u) factors into
. . —_ injective _ |
Lie(G) — Lie(G) —— Lie(H).
Clearly Lie(G) — Lie(H) is surjective if and only if Lie(G) — Lie(H) is an isomorphism,
which is true if and only if G = H (3.18). o

PROPOSITION 3.26 Letu,v:G — H be homomorphisms of algebraic groups; then u and
v agree on G° if and only if Lie(u) = Lie(v).

PROOF. We may replace G with its neutral component. Let A denote the diagonal in G x G
— it is an algebraic subgroup of G x G isomorphic to G. The homomorphisms u and v
agree on the algebraic group

G'EANG xyG.
The hypothesis implies Lie(G’) = Lie(A), and so G’ = A. o
3.27 Thus the functor Lie is faithful on connected algebraic groups, but it is not full. For

example
End(G,,) =Z < k = End(Lie(G,)).

For another example, let k be an algebraically closed field of characteristic zero, and let
G = G4 x Gy, with the product (a,u)(b,v) = (a + ub,uv). Then
Lie(G) = Lie(G,) xLie(Gp) = ky + kx

with [x, y] = y. The Lie algebra morphism Lie(G) — Lie(G,) such that x > y, y — 0
is surjective, but it is not the differential of a homomorphism of algebraic groups because
there is no nonzero homomorphism G, — G,.

8de Graaf (ibid.) and his MR reviewer write: “A connected algebraic group in characteristic 0 is uniquely
determined by its Lie algebra.” This is obviously false — consider SLy and its quotient by {£17}, or the exam-
ples in (3.28). What they mean (but didn’t say) is that a connected algebraic subgroup of GL,, in characteristic
zero is uniquely determined by its Lie algebra as a subalgebra of glj,.
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3.28 Even in characteristic zero, infinitely many nonisomorphic connected algebraic groups
can have the same Lie algebra. For example, let g be the two-dimensional Lie algebra
{x,y | [x,y] = y), and, for each nonzero n € N, let G, be the semidirect product G, x Gy,
defined by the action (¢,a) — t"a of G, on G,. Then Lie(G,) = g for all n, but no two
groups G are isomorphic. (Indeed, the centre of G, is {(0,¢) | {" = 1} >~ uy, but the
isogeny (a,u) — (a,u™): G, — G1 defines an isomorphism Lie(G,) — Lie(G1).)

PROPOSITION 3.29 If
1> N—>G—>0—>1

is exact, then
0 — Lie(N) — Lie(G) — Lie(Q) — 0

is exact. In particular,

dimG =dim N +dim Q.

PROOF. The sequence 0 — Lie(N) — Lie(G) — Lie(Q) is exact (by 3.21), and the sur-
jectivity of Lie(G) — Lie(Q) follows from (3.25). O

An isogeny of algebraic groups is a surjective homomorphism with finite kernel.
COROLLARY 3.30 A homomorphism G — H of connected affine algebraic groups is an
isogeny if and only if Lie(G) — Lie(H ) is an isomorphism.

PROOF. Apply (3.25), (3.29), and 3.16). o

THEOREM 3.31 Let H be an algebraic subgroup of an algebraic group G. The functor of
k -algebras

def

R~ NGg(H)R)= {geG(R)|g-H(S)-g~' = H(S) all R-algebras S}

is an algebraic subgroup of G. If H is connected, then

Lie(Ng (H)) = ng(h) = {x € g | [x,h] C b};

consequently, H is normal in G if and only if'§ is an ideal in g.

PROOF. That Ng(H) is an algebraic subgroup of G is proved in AGS VII, 6.1. For
the second statement, we may suppose that k is algebraically closed. Then the equality
Lie(Ng (H)) = n4(h) follows directly from the definitions. For the last statement,

Hisnormalin G <= Ng(H)=G
<= Lie(Ng(H)) = Lie(G)
< ng(h) =g
< bhisanideal in g.

Alternatively, if H is normal, then it is the kernel of a homomorphism G — @, in which
case f is the kernel of g — q. O
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THEOREM 3.32 Let H be an algebraic subgroup of an algebraic group G. The functor of
k -algebras

def

R~~Cg(H)(R)={g€G(R)|g-h=nh-g all R-algebra § and allh € G(S) }
is an algebraic subgroup of G. If H is connected, then
Lie(Cg (H)) = ¢g(h) < {x € g | [x.h] = O}:

consequently, H is contained in the centre of G if and only if b is contained in the centre
of g.

PROOF. That Cg(H) is an algebraic subgroup of G is proved in AGS VII, 6.7. For
the second statement, we may suppose that k is algebraically closed. Then the equality
Lie(Cg (H)) = c4(b) follows directly from the definitions. For the last statement,

HCZ(G) <= Cg(H)=G
<= Lie(Cg(H)) = Lie(G)
— ¢4(h) =g
<~ bhCz(9). o

COROLLARY 3.33 For an algebraic group G,
Lie(ZG) C z(g),

with equality if G is connected.

PROOF. Clearly, (ZG)° =ZGNG° C Z(G®), and so
Lie(ZG) C Lie(Z(G°)),
with equality if G = G°. But Z(G°) = Cg<(G°) and z(g) = c4(g), and so

Lie(Z(G®)) = z(g).

COROLLARY 3.34 A connected algebraic group commutative if and only if its Lie algebra
is commutative.

PROOF. Let G be a connected algebraic group. Then

G is commutative <— Z(G) =G
<= Lie(Z(G)) = Lie(G)
— z2(@ =g

<= g is commutative. O

COROLLARY 3.35 Let G be a connected algebraic group. Then Lie(DG) = D(Lie(G)).
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PROOF. Let H be a connected algebraic subgroup of G. Then H D DG <= H is normal
and G/H is commutative <= Lie(H) is an ideal and Lie(G)/Lie(H) is commutative
<= Lie(H) D DLie(G). o

COROLLARY 3.36 For a connected algebraic group G, the connected kernel of Ad: G —
Aut(g) is the centre of G.

PROOF. When we apply Lie to Ad, we get ad: g — End(g), which has kernel z(g). o

3.37 A character y:G — Gy, of G defines a linear form Lie(y):Lie(G) — k on its Lie
algebra. When G is diagonalizable, this induces an isomorphism X *(G) ®7k — Lie(G)".

NOTES Statement (3.35) is false for algebraic supergroups (arXiv:1302.5648).

Representations

Recall that a representation of a Lie algebra g on a k-vector space V' is a homomorphism
p:9 — gly. Thus p sends x € g to a k-linear endomorphism p(x) of V', and

p([x.y]) = p(x)p(y) — p(y)p(x).

When we regard V' as a g-module and write xv for p(x)(v), this becomes

[x,y]v=x(yv) —y(xv). (68)

Let W be a subspace of V. The stabilizer of W in g is
def
gw ={xeg|xWCW}

It is clear from (68) that gy is a Lie subalgebra of g. Let v € V. The isotropy algebra of v
in gis
def
gy ={x €g|xv=0}.
It is a Lie subalgebra of g.

PROPOSITION 3.38 For any representation G — GLy and subspace W C V,

LieGw = (LieG)w.

PROOF. By definition, Lie Gy consists of the elements id +cu of G(k[¢]), u € End(V),
such that
(id+eu)(W +eW) C W +eW,

(cf. 3.2),1i.e., such that u(W) C W. o

COROLLARY 3.39 IfW is stable under G, then it is stable under Lie(G ), and the converse
is true when G is connected.
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PROOF. To say that W is stable under G means that G = Gy, but if G = Gy, then
LieG = LieGw = (Lie G)y , which means that W is stable under Lie G. Conversely, to
say that W is stable under Lie G, means that LieG = (LieG)w. Butif LieG = (Lie G)w,
then Lie G = Lie Gy, which implies that Gy = G when G is connected (3.18). o

Let p; and p, be representations of g on V7 and V5, respectively; then p; ® ps is the
representation of g on V1 ® V> such that

(1 ® p2)(v1 ®V2) = p1 (V1) ® V2 +v1 @ p2(v2), all vy € Vi, vp € V2.

Let p be a representation of g on V; then p" is the representation of g on V'V such that

(p' () ) = f) = flp(x)v), xeg feV vel.

The representations of g on finite-dimensional vector spaces form a neutral tannakian cate-
gory Rep(g) over k, with the forgetful functor as a fibre functor.
On applying Lie to a representation r: G — GLy of an algebraic group G, we get a
representation
Lie(r):Lie(G) — gly

of Lie(G) (sometimes denoted dr: g — gly).

PROPOSITION 3.40 Letr:G — GLy be a representation of an algebraic group G, and let
W’ C W be subspaces of V. There exists an algebraic subgroup Gy w of G such that
Gw,w (R) consists of the elements of GL(V(R)) stabilizing each of W'(R) and W(R) and
acting as the identity on the quotient W(R)/ W'(R); its Lie algebra is

Lie(Gw',.w) = gw’.w & {x € g | Lie(r)(x) maps W into W'}.

PROOF. Clearly,
Gw',w = Ker((Gw' NGw) — GLw,w).

On applying the functor Lie to this equality, and using 3.20, 3.21, and 3.38, we find that
Lie(Gw,w) = Ker(gw’ Ngw — glw/w),

which equals gw w. O

Applied to a subspace W of V and the subgroups
Ne(W) =Gww = (R~ {ge€G(R)|gW(R) CW(R)})
Ce(W)=Giyw =(R~ g€ G(R)| gx = x forall x € W(R)})
of G, (3.40) shows that

Lie(Ng (W)) = ng(W) = {x € g | x(W) C W} (69)
Lie(Ca(W)) = cg(W) = {x € g | x(W) = 0}. (70)
Assume that G is connected. Then W is stable under G (i.e., Ng(W) = G) if and only if
it is stable under g, and its elements are fixed by G if and only if they are fixed (i.e., killed)

by g. It follows that V' is simple or semisimple as a representation of G if and only if it is
so as a representation of Lie(G).
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PROPOSITION 3.41 Let G be an algebraic group with Lie algebra g. If G is connected,
then the functor Rep(G) — Rep(g) is fully faithtul.

PROOF. Let V and W be representations of G. Let o be a k-linear map V — W, and let 8
be the element of V¥ ® W corresponding to & under the isomorphism Homy_jipeqr(V, W) >~
VY ®, W. Then « is a homomorphism of representations of G if and only if 8 is fixed
by G. Since a similar statement holds for g, the claim follows from (70) applied to the
subspace W spanned by S. o

In fact, r ~» dr is a fully faithful, exact, tensor functor
Rep(G) — Rep(g).
Let G9 be the Tannaka dual of Rep(g). Then we get a canonical homomorphism
G —G*?

of affine groups over k.

Algebraic Lie algebras

A Lie algebra is said to be algebraic if it is the Lie algebra of an affine algebraic group. A
sum of algebraic Lie algebras is algebraic. Let g = Lie(G), and let ) be a Lie subalgebra
of g. The intersection of the algebraic Lie subalgebras of g containing [ is again algebraic
(see 3.20) — it is called the algebraic envelope or hull of 1.

Let b be a Lie subalgebra of gly. A necessary condition for b to be algebraic is that the
semisimple and nilpotent components of each element of h (as an endomorphism of gly )
lie in fh. However, this condition is not sufficient, even in characteristic zero.

Let § be a Lie subalgebra of gly over a field k of characteristic zero. We explain how to
determine the algebraic hull of ). For any X € b, let g(X) be the algebraic hull of the Lie
algebra spanned by X. Then the algebraic hull of § is the Lie subalgebra of gl generated
by the g(X), X € b. In particular, b is algebraic if and only if each X is contained in an
algebraic Lie subalgebra of ). Write X as the sum S + N of its semisimple and nilpotent
components. Then g(/N) is spanned by N, and so it remains to determine g(X) when X is
semisimple. For some finite extension L of k, there exists a basis of L ® V' for which the
matrix of X is diag(uy,...,u,). Let W be the subspace M, (L) consisting of the matrices
diag(ay,...,ay) such that

Zl_ciui =0,c; el = Ziciai =0,

i.e., such that the a; satisfy every linear relation over L that the u; do. Then the map
gly > L®gly ~ M, (L)

induces maps
g(X) > LRg(X) =W,

which determine L ® g(X). See Chevalley 1951 (also Fieker and de Graaf 2007 where it is
explained how to implement this as an algorithm).
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3.42 See (1.25) for a five-dimensional solvable Lie algebra that is not algebraic.

NOTES Should prove the statements in this section (not difficult). They are important for the struc-
ture of semisimple algebraic groups and their representations.

NOTES EOM Lie algebra, algebraic: A Lie algebra is said to be algebraic if it is the Lie algebra of
an algebraic group. For a Lie subalgebra g of gl}, (V' a finite-dimensional vector space over k), there
exists a smallest algebraic Lie subalgebra of gly containing g (called the of g). Over an algebraically
closed field, an algebraic Lie algebra contains the semisimple and nilpotent components s and n of
any element. This condition determines the so-called almost-algebraic Lie algebras. However, it
is not sufficient in order that g be an algebraic Lie algebra. In the case of a field of characteristic
0, a necessary and sufficient condition for a Lie algebra g to be algebraic is that, together with
s = diag(s1,...,5») and n, all operators of the form ¢ (s) = diag(¢(s1),...,¢(s,)) should lie in g,
where is an arbitrary Q-linear mapping from k into k. The structure of an algebraic algebra has
been investigated (G.B. Seligman, Modular Lie algebras, Springer, 1967) in the case of a field of
characteristic p > 0. (See also Tauvel and Yu 2005, 24.5-24.8.)

4 Semisimple algebraic groups

In this section we explain the relation between semisimple algebraic groups and semisimple
Lie algebras. Specifically, for any semisimple Lie algebra g,

Rep(G) = Rep(g)

for some semisimple algebraic group G with Lie algebra g; moreover, X*(ZG) >~ P/ Q.

Basic theory

PROPOSITION 4.1 A connected algebraic group G is semisimple if and only if its Lie
algebra is semisimple.

PROOF. Suppose that Lie(G) is semisimple, and let N be a normal commutative subgroup
of G. Then Lie(N) is a commutative ideal in Lie(G) (by 3.31, 3.34), and so it is zero. This
implies that N is finite (3.16).

Conversely, suppose that G is semisimple, and let n be a commutative ideal in g. When

G acts on g through the adjoint representation, the Lie algebra of H gc g(n)is
b={xegl|lx.n]=0} ((70),p.132),
which contains n. Because n is an ideal, so is b:
[x.n]=0. yeg = [ly.x].n]=[y.[x.n]]=[x.[y.n]] = 0.

Therefore H° is normal in G by (3.31), which implies that its centre Z(H °) is normal in
G. Because G is semisimple, Z(H °) is finite, and so z(h) = 0 by (3.33). But z(h) D n,
and son = 0. O

) )
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4.2 The similar statement is false with “reductive” for “semisimple”. For example, both

7= G,, and G, have Lie algebra k, which is reductive, but only G, is reductive. The Lie

algebra of a reductive group G is reductive (because G = ZG - DG), and every reductive
Lie algebra is the Lie algebra of a reductive algebraic group, but the Lie algebra of an
algebraic group can be reductive without the group being reductive.

4.3 The Lie algebra of a semisimple (even simple) algebraic group need not be semisim-
ple. For example, in characteristic 2, SL; is simple but its Lie algebra sl, is not semisimple

COROLLARY 4.4 The Lie algebra of the radical of a connected algebraic group G is the
radical of the Lie algebra of g; in other words, Lie(R(G)) = r(Lie(G)).

PROOF. Because Lie is an exact functor (3.29), the exact sequence
1-RG—G—G/RG —1
gives rise to an exact sequence
0 — Lie(RG) — g — Lie(G/RG) - 0

in which Lie(RG) is solvable (obviously) and Lie(G/RG) is semisimple. The image in
Lie(G/RG) of any solvable ideal in g is zero, and so Lie(RG) is the largest solvable ideal
in g. m

A connected algebraic group G is simple if it is noncommutative and has no proper
normal algebraic subgroups # 1, and it is almost simple if it is noncommutative and has
no proper normal algebraic subgroups except for finite subgroups. An algebraic group G is
said to be the almost-direct product of its algebraic subgroups G1i,..., G, if the map

(g1,....8n) > 81 8n:G1 X+ xGp > G

is a surjective homomorphism with finite kernel; in particular, this means that the G; com-
mute with each other and each G; is normal in G.

THEOREM 4.5 Every connected semisimple algebraic group G is an almost-direct product
G x--xG, —> G

of its minimal connected normal algebraic subgroups. In particular, there are only finitely
many such subgroups. Every connected normal algebraic subgroup of G is a product of
those G; that it contains, and is centralized by the remaining ones.

PROOF. Because Lie(G) is semisimple, it is a direct sum of its simple ideals (I, 4.17):
Lie(G) =g1 @ ®gr.

Let G be the identity component of Cg (g2 @ --- @ g,). Then

(70), p.132

Lie(G1) cg(g2® - D gr) =01,

) )
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which is an ideal in Lie(G), and so G is normal in G by (3.31a). If G had a proper normal
nonfinite algebraic subgroup, then g; would have an ideal other than g; and 0, contradicting
its simplicity. Therefore G, is almost-simple. Construct G,,...,G, similarly. Because
[gi.9;] = 0, the groups G; and G; commute. The subgroup G --- G, of G has Lie algebra
g, and so equals G (by 3.18). Finally,

Lie(GiN...nG) 2V gin...ng, =0

and so G1 N...N Gy is finite (3.16).

Let H be a connected algebraic subgroup of G. If H is normal, then Lie H is an ideal,
and so it is a direct sum of those g; it contains and centralizes the remainder (I, 4.17). This
implies that H is a product of those G; it contains, and centralizes the remainder. O

COROLLARY 4.6 An algebraic group is semisimple if and only if it is an almost direct
product of almost-simple algebraic groups.

COROLLARY 4.7 All nontrivial connected normal subgroups and quotients of a semisim-
ple algebraic group are semisimple.

PROOF. They are almost-direct products of almost-simple algebraic groups. O
COROLLARY 4.8 A semisimple group has no commutative quotients # 1.

PROOF. This is obvious for simple groups, and the theorem then implies it for semisimple
groups. o

DEFINITION 4.9 A split semisimple algebraic group is a pair (G, T') consisting of a semisim-
ple algebraic group G and a split maximal torus 7.

We say that a semisimple algebraic group G is split’ if it contains a split maximal torus.
LEMMA 4.10 IfT isasplit torus in G, then Lie(T) is a commutative subalgebra of Lie(G)

consisting of semisimple elements.

PROOF. Certainly Lie(7) is commutative. Let (V,ry) be a faithful representation of G.
Then (V,ry) decomposes into a direct sum @Xe x*(1) Vx- and Lie(T) acts (semisimply)
on each factor V), through the character dy. As (V,dry) is faithful, this shows that Lie(7")
consists of semisimple elements. O

Rings of representations of Lie algebras

Let g be a Lie algebra over k. A ring of representations of g is a collection of representa-
tions of g that is closed under the formation of direct sums, subquotients, tensor products,
and duals. An endomorphism of such a ring R is a family

o= (aV)VGRv oy € Endk-linear(V)v

such that

9Bourbaki says splittable.
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o ayew =cay Qidy +idy Qo forall V.W € R,
¢ oy = 0if g acts trivially on V, and
o for any homomorphism 8:V — W of representations in R,

awof =ayop.

The set gr of all endomorphisms of R becomes a Lie algebra over k (possibly infinite-
dimensional) with the bracket

[, Bly = [ay, By].

EXAMPLE 4.11 (IWAHORI 1954) Let k be an algebraically closed field, and let g be k
regarded as a one-dimensional Lie algebra. To give a representation of g on a vector space
V' is the same as giving an endomorphism « of V', and so the category of representations of
g is equivalent to the category of pairs (k”, A), n € N, with A an n x n matrix. It follows
that to give an endomorphism of the ring R of all representations of g is the same as giving
amap A — A(A) sending a square matrix A to a matrix of the same size and satisfying
certain conditions. A pair (g,c) consisting of an additive homomorphism g:k — k and an
element ¢ of k defines a A as follows:

o A(S)=Udiag(gay,...,ga,)U~Vif A is the semisimple matrix Udiag(ay....,a,)U"";

o A(N)=cN if N is nilpotent;

o AA) =A(S)+ A(N) if A= S+ N is the decomposition of A into its commuting
semisimple and nilpotent parts.

Moreover, every A arises from a unique pair (g, ¢). Note that gr has infinite dimension.

Let R be a ring of representations of a Lie algebra g. For any x € g, (ry(x))yer is an
endomorphism of R, and x > (ry (x)) is a homomorphism of Lie algebras g — gr.
LEMMA 4.12 If'R contains a faithful representation of g, then the homomorphism g — gr
is injective.

PROOF. For any representation (V,ry) of g, the composite

xr—>(rV (x)) Al—)AV

gR gl(V).

is ry. Therefore, g — gr is injective if ry is injective. O

PROPOSITION 4.13 Let G be an affine group over k, and let R be the ring of representa-
tions of Lie(G) arising from a representation of G. Then gr =~ Lie(G); in particular, gr
depends only on G°.

PROOF. By definition, Lie(G) is the kernel of G(k[¢]) — G(k). Therefore, to give an
element of Lie(G) is the same as to give a family of k[¢]-linear maps

idy +aye:Vie] > Vel

indexed by V' € R satisfying the three conditions of (2.7). The first of these conditions says
that
idyew +avewe = (idy +aye) ® (idw +awe),
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i.e., that
ayew = idy Qay +ay Qidw .

The second condition says that
ag =0,

and the third says that the oy commute with all G-morphisms (= g-morphisms). Therefore,
to give such a family is the same as to give an element (oy )y er of gr. O

PROPOSITION 4.14 Let g be a Lie algebra, and let R be a ring of representations of g. The
canonical map g — gr is an isomorphism if and only if g is the Lie algebra of an affine
group G whose identity component is algebraic and ‘R is the ring of representations of g
arising from a representation of G.

PROOF. On applying (2.24) to the full subcategory of Rep(g) whose objects are those in R
and the forgetful functor, we obtain an affine group G such that Rep(G) = R; moreover,
Lie(G) ~ ggr (by (4.13). If g — ggr is an isomorphism, then G° is algebraic because its
Lie algebra is finite-dimensional. This proves the necessity, and the sufficiency follows
immediately from (4.13). o

COROLLARY 4.15 Let g — gl(V) be a faithful representation of g, and let R(V') be the
ring of representations of g generated by V. Then g — g (v) is an isomorphism if and only
if g is algebraic, i.e., the Lie algebra of an algebraic subgroup of GLy .

PROOF. Immediate consequence of the proposition. O

4.16 Let R be the ring of all representations of g. When g — gg is an isomorphism we
says that Tannaka duality holds for g. It follows from (5.31) that Tannaka duality holds
for semisimple g. On the other hand, Example 4.11 shows that Tannaka duality fails when
[g, 8] # g, and even that gz has infinite dimension in this case. Note that if Tannaka duality
holds for g, then elements in g have a Jordan decomposition.

EXAMPLE 4.17 Let g be a one-dimensional Lie algebra over an algebraically closed field
k. The affine group attached to Rep(g) is D(M) x G, where M is k regarded as an
additive commutative group (see 1.10). In other words, D(M) represents the functor
R ~~ Hom(M, R*) (homomorphisms of commutative groups). This follows from Iwahori’s
result (4.11). Note that M is not finitely generated as a commutative group, and so D(M)
is not an algebraic group.

The large number of representations of g reflect the fact that it can be realized as the Lie
algebra of an algebraic group in many different ways.

NOTES Let g — gl(V') be a faithful representation of g, and let R(V') be the ring of representations
of g generated by V. When is g — gr(y) an isomorphism? It follows easily from (3.40) that it is,
for example, when g = [g, g] (cf. Borel 1999, II, 7.9). In particular, g — g (v) is an isomorphism
when g is semisimple. For a commutative Lie group G, g — gr(v) is an isomorphism if and only if
g — gl(V) is a semisimple representation and there exists a lattice in g on which the characters of g
in V take integer values. For the Lie algebrain I, 1.25, g — gg(v) is never an isomorphism.
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An adjoint to the functor Lie

Let g be a Lie algebra, and let R be the ring of all representations of g . We define G(g)
to be the Tannaka dual of the neutral tannakian category (Rep(g),forget). Recall (2.24)
that this means that G(g) is the affine group whose R-points for any k-algebra R are the
families

A= (AV)VGR’ AV € EndR—linear(V(R)),
such that

o Ayew =Ay @Ay forall V e R;
o if V is the trivial representation of g (i.e., xyy = 0 for all x € g), then Ay = idy;
¢ for every g-homomorphism :V — W,

Awopf =poly.
For each V' € R, there is a representation ry of G(g) on V defined by
ry(Mv=Apv, Ae€G(g)(R), veV(R), Rak-algebra,

and V ~ (V,ry) is an equivalence of categories

Rep(g) —> Rep(G(g)). (71)

LEMMA 4.18 The homomorphism 1:g — Lie(G(g)) is injective, and the composite of the

functors . o
V,r)~(V,Lie(r . n
Rep(G(g)) —— > Rep(Lie(G(g))) —> Rep(g) (72)

is an equivalence of categories.

PROOF. According to (4.13), Lie(G(g)) >~ gr, and so the first assertion follows from (4.12)
and Ado’s theorem (I, 6.27). The composite of the functors in (72) is a quasi-inverse to the
functor in (71). |

LEMMA 4.19 The affine group G(g) is connected.

PROOF. When g is one-dimensional, we computed G(g) in (4.17) and found it to be con-
nected.

For a general g, we have to show that only a trivial representation of g has the property
that the category of subquotients of direct sums of copies of the representation is stable
under tensor products (see AGS, XII, 1.5). When g is semisimple, this follows from (I,
9.1).

Let V be a representation of g with the above property. It follows from the one-
dimensional case that the radical of g acts trivially on V, and then it follows from the
semisimple case that g itself acts trivially. O

PROPOSITION 4.20 The pair (G(g),n) is universal: for any algebraic group H and k-
algebra homomorphism a:g — Lie(H), there is a unique homomorphism b:G(g) — H
such that a = Lie(b) o n:



140 II. Algebraic Groups

N
G(g) g — Lie(G(g))
0 Lie a | Lie(h)
1 Raatts 1
H Lie(H).

In other words, the map sending a homomorphism b: G(g) — H to the homomorphism
Lie(b) on:g — Lie(H) is a bijection

Homgipe groups(G (9), H) — Hompje algebras (g,Lie(H)). (73)
If a is surjective and Rep(G(g)) is semisimple, then b is surjective.

PROOF. From a homomorphism b:G(g) — H, we get a commutative diagram

b\/
Rep(H) ——— Rep(G(g))
qully faithful Jz(ms) a = Lie(b) o1.
Rep(Lie(H)) BN Rep(g)
If a = 0, then a" sends all objects to trivial objects, and so the functor b does the

same, which implies that the image of b is 1. Hence (73) is injective.
From a homomorphism a: g — Lie(H ), we get a tensor functor

Rep(H) — Rep(Lie(H)) > Rep(g) ~ Rep(G (g))

and hence a homomorphism G(g) — H, which acts as a on the Lie algebras. Hence (73) is

surjective.
If a is surjective, then a" is fully faithful, and so Rep(H ) — Rep(G(g)) is fully faithful,
which implies that G(g) — G is surjective by (2.14a). 0

PROPOSITION 4.21 For any finite extension k' O k of fields, G(gg/) ~ G(g)x’.

PROOF. More precisely, we prove that the pair (G(g)z’,nx’) obtained from (G(g),n) by
extension of the base field has the universal property characterizing (G(gx/),n). Let H be
an algebraic group over k', and let H be the group over k obtained from H by restriction
of the base field (see AGS V). Then

Homy/ (G (g)x, H) >~ Homg (G(g), H«) (universal property of Hy)
~ Homy (g,Lie(Hx)) (4.20)
~ Homy/ (gy/. Lie(H)).

For the last isomorphism, note that

def

Lie(Hx) défKer(H* (k[e]) = Hx(k)) ~ Ker(H (k'[¢]) — H(k")) = Lie(H).
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In other words, Lie(Hx«) is Lie(H ) regarded as a Lie algebra over k (instead of k'), and the
isomorphism is simply the canonical isomorphism in linear algebra,

Homk-linear(V’ W) = Homk’-linea.r(V (23 k/» W)

(V, W vector spaces over k and k' respectively). o

The next theorem shows that, when g is semisimple, G(g) is a semisimple algebraic
group with Lie algebra g, and any other semisimple group with Lie algebra g is a quotient
of G(g); moreover, the centre of G(g) has character group P/ Q.

THEOREM 4.22 Let g be a semisimple Lie algebra.

(a) The homomorphism n:g — Lie(G(g)) is an isomorphism.

(b) The affine group G(g) is a semisimple algebraic group.

(¢) For any algebraic group H and isomorphism a:g — Lie(H ), there exists a unique
isogeny b: G(g) — H° such thata = Lie(b) o n:

n .
G(g) g — Lie(G(g))
i p a 3 Lie(b)
H Lie(H).

(d) Let Z be the centre of G(g). Then X*(Z) >~ P/Q,i.e., Z ~ D(P/Q).

PROOF. (a)Because Rep(G(g)) is semisimple, G(g) is reductive (2.13). Therefore Lie(G(g))
is reductive, and so Lie(G(g)) = n(g) x a x ¢ with a is semisimple and ¢ commutative (I,
4.17; 1, 6.2). If a or ¢ is nonzero, then there exists a nontrivial representation r of G(g)
such that Lie(r) is trivial on g. But this is impossible because 7 defines an equivalence
Rep(G(g)) — Rep(g).

(b) Now G(g) is semisimple because its Lie algebra is semisimple.

(c) Proposition 4.20 shows that there exists a unique homomorphism b such that a =
Lie(b) o n, which is an isogeny because Lie(b) is an isomorphism (3.30).

(d) In (4.26) below, we show that if g is split, then X*(Z) >~ P/Q (as commutative
groups). As g splits over k%, this implies (d). o

REMARK 4.23 The isomorphism X*(Z) ~ P/Q in (d) commutes with the natural actions
of Gal(k¥/ k).

NOTES Need to examine what g ~» G(g) does to normalizers and centralizers. For example, show
that, if 7" is a torus in a reductive algebraic group G, then G(c((g)) = Cr(G), which is therefore
connected.
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Applications

THEOREM 4.24 (Jacobson-Morosov) Let G be a semisimple algebraic group. Regard G,
1
as a subgroup of SL, via the map a — 0 Cll . Every nontrivial homomorphism ¢: G, —

G extends to a homomorphism SL, — G ; moreover, any two extensions are conjugate by
an element of G (k).

PROOF. Consider dp:k — g. Because g is semisimple, the image of k is nilpotent in g.
Therefore, (8.33) d¢ extends uniquely to a homomorphism sl — g. From

Rep(G) — Rep(g) — Rep(slz) >~ Rep(SL,)

we obtain the required homomorphism SL, — G. The uniqueness also follows from
(8.33). o

NoOTES Cf. Borel II, 7, and mo22186
THEOREM 4.25 The centralizer of a reductive subgroup of reductive group is reductive.

PROOF. Let H be a reductive subgroup of a reductive group G, and let U be the unipotent
radical of Cg(H). It suffices to show that every homomorphism f:G, — U is trivial.
The homomorphism G, x H — G extends to a homomorphism SL, x H — G. Therefore,
f extends to a homomorphism f’:SL, — Cg(H). The composite of f with Cg(H) —
Cg(H)/ U is trivial, and so the same is true of f”,i.e., f'(SLy) C U. Therefore f'(SL;) =
1. Cf. André and Kahn 2002, 20.1.1. o

NOTES (mol14243) Let G be a reductive algebraic group over an algebraically closed field (of
characteristic zero if it matters) and H a subgroup, also reductive. Is the identity component of the
normalizer of H in G always reductive?

The answer is yes, at least in characteristic zero. There is a Theorem of Mostow which says that
G may be viewed as a subgroup of GL,, such that the restriction of the Cartan involution of GL,,(C)
to G and H gives Cartan involutions on G and H. Therefore, the normaliser Ng(H) of H in G is
also invariant under this Cartan involution. Hence it is reductive.

Split semisimple algebraic groups

Let (g,bh) be a split semisimple Lie algebra, and let P and Q be the corresponding weight
and root lattices. The action of h on a g-module V' decomposes it into a direct sum
V =@ pep Vo of weight spaces. Let D(P) be the diagonalizable group attached to P
(1.10). Thus D(P) is a split torus such that Rep(D(P)) has a natural identification with
the category of P-graded vector spaces. The functor (V,ry) — (V, (Vg )wep) is an exact
tensor functor Rep(g) — Rep(D(P)) compatible with the forgetful functors, and hence
defines a homomorphism D(P) —G(g). Let T (h) be the image of this homomorphism.

THEOREM 4.26 With the above notations:

(a) The group T (h) is a split maximal torus in G(g), and 7 restricts to an isomorphism
h — Lie(T'(h)).
(b) The map D(P) — T (b) is an isomorphism; therefore, X * (T (h)) ~ P.
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(c) The centre of G(g) is contained in T () and equals

maeR Ker(a: T (h) — Gy,)

(and so has character group P/ Q).

PROOF. (a) The torus 7'(h) is split because it is the quotient of a split torus. Certainly,
n restricts to an injective homomorphism § — Lie(7'(h)). It must be surjective because
otherwise h wouldn’t be a Cartan subalgebra of g. The torus 7'(h) must be maximal because
otherwise f) wouldn’t be equal to its normalizer.

(b) Let V be the representation @5 V4 of g where @ runs through a set of fundamental
weights. Then G(g) acts on V, and the map D(P) — GL(V) is injective. Therefore,
D(P) — T(h) is injective.

(c) A gradation on Rep(g) is defined by a homomorphism P — M(P+4) (see I, 9.6),
and hence by a homomorphism D(M(P+4)) — T(h). This shows that the centre of G(g)
is contained in 7'(h). The kernel of the adjoint map Ad: G(g) — GL is the centre Z(G(g))
of G(g) (see 3.36), and so the kernel of Ad|T'(h) is Z(G(g)) N T (h) = Z(G(g)). But

Ker(Ad|T(h)) = () Ker(a),

a€ER

so Z(G(g)) is as described. o

LEMMA 4.27 The following conditions on a subtorus T of a semisimple algebraic group
G are equivalent;

(a) T is a maximal torus in G;

(b) Tya is a maximal torus in Gya;
() T =Cg(T)%

(d) tis a Cartan subalgebra of g.

PROOF. (c)=-(a). Obvious.

(a@)=(d). Let T be a torus in G, and let G — GLy be a faithful representation of G.
After we have extended k, V' will decompose into a direct sum P yex*T) Vx> and Lie(T)
acts (semisimply) on each factor V) through the character Lie(y). As g — gly is faithful,
this shows that t consists of semisimple elements. Hence t is toral. Any toral subalgebra of
¢ containing t arises from a subtorus of G, and so t is maximal.

(d)=(c). Because tis a Cartan subalgebra, t = c4(t) (see I, 8.14). As Lie(Cg(T)) =
¢g(t), we see that T and Cg (T') have the same Lie algebra, and so T = Cg(T)°.

(b)<>(a). This follows from the equivalence of (a) and (d) and the fact that t is a Cartan
subalgebra of g if and only if tza is a Cartan subalgebra of ga. O

DEFINITION 4.28 A split semisimple algebraic group is a pair (G,T) consisting of a
semisimple algebraic group G and a split maximal torus 7.

More loosely, we say that a semisimple algebraic group is split if it contains a split
maximal torus.'?

10Caution: a semisimple algebraic group always contains a maximal split torus, but that torus may not be
maximal among all tori, and hence not a split maximal torus.
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THEOREM 4.29 Let T and T’ be split maximal tori in a semisimple algebraic group G.
Then T' = gTg ™! for some g € G(k).

PROOF. We may set G = G(g) with g the semisimple Lie algebra Lie(G). Let x be a
nilpotent element of g. For any representation (V,ry) of g, e” V) e G(g) (k). According
to (I, 8.24), there exist nilpotent elements x1,..., X, in g such that

£2d(x1) ...ead(x’")Lie(T) = Lie(T").

Let g = ¢2(¥1) ... p2d(xm): then ¢ Tg™1 = T because they have the same Lie algebra. o

Classification

We can now read off the classification theorems for split semisimple algebraic groups from
the similar theorems for split semisimple Lie algebras.

Let (G,T) be a split semisimple algebraic group. Because T is diagonalizable, the
k-vector space g decomposes into eigenspaces under its action:

o= P

aeX*(T)
The roots of (G, T') are the nonzero « such that g* # 0. Let R be the set of roots of (G, T).

PROPOSITION 4.30 The set of roots of (G, T') is a reduced root system R in V Ly (T®
Q; moreover,
O(R)C X*(T) C P(R). (74)

PROOF. Let g =LieG and h = LieT. Then (g,b) is a split semisimple Lie algebra, and,
when we identify V with a Q-subspace of hY ~ X*(T) ® k, the roots of (G, T) coincide
with the roots of (g, h) and so (74) holds. O

By adiagram (V, R, X), we mean a reduced root system (V/, R) over Q and a lattice X
in V that is contained between Q(R) and P(R).!!

THEOREM 4.31 (EXISTENCE) Every diagram arises from a split semisimple algebraic
group over k.

More precisely, we have the following result.

THEOREM 4.32 Let(V, R, X) be a diagram, and let (g, ) be a split semisimple Lie algebra
over k with root system (V ® k, R) (see I, 8.60). Let Rep(g)X be the full subcategory
of Rep(g) whose objects are those whose simple components have highest weight in X .
Then Rep(g)¥X is a tannakian subcategory of Rep(g), and there is a natural tensor functor
Rep(g)X — Rep(D(X)) compatible with the forgetful functors. The Tannaka dual (G, T)
of this functor is a split semisimple algebraic group with diagram (V, R, X).

1A diagram is essentially the same as a semisimple root datum — see my notes Reductive Groups, I, §5.
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In more detail: the pair (Rep(g)¥ , forget) is a neutral tannakian category, with Tannaka
dual G say; the pair (Rep(D(X), forget) is a neutral tannakian category, with Tannaka dual
D(X); the tensor functor

(Rep(g)X,forget) — (Rep(D(X), forget)
defines an injective homomorphism
D(X) — G,
whose image we denote 7. Then (G, T') is split semisimple group with diagram (V, R, X).

PROOF. When X = 0, (G,T) = (G(g),T(h)), and the statement follows from Theorem
4.26. For an arbitrary X, let

N = ﬂxeX/Q Ker(y: Z(G(g)) = Gp).

Then Rep(g)X is the subcategory of Rep(g) on which N acts trivially, and so it is a tan-
nakian category with Tannaka dual G(g)/N (see AGS, VIII, 15.1). Now it is clear that
(G(g)/N,T(h)/N) is the Tannaka dual of Rep(g)X — Rep(D(X)), and that it has dia-
gram (V, R, X). o

THEOREM 4.33 (ISOGENY) Let (G,T) and (G',T’) be split semisimple algebraic groups
over k, and let (V,R,X) and (V,R’, X’) be their associated diagrams. Any isomorphism
V — V' sending R onto R and X into X' arises from an isogeny G — G’ mapping T onto
T'.

PROOF. Let (g,h) and (g, ") be the split semisimple Lie algebras of (G,T) and (G',T").
An isomorphism V' — V’ sending R onto R’ and X into X’ arises from an isomorphism

(g.h) L (¢, 1) (see 8.61). Now B defines an exact tensor functor Rep(g)X — Rep(g)*,
and hence a homomorphism «: G — G’, which has the required properties. O

PROPOSITION 4.34 Let (G, T) be a split semisimple algebraic group. For each root o of
(G, T) and choice of a nonzero element of g%, there a unique homomorphism

¢:SL, > G

such that Lie(y) is the inclusion s, — g of (I, 8.31).

PROOF. From the inclusion s, — g we get a tensor functor Rep(g) — Rep(sy), and hence
a tensor functor Rep(G) — Rep(SL,); this arises from a homomorphism SL; — G. o

The image U, of U, under ¢ is called the root group of «. It is uniquely determined by
having the following properties: it is isomorphic to G, and for any isomorphism uy: G, —
Ua,

toug(a) -t =ug(a(t)a), ack, teT(k).

NOTES To be continued — there is much more to be said. In particular, we need to determine the
algebraic subalgebras of g, so that we can read off everything about the algebraic subgroups of G in
terms of the subalgebras of g (and hence in terms of the root system of (G, T)).
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NOTES Indeed, it is my intention to complete Chapter I, and then simply read off the corresponding
results for semisimple algebraic groups. However, it will also be useful to work out the theory of
split reductive group ab initio using only the key result (4.22).

NOTES Can we replace the condition that g be semisimple with the condition that g = [g, g] through-
out? Or just that g is algebraic?

5 Reductive groups

Split reductive groups

We develop the theory of split reductive group ab initio using only the key result (4.22)

Root data

DEFINITION 5.1 A root datum is a triple R = (X, R, f) where X is a free abelian group
of finite rank, R is a finite subset of X, and f is an injective map & — «" from R into the
dual XV of X, satisfying

(rd1) (o,aV) =2forall@ € R;
(rd2) sq(R) C R for all o € R, where s, is the homomorphism X — X defined by

sa(X)=x—(x,a)a, x€X,a€R,
(rd3) the group of automorphisms W(R) of X generated by the s, for @ € R is finite.
Note that (rd1) implies that
Sa(@) = —a,
and that the converse holds if o # 0. Moreover, because sq (@) = —«,
Sa(82(x)) = sa(x — {x,a ")) = (x — {x,@")a) — (x, " )sa (@) = x,
ie.,

2 _
sy = 1.

Clearly, also sq(x) = x if (x,a¥) = 0. Thus, s, should be considered an “abstract re-
flection in the hyperplane orthogonal to «¥”. The elements of R and RY are called the
roots and coroots of the root datum (and «V is the coroot of a). The group W = W(R)
of automorphisms of X generated by the s, for @ € R is called the Weyl group of the root
datum.

The roots of a split reductive group

Now let (G, T) be a split reductive group. The adjoint representation of G on g induces an
action of 7" on g. Because 7' is split, g decomposes into a direct sum of eigenspaces

g* L (x eg|Ad(t)x = a(t)x all t € T(k)}.
Let R = R(G, T) be the set of nonzero characters of T such that g% is nonzero. Then

8= he 69oteR ga
with h = Lie(T).
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The Weyl group of (G, T)
LEMMA 5.2 LetT be a torus in a connected algebraic group G. Then Ng(T)° = Cg(T)°.

PROOF. Certainly, Ng(T) D Cg(T) and Ng(T)° D Cg(T)°. However, Ng(T)° acts
trivially on 7 (by rigidity 1.13), and so Ng(T')° C Cg(T)°. o
Let (G, T) be a split reductive group. The Weyl group of (G,T) is
W(G.T) = Ng(T)(k)/Ca(T) (k).
If k is infinite, then T'(k) is dense in T', and
W(G.T) = NGy (T (k))/ Ci ) (T (k).
The lemma shows that W (G, T) is finite.

EXAMPLE 5.3 Let G = SL; and T be the subgroup of diagonal elements. In this case,

I el 0 )

0
Therefore W(G,T) = {1,s} where s is represented by the matrix n = (

Ng(T) =

(o =)=l )6 )6 )

sdiag(a,a™ ') = diag(a™!,a).

1
) . Note that
0

and so

EXAMPLE 5.4 Let G = GL, and T = ID,,. In this case, Cg(T) = T but Ng(T) contains
the permutation matrices (those obtained from / by permuting the rows). For example, let
E(ij) be the matrix obtained from I by interchanging the ith and jth rows. Then

E(ij)-diag(-+-a;--a;--)-E(ij)~" = diag(--a;-a; ).

More generally, let o be a permutation of {1,...,n}, and let £ (o) be the matrix obtained
by using o to permute the rows. Then o > E(0) is an isomorphism from S, onto the set
of permutation matrices, and conjugating a diagonal matrix by E (o) simply permutes the
diagonal entries. The E (o) form a set of representatives for Cg(T)(k) in Ng(T)(k), and
so W(G,T) >~ Sy.

LEMMA 5.5 Let (G,T) be a split reductive group. The action of W(G,T) on X*(T)
stabilizes R.

PROOF. Lets € W(G,T), and let n € G(k) represent s. Then s acts on X *(7") (on the left)
by

(s0)(0) = x(n~'tn), 1€ T(k™).
Let a be a root. Then, for x € (gq)za and ¢ € T (k*),

t(nx) =nnYtn)x = s(a(s™'ts)x) = a(s's)sx,

and so T acts on sg, through the character so, which must therefore be a root. o
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The root datum of (G, T)

PROPOSITION 5.6 Let (G,T) be a split reductive group, and let « be a root of (G, T).

(a) There exists a unique subgroup U, of G isomorphic to G, such that, for any isomor-
phismuy: Gy — Uy,

t-ug(a) -t =uq(a(t)a), allt € T(R), a € G(R).

(b) Let T, = Ker(«)®, and let G4 be centralizer of Ty in G. Then W(Gy,T) contains
exactly one nontrivial element sy, and there is a unique a” € X, (T) such that

sa(x) =x—{(x,aVa, forallx € X*(T). (75)
Moreover, (o,a") = 2.

(c) The algebraic group G is generated by T', Uy, and U_y,.

The cocharacter o is called the coroot of «, and the group Uy in (a) is called the root
group of «. Thus the root group of « is the unique copy of G, in G that is normalized by
T and such that T" acts on it through .

We prove Proposition 5.6 in the next subsection, after first illustrating it with an exam-
ple, and using it to define the root datum of (G, T).

EXAMPLE 5.7 Let (G,T) = (GL,,Dy), and let « = @12 = y1 — x2. Then
To = {diag(x,x,x3,...,Xp) | XXX3...X, # 1}

and G, consists of the invertible matrices of the form

* % 0

* *x 0

0 0 =«

0 0 0 *

Clearly
010
1 00
ng=,10 0 1

000 -1

represents the unique nontrivial element s, of W(G,, T). It acts on T by
diag(xy,x2,x3,...,X,) —> diag(xz, X1, X3,...,Xpn).
Forx =miy1+--+muyn,

SqX =max1+miy2+m3xs+---+muyxn
=x—(x,A1 —A2)(x1—x2).

Thus (75) holds if and only if " is taken to be A1 — A».
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THEOREM 5.8 Let (G,T) be a split reductive group. Let R be the set of roots of (G,T)
and, for @ € R, let o be the element of X«(T') defined by 5.6(b). Then (X*(T),R,a —
aV) is a root datum.

PROOF. Condition (rd1) holds by (b). The s, attached to « lies in W(Gy,T) C W(G,T),
and so stablizes R by the lemma. Finally, all s lie in the Weyl group W(G, T), and so they
generate a finite group. O

From this, and the Borel fixed point theorem, the entire theory of split reductive groups
over fields of characteristic zero follows easily (to be continued).

Proof of Proposition 5.6

LEMMA 5.9 Let g be an abelian Lie group, and let g, be the algebraic group R ~ (gr,+).
There is a canonical isomorphism

Rep(ga) =~ Rep(g).

PROOF. The representations of G, are given by pairs (V,«) where « is a nilpotent endo-
morphism of the vector space V' (AGS VIII, 2.1). When g has dimension 1, the represen-
tations are given by pairs (V,«) where « is an endomorphism of V. Thus, in this case, the
statement is obvious. A more general result will be proved in the next section. O

PROPOSITION 5.10 Let (G,T) be a split reductive group, and let « be a root of (G, T).
(a) There exists a unique homomorphism of algebraic groups
Ug:gy > G

such that
t-ug(a)-t=" = uq(a(t)a)

forall R,t € T(R), a € G(R), and Lie(ug) is the given inclusion g* — g.

(b) Let s, be the copy of sl in g defined by the root o (I, 8.31), and let S, be the
algebraic group such that Rep(Sy) = Rep(sy). Then there exists a unique homomorphism
of algebraic groups

v:Sy > G

such that Lie(sy) is the given inclusion so — g.
PROOF. (a) Take uy to be the homomorphism dual to
Rep(G) — Rep(g) — Rep™'(g%) ~ Rep(g}).

The functor Rep(g) — Rep(g%) lands in Rep™!(g®) because it factors through Rep(sy).
(b) Take sy to be the homomorphim dual to

Rep(G) — Rep(g) — Rep(sqy) = Rep(Sq).

Proposition 5.6 follows easily. For example, sy is the element represented by the image

0 1
of under v.
1 0
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NOTES The above proof works in characteristic p except for some small p. For example, it is easy
to show that Rep(SL;) =~ Rep(sl,) for p # 2. Moreover, the Jacobson-Morozov theorem holds for
p #2,3,5 (see p.87).

NOTES Alternatively, consider pairs ((g,h), R) consisting of a split semisimple Lie algebra (g, h)
and a root datum R whose corresponding root system is that of (g,h). Use the pair to define a
tannakian category of representations together with a map to a category of graded vector spaces.
Deduce a split reductive group (G, T'). Get all split reductive groups over k in this way.

General reductive groups

The reductive Lie algebras are exactly those that admit a faithful semisimple representa-
tion (I, 6.4). Let g be a reductive Lie group, and let v be its radical. Recall (I, 6.14) that
a representation p of g is semisimple if and only if p|t is semisimple. It follows from
(I, 6.15) that the category of semisimple representations Rep*(g) of g is a tannakian sub-
category of Rep(g). Choose a lattice A in t, and let Rep®(g) denote the subcategory of
Rep*(g) consisting of the representations such that the eigenvalues on t are integers. Then
Rep®(g) = Rep(G) with G a reductive algebraic group that is “maximal” among those
with Lie algebra g and X«(Z(G)) = A; the remaining such algebraic groups with these
correspond to certain subcategories of Rep®(g). The reductive algebraic groups that arise
in this way from reductive Lie algebras are those whose connected centre is a split torus.
In particular, the reductive algebraic groups that arise from split reductive Lie algebras are
exactly the split reductive groups. By endowing A with an action of the absolute Galois
group of k, we can obtain all reductive algebraic groups over k.

Filtrations of Rep(G)

Let V be a vector space. A homomorphism p:G,, — GL(V') defines a filtration
D FPVOFPV ... FPV=( V.,
1zp

of V, where V = P, V' is the grading defined by .

Let G be an algebraic group over a field k of characteristic zero. A homomorphism
u: Gy — G defines a filtration F* on V for each representation (V,r) of G, namely, that
corresponding to r o ju. These filtrations are compatible with the formation of tensor prod-
ucts and duals, and they are exact in the sense that V +— Gr% (V) is exact. Conversely,
any functor (V,r) — (V, F*®) from representations of G to filtered vector spaces compati-
ble with tensor products and duals which is exact in this sense arises from a (nonunique)
homomorphism p: G, — G. We call such a functor a filtration F* of Repy (G), and a ho-
momorphism u: Gy, — G defining F* is said to split F*. We write Filt(u) for the filtration
defined by .

For each p, we define F?G to be the subgroup of G of elements acting as the identity
map on @; F'V/F'TPV for all representations V of G. Clearly F”G is unipotent for
p > 1, and FOG is the semidirect product of F!G with the centralizer Z () of any p
splitting F°.

PROPOSITION 5.11 Let G be a reductive group over a field k of characteristic zero, and
let F* be a filtration of Repy (G). From the adjoint action of G on g, we acquire a filtration
of g.
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(a) FOG is the subgroup of G respecting the filtration on each representation of G ; it is
a parabolic subgroup of G with Lie algebra Fg.

(b) F1G is the subgroup of F°G acting trivially on the graded module @p FPV/FP+ly
associated with each representation of G ; it is the unipotent radical of F°G, andLie(F'G) =
Flg.

(c) The centralizer Z(u) of any yu splitting F*® is a Levi subgroup of F°G ; therefore,
Z(n) ~ F°G/F1G, and the composite [i of i with F°G — F°G/F1G is central.

(d) Two cocharacters p and ' of G define the same filtration of G if and only if they
define the same group F°G and i = [i’; ju and ju’ are then conjugate under F'G.

PROOF. Omitted for the present (Saavedra Rivano 1972, especially IV 2.2.5). =

REMARK 5.12 It is sometimes more convenient to work with ascending filtrations. To turn
a descending filtration F'® into an ascending filtration W, set W; = F~*;if p splits F'® then
z > u(z)~! splits W. With this terminology, we have WoG = W_1G x Z(1).

NOTES Need to think more about the subgroups of G, the Lie subalgebras of g, and the quotient
categories of Rep(G). Given a subgroup H of G, need to look at the category of representations of
H that extend to G. So we get into induction.

6 Algebraic groups with unipotent centre

This section will include the following results (and improvements).

(a) Let V be a vector space over a field k of characteristic zero. There is a natural one-
to-one correspondence between the structures of a nilpotent Lie algebra on V' and of
a unipotent algebraic group on the functor R ~~ R ® V:Alg; — Set. Moreover, the
notions of a morphism coincide, and so the category of nilpotent Lie algebras over k
is isomorphic to the category of unipotent algebraic groups over k.

(b) Recall that a Lie algebra is said to be algebraic if it is the Lie algebra of an algebraic
group. Let k be an algebraically closed field of characteristic zero; for every algebraic
Lie algebra g over k, there exists a connected algebraic group G? with unipotent cen-
tre such that Lie(G?) = g; if ¢’ is a second algebraic Lie algebra over k, then every
isomorphism g — g’ is the differential of an isomorphism G¢ — GY. In particu-
lar, G? is uniquely determined up to a unique isomorphism, Aut(G?) >~ Aut(g), and
there is a one-to-one correspondence between the isomorphism classes of algebraic
Lie algebras over k and the isomorphism classes of connected algebraic groups with
unipotent centre (Hochschild 1971).

(¢) Let n be a nilpotent Lie algebra. The representations (V, p) of n such that p(n) con-
sists of nilpotent endomorphisms form a tannakian category Rep™!(n) whose associ-
ated affine group U is unipotent with Lie algebra n. In other words,

Rep(U) = Rep““(n)

with U a unipotent algebraic group having Lie algebra n. In this way, we get an equiv-
alence between the category of nilpotent Lie algebras and the category of unipotent
algebraic groups. Note that, for every representation r: G — GLy of a unipotent al-
gebraic group, there exists a basis for V' such that r factors through U, ; hence dr
factors through u,,, which shows that dr does lie in Rep™!(n).
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(d)

(e

On the other hand, we can also consider the category of semisimple representa-
tions of n. This also is tannakian (I, 6.17), and the associated affine group is pro-
reductive but not algebraic. To get an algebraic group with Lie algebra n, it is neces-
sary to choose a basis for n as a k-vector space.

See 4.17 for the case n = k.

More generally, we consider the category Rep™!(g) of representations of a Lie algebra
g such that the elements in the largest nilpotent ideal of g act as nilpotent endomor-
phisms. Ado’s theorem assures us that g has a faithful such representation. What
is the affine group with Rep(G) = Rep™'(g)? Unfortunately, it can be large. Let
G = G4 X Gy, with Gy, acting on G4 by u,a +— ua. Then G has trivial centre, and
9 = ga X gm Where g, and g,, are one-dimensional Lie algebras. The map G — G,
defines a map g — g = gq, and so

Rep(g) D Rep™(g) = Rep(ga).

Therefore G has a monster quotient (see 4.17).
Assume k is algebraically closed. Let g be a Lie algebra and let G® be the connected
algebraic group with unipotent centre such that Lie(G?) = g (see (b) above). Then

Rep(G?) C Rep(g).

What is Rep(G9)?

The first guess Rep™!(g) is wrong. For example, when g is semisimple, G9 is the
adjoint group with Lie algebra g, and so Rep(G?) is a certain (known) subcategory
of Rep(g). The group G in (d) gives another example where Rep(G) is much smaller
than Rep"!(g).

Let g be a noncommutative two-dimensional Lie algebra. Then g = (x, y | [x,y] =
x) for some choice of elements x,y. Recall (p.26) that g is solvable but not nilpo-
tent. We know that g = Lie(G) where G = G, x G, and that G is essentially
unique. Thus, we get a well-defined Z-structure X*(G) on gV (it’s easy to give an
elementary proof of this). Using this Z-structure, it is possible to identify Rep(G)
as a subcategory of Rep(g), namely, Rep(G) consists of the representations V of g
such that x acts as a nilpotent endomorphism, and the eigenvalues of y on V) are
integers.

Unipotent algebraic groups and nilpotent Lie algebras

Over any field k of characteristic zero, the functor Lie is an equivalence from the category
of unipotent algebraic groups over k to the category of nilpotent Lie algebras over k. T’ll
include the complete proof here (and only sketch it in AGS).

def

Let V be a finite-dimensional vector space over k. Then R ~~ V(R) = R® V is an
algebraic group which, following DG, we denote V.

The Hausdorff series

For a nilpotent n x n matrix X,

exp(X) & 1+ X +X2/214+ X3/31 + ..
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is a well defined element of GL, (k). Moreover, when X and Y are nilpotent,
exp(X)-exp(Y) = exp(W)

for some nilpotent W, and we may ask for a formula expressing W in terms of X and Y.
This is provided by the Hausdorff series'?, which is a formal power series,

— m n
H(X,Y)= Zmzo H™(X,Y), H"(X,Y)homogeneous of degree m,
with coefficients in Q. The first few terms are
HY (X, Y)=X+Y

1
H*(X,Y)=

SXYI

If x and y are nilpotent elements of GL, (k), then

exp(x) -exp(y) = exp(H (x,y)),

and this determines the power series H(X,Y) uniquely. See Bourbaki LIE, II, §6; Sophus
Lie p.1-10.

The algebraic group attached to a nilpotent Lie algebra

Let g be a nilpotent Lie algebra over k, and let x,y € g. Write g, for the functor R ~~
g(R) “R® & 0 to Sets. Then H"(x,y) = 0 for n sufficiently large. We therefore have a
morphism

B:8a X ga = Ga
such that, for all k-algebras R, and x,y € gRg,

heey) =3, H"(x.y).

THEOREM 6.1 For any nilpotent Lie algebra g over a field k of characteristic zero, the
maps
n .
()= ) CH"(x.3):9(R) % g(R) — a(R)

(R a k-algebra) make g, into an algebraic group over k. Moreover, Lie(g,) = g (as a Lie
subalgebra of gl,,).

PROOF. Ado’s theorem (I, 6.27) allows us to identify g with a Lie subalgebra of gl;, whose
elements are nilpotent endomorphisms of V. Now (I, 2.8) shows that there exists a basis
of V for which g is contained in the Lie subalgebra n of gl,, consisting of strictly upper
triangular matrices. Endow n, with the multiplication

(x,y)—~ Zn H"(x,y), x,y€ R®ny, R ak-algebra.

We obtain in this way an algebraic group isomorphic to U,. It is clear that g, is an alge-
braic subgroup of n,. The final statement follows from the definitions and the formulas
HY(X,Y)=X+Y and H*(X.Y) = [X.Y]. (DG, IV, §2, 4.4, p499.) O

121 follow Bourbaki’s terminology — others write Baker-Campbell-Hausdorff, or Campbell-Hausdorff, or
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COROLLARY 6.2 Every Lie subalgebra of gly, formed of nilpotent endomorphisms is al-
gebraic.

PROOF. This is a corollary of the proof. O

NOTES Should probably write this all out first for the case g = n (and G = Up).

Unipotent algebraic groups in characteristic zero

DEFINITION 6.3 An algebraic group G is unipotent if every nonzero representation of G
has a nonzero fixed vector.

Let G be an algebraic group, and let g = Lie(G). On applying the functor Lie to a
representation r: G — GLy, we get a representation p = dr:g — gly. If G is unipotent,
then it has a subnormal series whose quotients are isomorphic to algebraic subgroups of
Gg. On applying Lie to this, we obtain a nilpotent series for g, and so g is nilpotent. Let
x € g. There exists a unique element exp(x) € G(k) such that, for all representations r such
dr(x) is nilpotent, r (exp(x)) = exp(dr(x)).

PROPOSITION 6.4 Let G be a unipotent algebraic group over a field of characteristic zero.
Then

exp(x) -exp(y) = exp(h(x.y)) (76)
for all x,y € gr and k-algebras R.

PROOF. We may identify G with a subgroup of GLy for some finite-dimensional vector
space V (AGS, VIII, 9.1). Then g C gly, and, because G is unipotent, g is nilpotent. Now
(76) holds in G because it holds in GLy . (DG 1V, §2, 4.3, p499). o

THEOREM 6.5 Letk be a field of characteristic zero. The functor g ~ g, is an equivalence
from the category of finite-dimensional nilpotent Lie algebras over k to the category of
unipotent algebraic groups, with quasi-inverse G ~- Lie(G).

PROOF. We saw in (6.1) that Lie(g,) >~ g, and it follows from (6.4) that G ~ (LieG),. o

REMARK 6.6 Inthe equivalence of categories, commutative Lie algebras (i.e., finite-dimensional
vector spaces) correspond to commutative unipotent algebraic groups. In other words, U ~~
Lie(U) is an equivalence from the category of commutative unipotent algebraic groups over

a field of characteristic zero to the category of finite-dimensional vector spaces, with quasi-
inverse V ~~ V.

EXERCISE 6.7 Restate Theorem 6.5 in tannakian terms. In particular, for a unipotent alge-
braic group G, identify the subcategory Rep(G) of Rep(g) with Rep™!(g). Since, we know
the subcategory Rep(G) of Rep(g) for G reductive, and every algebraic group is an exten-
sion of a reductive group by a unipotent group, this will allow us to deduce the whole of the
theory of affine algebraic group schemes in characteristic zero from that of Lie algebras.

NOTES Unipotent groups over fields of nonzero characteristic are very complicated. For exam-
ple, if p > 2, then there exist many “fake Heisenberg groups” (connected noncommutative smooth
unipotent algebraic groups of exponent p and dimension 2) over finite fields.



7. Real algebraic groups 155

7 Real algebraic groups

The statement (4.22),

the Tannaka dual of a semisimple Lie algebra g is the simply connected semisim-
ple algebraic group with Lie algebra g

holds over any field of characteristic zero, in particular, over R. Thus, we can read off the
whole theory of semisimple algebraic groups over R and their representations (including
the theory of Cartan involutions) from the similar theory for Lie algebras (see Chapter I,
§10, next version).

8 Classical algebraic groups

To be written (describes the classical algebraic groups over an arbitrary field of character-
istic zero in terms of algebras with involution).






CHAPTER I I I

Lie groups

The theory of algebraic groups can be described as the part of the theory of Lie groups that
can be developed using only polynomials (not convergent power series), and hence works
over any field. Alternatively, it is the elementary part that doesn’t require analysis. As we’ll
see, it does in fact capture an important part of the theory of Lie groups.

Throughout this chapter, kK = R or C. The identity component of a topological group
G is denoted by GT. All vectors spaces and representations are finite-dimensional. In this
chapter, reductive algebraic groups are not required to be connected.

NOTES Only a partial summary of this chapter exists. Eventually it will include an explanation of
the exact relation between algebraic groups and Lie groups; an explanation of how to derive the
theory of reductive Lie groups and their representations from the corresponding theory for real and
complex algebraic groups; and enough of the basic material to provide a complete introduction to
the theory of Lie groups. It is intended as introduction to Lie groups for algebraists (not analysts,
who prefer to start at the other end).

Add a detailed description of the relation between connected compact Lie groups and
reductive algebraic groups over C (cf. MacDonald 1995, p.155).

1 Lie groups
In this section, we define Lie groups, and develop their basic properties.

DEFINITION 1.1 (a) A real Lie group is a smooth manifold G together with a group struc-
ture such that both the multiplication map G x G — G and the inverse map G — G are
smooth.

(b) A complex Lie group is a complex manifold G together with a group structure such
that both the multiplication map G X G — G and the inverse map G — G are holomorphic.

Here “smooth” means infinitely differentiable.

A real (resp. complex) Lie group is said to be linear if it admits a faithful real (resp.
complex) representation. A real (resp. complex) linear Lie group is said to be reductive if
every real (resp. complex) representation is semisimple.

157
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2 Lie groups and algebraic groups

In this section, we discuss the relation between Lie groups and algebraic groups (especially
those that are reductive).

The Lie group attached to an algebraic group

THEOREM 2.1 There is a canonical functor L from the category of real (resp. complex)
algebraic groups to real (resp. complex) Lie groups, which respects Lie algebras and takes
GL,, to GL,(R) (resp. GL,(C)) with its natural structure as a Lie group. It is faithful on
connected algebraic groups (all algebraic groups in the complex case).

According to taste, the functor can be constructed in two ways.

(a) Choose an embedding G — GL,. Then G (k) is a closed subgroup of GL,(C), and
it is known that every such subgroup has a unique structure of a Lie group (it is real
or complex according to whether its tangent space at the neutral element is a real or
complex Lie algebra). See Hall 2003, 2.33.

(b) For k = R (or C), there is a canonical functor from the category of nonsingular real
(or complex) algebraic varieties to the category of smooth (resp. complex) manifolds
(Shafarevich 1994, 1, 2.3, and VII, 1), which clearly takes algebraic groups to Lie
groups.

To prove that the functor is faithful in the real case, use (AGS, XI, 16.13). In the
complex case, use that G(C) is dense in G (AGS, VII, §5).

We often write G(R) or G(C) for L(G), i.e., we regard the group G(R) (resp. G(C))
as a real Lie group (resp. complex Lie group) endowed with the structure given by the
theorem.

Negative results

2.2 In the real case, the functor is not faithful on nonconnected algebraic groups.

Let G = H = 3. The real Lie group attached to 3 is p3(R) = {1}, and so Hom(L(G),L(H)) =
1, but Hom(us, i3) is cyclic of order 3.

2.3 The functor is not full.

For example, z > e¢?:C — C* is a homomorphism of Lie groups not arising from a homo-
morphism of algebraic groups G, — Gy,.

For another example, consider the quotient map of algebraic groups SL3 — PSLj. It
is not an isomorphism of algebraic groups because its kernel is w3, but it does give an
isomorphism SL3(R) — PSL3(R) of Lie groups. The inverse of this isomorphism is not
algebraic.

2.4 A Lie group can have nonclosed Lie subgroups (for which quotients don’t exist).

This is a problem with definitions, not mathematics. Some authors allow a Lie subgroup
of a Lie group G to be any subgroup H endowed with a Lie group structure for which the
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inclusion map is a homomorphism of Lie groups. If instead one requires that a Lie sub-
group be a submanifold in a strong sense (for example, locally isomorphic to a coordinate
inclusion R™ — R"), these problems don’t arise, and the theory of Lie groups quite closely
parallels that of algebraic groups.

2.5 Not all Lie groups have a faithful representation.

For example, 71 (SL2(R)) & Z, and its universal covering space G has a natural structure
of a Lie group. Every representation of G factors through its quotient SL;(R). Another
(standard) example is the Lie group R! x R! x S! with the group structure

(X1, y1.u1) - (X2, y2,u2) = (X1 + X2, Y1 + V2. 172U u5).

This homomorphism

> (x,y,eia),

S O =
S = =
— < 9

~

realizes this group as a quotient of U3 (R), but it can not itself be realized as a matrix group

(see Hall 2003, C.3).
A related problem is that there is no very obvious way of attaching a complex Lie group
to a real Lie group (as there is for algebraic groups).

2.6 Even when a Lie group has a faithful representation, it need not be of the form L(G)
for any algebraic group G.

Consider, for example, GL,(R) ™.

2.7 Let G be an algebraic group over C. Then the Lie group G(C) may have many more
representations than G .

1
Consider G, ; the homomorphisms z > ¢Z:C — C* =GL{(C) and z — 0 i :C—

GL,(C) are representations of the Lie group C, but only the second is algebraic.

Complex groups

A complex Lie group G is algebraic if it is the Lie group defined by an algebraic group
over C.
For any complex Lie group G, the category Repc(G) is obviously tannakian.

PROPOSITION 2.8 All representations of a complex Lie group G are semisimple (i.e., G is
reductive) if and only if G contains a compact subgroup K such that C-Lie(K) = Lie(G)
andG =K-G*t.

PROOF. Lee 2002, Proposition 4.22. o
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For a complex Lie group G, the representation radical N(G) is the intersection of the
kernels of all simple representations of G. It is the largest closed normal subgroup of G
whose action on every representation of G is unipotent. When G is linear, N(G) is the
radical of the derived group of G (Lee 2002, 4.39).

THEOREM 2.9 For a complex linear Lie group G, the following conditions are equivalent:

(a) the tannakian category Rep¢(G) is algebraic (i.e., admits a tensor generator;

(b) there exists an algebraic group T (G) over C and a homomorphism G — T (G)(C)
inducing an equivalence of categories Repc(7(G)) — Repc(G).

(¢) G is the semidirect product of a reductive subgroup and N(G).

Moreover, when these conditions hold, the homomorphism G — T (G)(C) is an isomor-
phism.

PROOF. The equivalence of (a) and (b) follows from (AGS, VIII, 11.7). For the remaining
statements, see Lee 2002, Theorem 5.20. o

COROLLARY 2.10 LetV be a complex vector space, and let G be a complex Lie subgroup
of GL(V). If Repc(G) is algebraic, then G is an algebraic subgroup of GLy, and every
complex analytic representation of G is algebraic.

PROOF. Lee 2002, 5.22. o

REMARK 2.11 The theorem shows, in particular, that every reductive Lie group G is alge-
braic: more precisely, there exists a reductive algebraic group 7(G) and an isomorphism
G — T(G)(C) of Lie groups inducing an isomorphism Repc(7(G)) — Repc(G). Note
that T'(G) is reductive (AGS XVI, 5.4). Conversely, if G is a reductive algebraic group, then
Repc(G) =~ Repc(G(Q)) (see Lee 1999, 2.8); therefore G(C) is a reductive Lie group, and
T(G(C)) ~ G. We have shown that the functors T and L are quasi-inverse equivalences
between the categories of complex reductive Lie groups and complex reductive algebraic
groups.

EXAMPLE 2.12 The Lie group C is algebraic, but nevertheless the conditions in (2.9) fail
for it — see (2.7).

Real groups

We say that a real Lie group G is algebraic if Gt = H(R)™ for some algebraic group H
(here * denotes the identity component for the real topology).

THEOREM 2.13 For every real reductive Lie group G, there exists an algebraic group T (G)
and a homomorphism G — T (G)(R) inducing an equivalence of categories Repg(G) —
Repr (T (G)). The Lie group T (G)(R) is the largest algebraic quotient of G, and equals G
if and only if G admits a faithful representation.

PROOF. The first statement follows from the fact that Repgr (G) is tannakian. For the second
statement, we have to show that 7(G)(R) = G if G admits a faithful representation, but
this follows from Lee 1999, 3.4, and (2.9). o
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THEOREM 2.14 For every compact connected real Lie group K, there exists a semisimple
algebraic group T (K) and an isomorphism K — T (K)(R) which induces an equivalence
of categories Repr(K) — Repr(T(K)). Moreover, for any reductive algebraic group G’
over C,

Homc (T (K)c,G') ~ Homg (K, G'(C))

PROOF. See Chevalley 1957, Chapter 6, §§8—12, and Serre 1993. o

3 Compact topological groups

Let K be a topological group. The category Repg(K) of continuous representations of K
on finite-dimensional real vector spaces is, in a natural way, a neutral tannakian category
over R with the forgetful functor as fibre functor. There is therefore a real algebraic group
G called the real algebraic envelope of K and a continuous homomorphism K — G(R) in-
ducing an equivalence of tensor categories Repg (K) — Repr(G). The complex algebraic
envelope of K is defined similarly.

LEMMA 3.1 Let K be a compact group, and let G be the real envelope of K. Each f €
O(G) defines a real-valued function on K, and in this way A becomes identified with the
set of all real-valued functions f on K such that

(a) the left translates of f form a finite-dimensional vector space;
(b) f is continuous.

PROOF. Serre 1993, 4.3, Ex. b), p. 67. o

Similarly, if G’ is the complex envelope of K, then the elements of O(G’) can be
identified with the continuous complex valued functions on K whose left translates form a
finite-dimensional vector space.

PROPOSITION 3.2 If G and G’ are the real and complex envelopes of a compact group K,
then G’ = G¢.

PROOF. Let A and A’ be the bialgebras of G and G’. Then it is clear from Lemma 3.1 that
A'=C Rr A. O

DEFINITION 3.3 An algebraic group G over R is said to be anisotropic (or compact) if it
satisfies the following conditions:

(a) G(R) is compact, and

(b) G(R) is dense in G for the Zariski topology.

As G(R) contains a neighbourhood of 1 in G, condition (b) is equivalent to the follow-
ing:

(b"). Every connected component (for the Zariski topology) of G contains a
real point.

In particular, (b) holds if G is connected.
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PROPOSITION 3.4 Let G be an algebraic group over R, and let K be a compact subgroup
of G(R) that is dense in G for the Zariski topology. Then G is anisotropic, K = G(R), and
G is the algebraic envelope of K.

PROOF. Serre 1993, 5.3, Pptn 5, p. 71. o

If K is a compact Lie group, then Repr(K) is semisimple, and so its real algebraic
envelope G is reductive. Hence G¢ is a complex reductive group. Conversely:

THEOREM 3.5 Let G be a reductive algebraic group over C, and let K be a maximal com-
pact subgroup of G(C). Then the complex algebraic envelope of K is G, and so the real
algebraic envelope of K is a compact real form of G.

PROOF. Serre 1993, 5.3, Thm 4, p. 74. o

COROLLARY 3.6 There is a one-to-one correspondence between the maximal compact
subgroups of G(C) and the anisotropic real forms of G.

PROOF. Obvious from the theorem (see Serre 1993, 5.3, Rem., p. 75). o

THEOREM 3.7 Let K be a compact Lie group, and let G be its real algebraic envelope.
The map
H'(Gal(C/R), K) — H'(Gal(C/R),G(C))

defined by the inclusion K — G(C) is an isomorphism.
PROOF. Serre 1964, III, Thm 6. o

Since Gal(C/R) acts trivially on K, H1(Gal(C/R), K) is the set of conjugacy classes
in K consisting of elements of order 2.

ASIDE 3.8 A subgroup of an anisotropic group is anisotropic. Maximal compact subgroups of
complex algebraic groups are conjugate.
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Arithmetic Subgroups

Once one has realized a Lie group as an algebraic group, one then has a rich source of
discrete subgroups: the arithmetic subgroups.

Assume you are a (differential) geometer and you want to construct locally
symmetric spaces of higher rank. Such a space must have a (globally) symmet-
ric space X as its universal covering space, and this can be written as X = G/ K
where G is the identity component of the isometry group of X and K is the
stabiliser of some point in X. To get a locally symmetric space of finite vol-
ume, you then have to find a lattice I" C G, i.e. a discrete subgroup such that
I'\G has finite volume with respect to the (right-invariant) Haar measure on
G. If I is torsion-free, then I"\ X is a locally symmetric space.

Now how does one construct such lattices? One method is by arithmetic
groups. .. the first guess of everybody hearing of this for the first time is that
this should be something exceptional — why should a “generic” lattice be con-
structible by number-theoretic methods? And indeed, the example of SL;(RR)
supports that guess. The associated symmetric space SL;(R)/SO3 is the hy-
perbolic plane H?. There are uncountably many lattices in SL,(R) (with the
associated locally symmetric spaces being nothing other than Riemann sur-
faces), but only countably many of them are arithmetic.

But in higher rank Lie groups, there is the following truly remarkable the-
orem known as Margulis arithmeticity:

Let G be a connected semisimple Lie group with trivial centre and no com-
pact factors, and assume that the real rank of G is at least two. Then every
irreducible lattice I" C G is arithmetic.

Robert Kucharczyk mo90700

We study discrete subgroups of real Lie groups that are large in the sense that the quo-
tient has finite volume. For example, if the Lie group equals G(R)™" for some algebraic
group G over Q, then G(Z) N G(R)" is such a subgroup of G(R)™". The discrete sub-
groups of a real Lie group G arising in (roughly) this way from algebraic groups over Q
are called the arithmetic subgroups of G (see 15.1 for a precise definition). Except when
G is SL,(R) or a similarly special group, no one was able to construct a discrete subgroup
of finite covolume in a semisimple Lie group except by this method. Eventually, Piatetski-
Shapiro and Selberg conjectured that there are no others, and this was proved by Margulis.

This appendix is (and will remain) only an introductory survey of a vast field.
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1 Commensurable groups

Subgroups H; and H; of a group are said to be commensurable if Hy N H, is of finite
index in both H; and H>.

The subgroups aZ and bZ of R are commensurable if and only if a /b € Q. For example,
67 and 47 are commensurable because they intersect in 127, but 1Z and +/27Z are not
commensurable because they intersect in {0}. More generally, lattices L and L’ in a real
vector space V' are commensurable if and only if they generate the same Q-subspace of V.

Commensurability is an equivalence relation: obviously, it is reflexive and symmetric,
and if Hy, H» and H», H3 are commensurable, one shows easily that H; N H, N Hj is of
finite index in Hq, H,, and H3.

2 Definitions and examples

Let G be an algebraic group over Q. Let p: G — GLy be a faithful representation of G on
a finite-dimensional vector space V', and let L be a lattice in V. Define

GQL=1{g€GQ)|p(ge)L =L}

An arithmetic subgroup of G(Q) is any subgroup commensurable with G(Q)z. For an
integer N > 1, the principal congruence subgroup of level N is

I'N)L ={g€G@Q)r |gactsaslon L/NL}.
In other words, I"(N ) is the kernel of
G(Q)p — Aut(L/NL).

In particular, it is normal and of finite index in G(Q)z,. A congruence subgroup of G(Q)
is any subgroup containing some /" (/N) as a subgroup of finite index, so congruence sub-
groups are arithmetic subgroups.

EXAMPLE 2.1 Let G = GL,, with its standard representation on Q" and its standard lattice
L =7". Then G(Q) consists of the A € GL, (Q) such that

A7" =7".

On applying A to ey, ..., ey, we see that this implies that 4 has entries in Z. Since A~!1Z" =
7", the same is true of A~!. Therefore, G(Q)[ is

GLn(Z) = {A € My(Z) | det(4) = £11.

The arithmetic subgroups of GL,, (Q) are those commensurable with GL,, (Z).
By definition,
I'(N)={AeGL,(Z)|A=1 mod N}
= {(a;j) € GL,(Z) | N divides (a;; —dij)}.

which is the kernel of
GL,(Z) - GL,(Z/NZ).
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EXAMPLE 2.2 Consider a triple (G, p, L) as in the definition of arithmetic subgroups. The
choice of a basis for L identifies G with a subgroup of GL,, and L with Z". Then

G(QL =G@QNGL,(Z)

and I'L,(N) for G is
GQNI(N).

For a subgroup G of GL,, one often writes G(Z) for G(Q) NGL,(Z). By abuse of notation,
given a triple (G, p, L), one often writes G(Z) for G(Q) ..

EXAMPLE 2.3 The group
Span(Z) = {A € GLan (@) | A" (_7 §) A= (-] )}

is an arithmetic subgroup of Sp,, (Q), and all arithmetic subgroups are commensurable
with it.

EXAMPLE 2.4 Let (V,®) be aroot system and X alattice P D X D Q. Chevalley showed
that (V,®, X) defines an “algebraic group G over Z” which over ) becomes the split
semisimple algebraic group associated with (V, @, X), and G(Z) is a canonical arithmetic

group in G(Q).

EXAMPLE 2.5 Arithmetic groups may be finite. For example G,,(Z) = {£1}, and the
arithmetic subgroups of G(Q) will be finite if G(R) is compact (because arithmetic sub-
groups are discrete in G(R) — see later).

EXAMPLE 2.6 (for number theorists). Let K be a finite extension of @@, and let U be the
group of units in K. For the torus T = (G;,;) /g over Q, T(Z) = U.

3 Questions

The definitions suggest a number of questions and problems.

& Show the sets of arithmetic and congruence subgroups of G(Q) do not depend on the
choice of p and L.

o Examine the properties of arithmetic subgroups, both intrinsically and as subgroups
of G(R).

¢ Give applications of arithmetic subgroups.

¢ When are all arithmetic subgroups congruence subgroups?

¢ Are there other characterizations of arithmetic subgroups?

4 Independence of p and L.

LEMMA 4.1 Let G be a subgroup of GL,,. For any representation p: G — GLy and lattice
L C V, there exists a congruence subgroup of G(Q) leaving L stable (i.e., for some m > 1,
p(g)L = L forall g € I'(m)).
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PROOF. When we choose a basis for L, p becomes a homomorphism of algebraic groups
G — GL,. The entries of the matrix p(g) are polynomials in the entries of the matrix
g = (gij), i.e., there exist polynomials Py g € Q[..., Xj;,...] such that

P(&ap = Pap(---.&ijs--)-

After a minor change of variables, this equation becomes

0(8)ap —6a,p = Qa,p(....8ij —bij....)

with Oy g € Q[..., Xj;,...] and § the Kronecker delta. Because p(/) = I, the Q4 g have
zero constant term. Let m be a common denominator for the coefficients of the Q, g, so
that

mQa,ﬂ S Z[...,X,‘j,...].

If g = I mod m, then
Qup(....8j —dij,...) € L.

Therefore, p(g)Z" C Z", and, as g~ ! also lies in I"(m), p(g)Z" = Z" . o

PROPOSITION 4.2 For any faithful representations G — GLy and G — GLy~ of G and
lattices L and L’ in V and V', G(Q) 1, and G(Q) [ are commensurable.

PROOF. According to the lemma, there exists a subgroup I” of finite index in G(Q) such
that I" C G(Q) /. Therefore,

(GQL:6QLNGQL) = (GQ)L:T) < oo.

Similarly,

(GQL:6GQLNGQ)r) <oo. o

Thus, the notion of arithmetic subgroup is independent of the choice of a faithful rep-
resentation and a lattice. The same is true for congruence subgroups, because the proof of
(4.1) shows that, for any N, there exists an m such that I'(Nm) C I',(N).

5 Behaviour with respect to homomorphisms

PROPOSITION 5.1 Let I' be an arithmetic subgroup of G(Q), and let p:G — GLy be a
representation of G. Every lattice L of V is contained in a lattice stable under I .

PROOF. According to (4.1), there exists a subgroup I'’ leaving L stable. Let

L'=Y p(e)L
where g runs over a set of coset representatives for I'” in I". The sum is finite, and so L’ is
again a lattice in V, and it is obviously stable under I". 0

PROPOSITION 5.2 Let ¢:G — G’ be a homomorphism of algebraic groups over Q. For
any arithmetic subgroup I' of G(Q), ¢(I") is contained in an arithmetic subgroup of G’ (Q).
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PROOF. Let p:G’ — GLy be a faithful representation of G’, and let L be a lattice in V.
According to (5.1), there exists a lattice L’ D L stable under (po¢)(I"), and so G'(Q)z D

o(I). 0

REMARK 5.3 If 9:G — G’ is a quotient map and I” is an arithmetic subgroup of G(Q),
then one can show that ¢(I") is of finite index in an arithmetic subgroup of G’'(Q) (Borel
1969, 8.9, 8.11). Therefore, arithmetic subgroups of G(Q) map to arithmetic subgroups of
G'(Q). (Because ¢(G(Q)) typically has infinite index in G’(Q), this is far from obvious.)

6 Adelic description of congruence subgroups

In this subsection, which can be skipped, I assume the reader is familiar with adeles. The
ring of finite adéles is the restricted topological product

Ay =T]@Qe:2Zy)

where £ runs over the finite primes of Q. Thus, A ¢ is the subring of [ [ Q; consisting of the
(ag) such that ay € Zy for almost all £, and it is endowed with the topology for which [ [Z,
is open and has the product topology.
Let V = Spm A be an affine variety over Q. The set of points of V' with coordinates in
a Q-algebra R is
V(R) = Homg(A4, R).

When we write
A = Q[Xl,...,Xm]/a: Q[xl,...,Xm],
the map P — (P (x1),..., P(xy)) identifies V(R) with
{(ay,....am) € R™| f(ay,...,am) =0, V[ €al.
Let Z[x1,...,Xm] be the Z-subalgebra of A generated by the x;, and let
V(Zg) = Homz(Z[x1, ..., Xm]|. Zg) = V(Qg) N Z}' (inside Q).

This set depends on the choice of the generators x; for A, butif A = Q[y1,..., yn], then the
¥;’s can be expressed as polynomials in the x; with coefficients in (Q, and vice versa. For
some d € Z, the coefficients of these polynomials lie in Z[%], and so

Z[dl][xl,.,_,xm] = Z[%][yl,...,yn] (inside A).
It follows that for £ t d, the y;’s give the same set V(Zy) as the x;’s. Therefore,
V(A ) =T1(V(Qe): V(Ze))

is independent of the choice of generators for A.
For an algebraic group G over Q, we define

G(Ar) =TI(G(Qo):G(Ze))

similarly. Now it is a topological group.! For example,
Gm(Ay) = [TQZY) = A%

I'The choice of generators determines a group structure on G(Zj) for almost all £, etc..
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PROPOSITION 6.1 For any compact open subgroup K of G(A r), KN G(Q) is a congru-
ence subgroup of G(Q), and every congruence subgroup arises in this way.>

PROOF. Fix an embedding G — GL,,. From this we get a surjection Q[GL,] — Q[G] (of
(Q-algebras of regular functions), i.e., a surjection

Q[X11,.... Xnn, T]/(det(X;;)T — 1) — Q[G],
and hence Q[G] = Q[x11,...,Xnn,t]. For this presentation of Q[G],
G(Zg) = G(Q¢) NGLr(Zg)  (inside GL,(Qyp)).

For an integer N > 0, let

G(Zy) if (fN

K(N)=[[,K;, where K;=
(N) =1k 70 (g€ 6@y | g = Iamod 7} if ry = ordg(N).

Then K(N) is a compact open subgroup of G(A r), and
K(N)NG@Q)=T(N).

It follows that the compact open subgroups of G(A y) containing K(N) intersect G(Q)
exactly in the congruence subgroups of G(Q) containing I"(N). Since every compact open
subgroup of G (A ¢) contains K(N) for some N, this completes the proof. o

7 Applications to manifolds

Clearly 7 is a discrete subset of R”z, i.e., every point of Z"* has an open neighbourhood
(for the real topology) containing no other point of /i Therefore, GL,(Z) is discrete in
GL, (R), and it follows that every arithmetic subgroup I" of a group G is discrete in G(R).

Let G be an algebraic group over Q. Then G(R) is a Lie group, and for every compact
subgroup K of G(R), M = G(R)/K is a smooth manifold (Lee 2003, 9.22).

THEOREM 7.1 For any discrete torsion-free subgroup I of G(R), I" acts freely on M, and
I'\M is a smooth manifold.

PROOF. Standard; see for example Lee 2003, Chapter 9, or Milne 2005, 3.1. O

Arithmetic subgroups are an important source of discrete groups acting freely on man-
ifolds. To see this, we need to know that there exist many torsion-free arithmetic groups.

2To define a basic compact open subgroup K of G(A #), one has to impose a congruence condition at
each of a finite set of primes. Then I” = G(Q) N K is obtained from G(Z) by imposing the same congruence
conditions. One can think of I as being the congruence subgroup defined by the “congruence condition” K.
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8 Torsion-free arithmetic groups

Note that SL,(Z) is not torsion-free. For example, the following elements have finite order:

2 2 3
-1 0}y (10 0 -1y (-1 0}y (0 -1
o —-1) \o 1)\t of \o 1) \1 1)
THEOREM 8.1 Every arithmetic group contains a torsion-free subgroup of finite index.

For this, it suffices to prove the following statement.

LEMMA 8.2 For any prime p > 3, the subgroup I'(p) of GL,(Z) is torsion-free.

PROOF. If not, it will contain an element of order a prime £, and so we will have an equation
(I+p" )t =1

with m > 1 and A a matrix in M, (Z) not divisible by p (i.e., not of the form pB with B
in M, (Z)). Since I and A commute, we can expand this using the binomial theorem, and

obtain an equation
£ V4 o
mgo_ mi i
Lp™A = Ei=2<i)p A

In the case that £ # p, the exact power of p dividing the left hand side is p™, but p?™
divides the right hand side, and so we have a contradiction.

In the case that £ = p, the exact power of p dividing the left hand side is p™*1, but,
for2 <i < p, p>™*1| (¥) p™ because p|(?), and p?™+1|p™P because p > 3. Again we
have a contradiction. o

9 A fundamental domain for SL,

Let H be the complex upper half plane
H={zeC|3(z)>0}.

b
For (a ) € GL,(R),
c d

~

N (az +b) _ (ad —bc)3(z2)

= . 77
cz+d lcz +d|? a7

Therefore, SL,(IR) acts on H by holomorphic maps

c d]”  cz+d’

b
(g _1>i =a’i +ab,
a

SLy(R) x H — H. (a b)z_a2+b

The action is transitive, because
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and the subgroup fixing 7 is

oo (50 | e

(compact circle group). Thus
H >~ (SL,(R)/0)-i

as a smooth manifold.
PROPOSITION 9.1 Let D be the subset
{zeC|-1/2<9() =1/2, |z|=1}

of H. Then
H =SL,(Z)- D,

and if two points of D lie in the same orbit then neither is in the interior of D.
PROOF. Let zg € H. One checks that, for any constant A, there are only finitely many

¢,d € Z such that |czg + d| < A, and so (see (77)) we can choose a y € SLy(Z) such that

11
I(y(z0)) is maximal. As T = 01 acts on H as z > z + 1, there exists an m such that
—1/2 < R(T"y(20)) < 1/2.

0 -1
I claim that T™y(z¢) € D. To see this, note that S = (1 0) acts by S(z) = —1/z, and

SO 32)
3(S(2) = 28
zI?
If T™y(z9) ¢ D, then |[T™y(z9)| < 1, and I(S(T™"y(20))) > I(T™y(z9)), contradicting
the definition of y.
The proof of the second part of the statement is omitted. o

10 Application to quadratic forms

Consider a binary quadratic form:
q(x.y) =ax?+bxy+cy? a.b.ceR.

Assume g is positive definite, so that its discriminant A = b —4ac < 0.

There are many questions one can ask about such forms. For example, for which in-
tegers N is there a solution to g(x,y) = N with x,y € Z? For this, and other questions,
the answer depends only on the equivalence class of g, where two forms are said to be
equivalent if each can be obtained from the other by an integer change of variables. More
precisely, g and ¢’ are equivalent if there is a matrix A € SL,(Z) taking ¢ into ¢’ by the
change of variables,



11. “Large” discrete subgroups 171

In other words, the forms
by by
qx.y)=.»)-0-(]. dxy=0xy-0"
y y
are equivalent if Q = A’- Q’- A for A € SL,(Z).
Every positive-definite binary quadratic form can be written uniquely
g(x,y)=a(x—wy)(x—wy),a € Rog, w € H.

If we let Q denote the set of such forms, there are commuting actions of R~ and SL,(Z)
on it, and
Q/ Rso > H

as SLy(Z)-sets. We say that q is reduced if

1
|w| > 1 and — 55H(a))<5,0r

|w| =1and — = <N(w) <0.

More explicitly, g(x, y) = ax? 4+ bxy + cy? is reduced if and only if either

—a<b<a<cor

0<b<a=c.

Theorem 9.1 implies:

Every positive-definite binary quadratic form is equivalent to a reduced form; two re-
duced forms are equivalent if and only if they are equal.

We say that a quadratic form is infegral if it has integral coefficients, or, equivalently, if
X,y €l = q(x,y) €.

There are only finitely many equivalence classes of integral definite binary quadratic
forms with a given discriminant.

Each equivalence class contains exactly one reduced form ax? + bxy 4 cy?2. Since

4a’ <dac=b*—A<d*>—A

we see that there are only finitely many values of a for a fixed A. Since |b| < a, the same
is true of b, and for each pair (a,b) there is at most one integer ¢ such that b2 —4ac = A.

This is a variant of the statement that the class number of a quadratic imaginary field is
finite, and goes back to Gauss (cf. my notes on Algebraic Number Theory, 4.28, or, in more
detail, Borevich and Shafarevich 1966, especially Chapter 3, §6).

11 “Large” discrete subgroups

Let I" be a subgroup of a locally compact group G. A discrete subgroup 1" of a locally
compact group G is said to cocompact (or uniform) if G/I" is compact. This is a way
of saying that I" is “large” relative to G. There is another weaker notion of this. On
each locally compact group G, there exists a left-invariant Borel measure, unique up to a
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constant, called the left-invariant Haar measure®, which induces a measure 1 on I'\G. If
w(I'\G) < oo, then one says that I has finite covolume, or that I is a lattice in G. If K is
a compact subgroup of G, the measure on G defines a left-invariant measure on G/ K, and
w(I'\G) < oo if and only if the measure u(1"\G/K) < oo.

EXAMPLE 11.1 Let G = R”, and let I = Zej + -+ + Ze;. Then I'\G(R) is compact if
and only if i =n. If i <n, I' does not have finite covolume. (The left-invariant measure
on R” is just the usual Lebesgue measure.)

EXAMPLE 11.2 Consider, SL(Z) C SL>(R). The left-invariant measure on SL;(R)/ 0 ~
His d;#, and

dxdy dxdy o 12 dxdy *® dy
2 = 7 = 2 = 2 S0
'\#H Y D Y V3/2J0-1/2 ) Vv3/2)Y
Therefore, S, (7Z) has finite covolume in SL, (R) (but it is not cocompact — SL; (Z)\H is
not compact).

dx

EXAMPLE 11.3 Consider G = G,,. The left-invariant measure* on R* is ==

/ dx /OO dx
— = — = 0.
R*/{+1} X o X

Therefore, G(Z) is not of finite covolume in G(R).

, and

Exercises

EXERCISE 11.4 Show that, if a subgroup I of a locally compact group is discrete (resp. is
cocompact, resp. has finite covolume), then so also is every subgroup commensurable with
r.

12 Reduction theory

In this section, I can only summarize the main definitions and results from Borel 1969.
Any positive-definite real quadratic form in n variables can be written uniquely as

q(¥) =t1(x1 +uax2 + -+ Utpxn)> + o+ a1 (Xn—1 + Un—1nXn)* + ta X7

=y’

3For real Lie groups, the proof of the existence is much more elementary than in the general case (cf.
Boothby 1975, VI 3.5).

4Because 24X — “;—x; alternatively,

=
2 dx atz Jx
/ D logty) ~log (1) =/ @

151 X a

1 X
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where
Jh 0 0 1 uiz -+ U X1
_ 0 Vi 0 0 1 uzn | | X2
y= . (78)
0 0 V) \0 0 1 Xn

Let Q, be the space of positive-definite quadratic forms in n variables,
Q={0eM;[R)| Q" =0, Qx>0
Then GL, (R) acts on Q, by
B.Q+ B"OB:GL,(R) x Q, — Q.

The action is transitive, and the subgroup fixing the form 7 is’> 0,(R) = {A | A'A = I},
and so we can read off from (78) a set of representatives for the cosets of O, (R) in GL, (R).
We find that

GL,(R)~A-N-K

where

¢ K is the compact group Oy (R),
o A=T(R)" for T the split maximal torus in GL, of diagonal matrices,® and
o N is the group U, (R).

Since A normalizes N, we can rewrite this as
GL,(R)~N-A-K.
For any compact neighbourhood @ of 1 in N and real number ¢ > 0, let
Sro=w-4:-K

where
Ar={aecAlaj; <tajy1,i+1, 1=<i=<n-—1}. (79)

Any set of this form is called a Siegel set.

THEOREM 12.1 Let I' be an arithmetic subgroup in G(Q) = GL,(Q). Then

(a) for some Siegel set S, there exists a finite subset C of G(Q) such that
GR)=TI-C-6;
(b) forany g € G(Q) and Siegel set G, the set of y € I" such that
g6NyG #0

is finite.

35S0 we are reverting to using Oy, for the orthogonal group of the form x% 4+t x%.
%The T denotes the identity component of T'(R) for the real topology. Thus, for example,

Gm@®"HT =R = R>0)".
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Thus, the Siegel sets are approximate fundamental domains for I" acting on G(R).

Now consider an arbitrary reductive group G over Q. Since we are not assuming G to
be split, it may not have a split maximal torus, but, nevertheless, we can choose a torus 7'
that is maximal among those that are split. From (G, T'), we get a root system as before (not
necessarily reduced). Choose a base S for the root system. Then there is a decomposition
(depending on the choice of 7" and §)

GR)=N-A4-K

where K is again a maximal compact subgroup and A = T'(R)™ (Borel 1969, 11.4, 11.9).
The definition of the Siegel sets is the same except now’

A ={ac€A|la(a) <tforalla € S}. (80)

Then Theorem 12.1 continues to hold in this more general situation (Borel 1969, 13.1,
15.4).

EXAMPLE 12.2 The images of the Siegel sets for SL, in H are the sets

Gru=4{zeH|3(z)>t, [N(z)| <Zuj.
THEOREM 12.3 IfHomg (G, G,,) = 0, then every Siegel set has finite measure.
PROOF. Borel 1969, 12.5. a]

THEOREM 12.4 Let G be a reductive group over Q, and let I" be an arithmetic subgroup
of G(Q).

(a) The volume of I'\ G (R) is finite if and only it G has no nontrivial character over Q
(for example, if G is semisimple).

(b) The quotient I'\ G(R) is compact if and only if it G has no nontrivial character over
Q and G(Q) has no unipotent element # 1.

PROOF. (a) The necessity of the conditions follows from (11.3). The sufficiency follows
from (12.2) and (12.3).
(b) See Borel 1969, 8.4. o

EXAMPLE 12.5 Let B be a quaternion algebra, and let G be the associated group of ele-
ments of B of norm 1 (we recall the definitions in 15.2 below).

(a) If B &~ M3(R), then G = SL,(R), and G(Z)\G(R) has finite volume, but is not
compact (((1) %) is a unipotent in G(Q)).

(b) If B is a division algebra, but R ®g B ~ M>(R), then G(Z)\G(R) is compact (if
g € G(Q) is unipotent, then g — 1 € B is nilpotent, and hence zero because B is a
division algebra).

(c) If R®q B is a division algebra, then G(R) is compact (and G(Z) is finite).

EXAMPLE 12.6 Let G = SO(g) for some nondegenerate quadratic form ¢ over Q. Then
G(Z)\G(R) is compact if and only if g doesn’t represent zero in Q, i.e., ¢(X) = 0 does not
have a nontrivial solution in Q" (Borel 1969, 8.6).

TRecall that, with the standard choices, X1—X2s---» Xn—1— Xn is a base for the roots of T in GL, so this
definition agrees with that in (79).
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13 Presentations

In this section, I assume some familiarity with free groups and presentations (see, for ex-
ample, GT, Chapter 2).

PROPOSITION 13.1 The group SLy(Z)/{=£1} is generated by S = (9 ~8) and T = (} }).

PROOF. Let I'’ be the subgroup of SL,(Z)/{%1} generated by S and T'. The argument in
the proof of (9.1) shows that I'"- D = H.

Let zg lie in the interior of D, and let ¥ € I". Then there exist y’ € I'’ and z € D such
that yzg = y’z. Now y'~lyzq lies in D and zg lies in the interior of D, and so y’ "1y = £/
(see 9.1). |

In fact SLy(Z)/{#£I} has a presentation (S,7|S2,(ST)3). It is known that every
torsion-free subgroup I" of SL,(Z) is free on 1 + % generators (thus the subgroup
may be free on a larger number of generators than the group itself). For example, the com-
mutator subgroup of SL,(7Z) has index 12, and is the free group on the generators (% %) and
(12)-

For a general algebraic group G over Q, choose & and C as in (12.1a), and let
D= Ugec g6/K.
Then D is a closed subset of G(R)/K such that I"- D = G(R)/K and
{yerl|yDND +# 0}

is finite. One shows, using the topological properties of D, that this last set generates I,
and that, moreover, I has a finite presentation.

14 The congruence subgroup problem

Consider an algebraic subgroup G of GL,,. Is every arithmetic subgroup congruence? That
is, does every subgroup commensurable with G(Z) contain

def

I'(N) ¥ Ker(G(Z) — G(Z/NZ))

for some N.

That SL;(Z) has noncongruence arithmetic subgroups was noted by Klein as early as
1880. For a proof that SL»(7Z) has infinitely many subgroups of finite index that are not
congruence subgroups see Sury 2003, 3-4.1. The proof proceeds by showing that the groups
occurring as quotients of SL,(Z) by principal congruence subgroups are of a rather special
type, and then exploits the known structure of SL,(Z) as an abstract group (see above)
to construct many finite quotients not of his type. It is known that, in fact, congruence
subgroups are sparse among arithmetic groups: if N(m) denotes the number of congruence
subgroups of SL,(Z) of index < m and N’(m) the number of arithmetic subgroups, then
N(m)/N'(m) — 0 as m — oc.

However, SL; is unusual. For split simply connected almost-simple groups other than
SL,, for example, for SL,, (n > 3), Sp,,, (n > 2), all arithmetic subgroups are congruence.
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In contrast to arithmetic subgroups, the image of a congruence subgroup under an
isogeny of algebraic groups need not be a congruence subgroup.

Let G be a semisimple group over Q. The arithmetic and congruence subgroups of
G(Q) define topologies on it, namely, the topologies for which the subgroups form a neigh-
bourhood base for 1. We denote the corresponding completions by G and G. Because
every congruence group is arithmetic, the identity map on G(Q) gives a surjective homo-
morphism G — G, whose kernel C (G) is called the congruence kernel. This kernel is
trivial if and only if all arithmetic subgroups are congruence. The modern congruence sub-
group problem is to compute C(G). For example, the group C(SL,) is infinite. There is a
precise conjecture predicting exactly when C(G) is finite, and what its structure is when it
is finite.

Now let G be simply connected, and let G’ = G/N where N is a nontrivial subgroup
of Z(G). Consider the diagram:

1 —— C(G) G G 1
I
1 —— C(G) G’ G’ 1.

It is known that G = G(A £), and that the kernel of 7 is N(Q), which is finite. On
the other hand, the kernel of 7 is N(A r), which is infinite. Because Ker(7) # N(Q),
7:G(Q) — G'(Q) doesn’t map congruence subgroups to congruence subgroups, and be-
cause C(G’) contains a subgroup isomorphic to N(A )/ N(Q), G’(Q) contains a noncon-
gruence arithmetic subgroup.

It is known that C(G) is finite if and only if is contained in the centre of G/(@ For
an geometrically almost-simple simply connected algebraic group G over (Q, the modern
congruence subgroup problem has largely been solved when C(G) is known to be central,
because then C(G) is the dual of the so-called metaplectic kernel which is known to be a
subgroup of the predicted group (except possibly for certain outer forms of SL,) and equal
to it many cases (work of Gopal Prasad, Raghunathan, Rapinchuk, and others).

15 The theorem of Margulis

Already Poincaré wondered about the possibility of describing all discrete
subgroups of finite covolume in a Lie group G. The profusion of such sub-
groups in G = PSL;(IR) makes one at first doubt of any such possibility. How-
ever, PSL, (R) was for a long time the only simple Lie group which was known
to contain non-arithmetic discrete subgroups of finite covolume, and further ex-
amples discovered in 1965 by Makarov and Vinberg involved only few other
Lie groups, thus adding credit to conjectures of Selberg and Pyatetski-Shapiro
to the effect that “for most semisimple Lie groups” discrete subgroups of finite
covolume are necessarily arithmetic. Margulis’s most spectacular achievement
has been the complete solution of that problem and, in particular, the proof of
the conjecture in question.

Tits 1980
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DEFINITION 15.1 Let H be a semisimple algebraic group over R. A subgroup I" of H(R)
is arithmetic if there exists an algebraic group G over Q, a surjective map Ggr — H such
that the kernel of ¢(R): G(R) — H(R) is compact, and an arithmetic subgroup I’ of G(R)
such that ¢(I"’) is commensurable with I".

EXAMPLE 15.2 Let B be a quaternion algebra over a finite extension F of Q,

B=F+Fi+Fj+Fk

22 :2 b

i“=a, j°= ij =k=—]i.

The norm of an element w + xi 4+ yj 4+ zk of R®q B is
(w+xi 4 yj +zk)(w—xi —yj —zk) = w? —ax? —by? +abz>.
Then B defines an almost-simple semisimple group G over QQ such that, for any (Q-algebra

R,
G(R) ={b € R®q B | Nm(b) = 1}.

Assume that F' is totally real, i.e.,
F®pR~Rx---xR,
and that correspondingly,
BRgoR~ Mp(R) xH x---xH
where H is the usual quaternion algebra over R (corresponding to (a,b) = (—1,—1)). Then
G(R) ~ SL,(R) x H! x--- x H!
H' ={w+xi+yj+zkeH|w>+x24+y2+z2=1}.

Nonisomorphic B’s define different commensurability classes of arithmetic subgroups of
SL5(RR), and all such classes arise in this way.

Not every discrete subgroup in SL;(R) (or SLy(R)/{=£1}) of finite covolume is arith-
metic. According to the Riemann mapping theorem, every compact Riemann surface of
genus g > 2 is the quotient of H by a discrete subgroup of Aut(H) = SL,(R)/{%1} acting
freely on H. Since there are continuous families of such Riemann surfaces, this shows that
there are uncountably many discrete cocompact subgroups in SLy (R) /{41 } (therefore also
in SL,(R)), but there only countably many arithmetic subgroups.

The following amazing theorem of Margulis shows that SL, is exceptional in this re-
gard:

THEOREM 15.3 Let I' be a discrete subgroup of finite covolume in a noncompact almost-
simple real algebraic group H ; then I' is arithmetic unless H is isogenous to SO(1,n) or
SuU(1,n).

PROOF. For the proof, see Margulis 1991 or Zimmer 1984, Chapter 6. For a discussion of
the theorem, see Witte Morris 2008, §5B. o

Here

SO(1,n) correspond to x7 4 -+ + x7 —x7 |

SU(1,n) corresponds to z1Z1 + -+ + ZpZpn — Zn+1Zn+1-

Note that, because SL,(R) is isogenous to SO(1,2), the theorem doesn’t apply to it.
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16 Shimura varieties

Let Uy = {z € C| zZ = 1}. Recall that for a group G, G* = G/Z(G) and that G is said to
be adjoint if G = G¥ (i.e., if Z(G) = 1).

THEOREM 16.1 Let G be a semisimple adjoint group over R, and let u:U; — G(R) be a
homomorphism such that

(a) only the characters z—1, 1,z occur in the representation of Uy on Lie(G)c;
(b) the subgroup

Kc={g€G(C)|g=im(u(-1))(g)}
of G(C) is compact; and
(¢) u(—1) does not project to 1 in any simple factor of G.

Then,
K =KcNGR)T

is a maximal compact subgroup of G(R)™, and there is a unique structure of a complex
manifold on X = G(R)" /K such that G(R)™" acts by holomorphic maps and u(z) acts on
the tangent space at p = 1K as multiplication by z. (Here G(R)™ denotes the identity for
the real topology.)

PROOF. See Helgason 1978, VIII; see also Milne 2005, 1.21. o
The complex manifolds arising in this way are the hermitian symmetric domains. They
are not the complex points of any algebraic variety, but certain quotients are.

THEOREM 16.2 Let G be a simply connected semisimple algebraic group over Q having
no simple factor H with H (R) compact. Let u: Uy — G*(IR) be a homomorphism satisty-
ing (a) and (b) of (16.1), and let X = G*(R)T /K with its structure as a complex manifold.
For each torsion-free arithmetic subgroup I' of G(Q), I"\ X has a unique structure of an
algebraic variety compatible with its complex structure.

PROOF. This is the theorem of Baily and Borel, strengthened by a theorem of Borel. See
Milne 2005, 3.12, for a discussion of the theorem. o

EXAMPLE 16.3 Let G = SL,. For z € C, choose a square roota +ib, and map z to ( 4, 2)
in SL,(R)/{=£1}. For example, u(—1) = (% }), and

Ke=1{( %) eSLa(©) | |aP + b = 13,

which is compact. Moreover,

def

K = KeNSLy(R) = {(_42) e SLy(R) [a® + 5> = 1}.

Therefore G(R)/ K ~ H.

THEOREM 16.4 Let G, u, and X be as in (16.2). If I' is a congruence subgroup, then
I'\ X has a canonical model over a specific finite extension Q of Q.
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PROOF. For a discussion of the theorem, see Milne 2005, §§12—-14. O
The varieties arising in this way are called connected Shimura varieties. They are very
interesting. For example, let 1(N) be the congruence subgroup of SL;(Q) consisting of
b
matrices the “ J in SL>(Z) with ¢ divisible by N. Then Qr,v) = Q, and so the
c

algebraic curve Io(/N)\H has a canonical model Yo (V) over Q. It is known that, for every
elliptic curve E over Q, there exists a nonconstant map Yo(N) — E for some N, and that
from this Fermat’s last theorem follows.
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